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DEFINITIONS AND SIGNS. ' 


• .3 


over the other with a line between,them, in the fqrir of a fraction. 
The result is calieA the quotient. 

^ a K 

Thus, a-^b and ^ both m^n that the number flenote(^by a is 
to be divided by the number cfen^ted by If and' 3 *= 2 , then 




'i 


a-^b or ’. = 3. 
b 


a-\-b 


Also " ' -j means-’ that the sum of th^'\numbers de- 
C ct 


noted by a and b is to be divided by the difference of me numbers 
denoted by c and ci •, that, if tf = 8, ^=4, ^==5, and' d—2, then 

c-(i~!i-2 “"J 

Souietimes the symbol / is used to denote the operation of 
division Thus 8/5 —8-^ 5 = 

e 

14 . Any collection of algebraical symbols (letters and figures), 
together with the signs, is called an algebraical expression, 
or briefly an expression. 

'J’hus, ^ab + ad—^^c is an expression. 


15 - The numerical value of an algebraical e.vpression is the 
number found when a certain value is given to each letter, and he 
operations carried out as represented by the signs. It is worth ■ re 
remembering .that if one of the quantities forming a produr o, 
the whole product is o, and that o divided by any quantii nidi 
is not zero is o. 


16 .^ The numeHcnl values of the following expressions will 
illustrate the use of the pi'indpal s\^ns explained above. 

Ex. 1 . If a—8, ^ = 4, c=3, rtf=2, then the numerical value of 
(i.) 4^ + 3^ = 4x8 + 3x4 = 32 + 12=44. 

(2) 6rt + 9/> —4 c=6 X 8 + 9X4-4 X3 = 48 + 36 — 12 = 84 - 

(3) 7 «- 3 < 5 ' + 4^:-2//=7 x8-3 X4 + 4X3-2 X2 = 56-124^12-4 

= 68-16=52. 


Ex. 2. If rt=i, ^ = 2 , c=3, <?f=4, c=o, then the value of 

(1) 6tzc-3^c+7«^/=6x IX3-3>^2X3 + 7XIX4 

= 18-18 + 28 = 28. 

(2) tabc-\rZbcd - 6 b- 2 ade =6 XIX2X3 + 3X2X3X4-6X2 

-2x1 X4 xo=36 + 72- 12-0= 108- 12 

Ex. 3. If «= 24 , b=S*^c=? 4 j d=:6y then the value of^.^. 
gbed'^ 9 x 8 x 4 x 6 


(0 


4a 


*-f=.8r 

96 


4x24 
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+ 3?424 + 2 x8_72 + i6_88 

' ^ 3c^’~5X4-3x6 20 — 18 2*^^' 

\ ,/ 

* Exercit^e I. 


1. ^=2, ^r=4, d=Z, find the numerical values :— 

(i) 5M i (2) 4tiC. . (3) jabc. (4) 7-* + 3'^- 

* 

(5) 9b — 7 .o-\-d. (6) 6£Z-2<5-3^:. (7) 5^-7^- (8) i^a — 

2 . If a= I, ^=2, ^=3, </=4, find the values of:— • 

(i) •^bc — zad. (2) ab 4 -bc + Zct\ 

(3) i 6 ac — ^bc-{-’fad. (4) ^bc -\- 6 (id— 2 dc. 

(5) ^(ic4-^ab — ^ad—4bc. (6) ‘^ac—bc — cd-^-^ad. 

(7) 3^^“ 2(J»c — a/ + 4^2^/. (8) 2ibc + 2abd~~bd— 2abc. 

f 

3. If a = 24, ^= 8 ,2^=4, rf= 6 , ^=2, find the values of :— 


(0 

( 6 ) 


6c 

~d ■ 

I ob — 2C 

2d 4 - 3c 


(2) 


IOiC2 

4 fc- 


, , ac 
bd' 


( 4 ) 


I Zbe 
'^cd 


15 ^-_ 3 ^ 


6^2 9c- 

-^c ‘ 2;/ 


(5) -7- • 

uc 

, . yi \2b 


4 . If a = (\ / 5 = 5 , ^r=4, ^=3, ^* = 2, ^*=1, and .<'■=0, find the 
numerical values of the following expressions ;— 

(i) 3^-4<2-6c-+7/'/+22?-4^. (2) -3« + 2^ + 3c-2c+/ 

(3) ab 4 r Sbc - 4 de + SfK ' ( 4 ) Ath ^-^ bf -^^ ce - ad . 

(5) —;;^ab — 2 ac 4 r 4 bc — abc. (6) abcd—2bcde-\-‘3cdef-'4dcfg. 


5 rt=3, d= 4 , £'= 5 , .r=2, ^= 8 , find the values of :- 

'«^r^ 5 £y. 

' ' 3;r . 2C 


, . I 2 .rv 6ab 
(2) '■ 4 —-— 

^ ' tl->c C 2 X 


, , 8 a —<5 , io;r- v 
xA-y t~a 
, . 6ab I2xy . 3^r 
^ y a ^ X 

2(1 — 4b6c 6a — 4b 

^ Sx—y 2x~y+c 

« 1 

^ . Find the value of 


( 4 ) 


i 8 a,r 


+ 


4by 


a4-b + c a-b + c 


... 2txbc 6xy 4bc 

(6) -+ + , 

x ab y 

(8) 4 ^^ + 4 ^ + 4 ^ j 2 o;r- 4 ^ 


'IxAry 


4b —4a 


3a+ 2^ 2b 4-3c , 2ab — c <ad 
^ 7a a a + c’ 


when a^i, ^ = 3, ^==5'and d=o. 


% 

« 
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17 . The hunibe^, whether positive or negative, prefixed to 
any algebraical quantity showing ho,w many times tha^ quantity 
is to be added to itself, is called its numerical coefdcitojt. 

.*■' ■ . ■ 

Thus, in 3a, 3 is the fiftmerical coefficient of a and 3a means 
rt + « + « ; in — 7a:c, — 7 iS the coefficient of ax. 

18 . If no number is expressed, the coefficient i'^ understood, 
being i ; thus a means la \ ab means iad. 

19. The term literal coefB.cient is songetimes applied to 
a coefficient which is represented by a letter or letters instead of 
a number. 

Thus, in ab^ a is the literal coeffi,ci€nt of b ; and in abCy a may be 
termed the coefficient of bc^ or b the coefficient^ of ac^ or c the 
coefficient of ab. . 

20 When any quantity is multiplied by itself number of 
times, the product is called a power of the quantity, and is briefly 
expressed by writing down the quantity, with,a.small figure above it 
to the rigbl denoting the number of times it is repeated. 

Thus, instead of a xwe write a®, and is called the second 
power of a. Similarly, we write to denote cz xaxa, and^z® is called 
the third power of and so on. 

21 The small figure of the above Art. in any case is called 
the index or exponent of the corresporiding power. 

Thus, in a® the index is 3 ; in the exponent is 4 ; i/l a'* the 
exponent is «. 

22 . When a quantity has no exponent, i-is always understood ; 
thus, a = a^, and denotes that a is taken once as 3^ factor. 

23 . The student must carefully notice the distinction oefw'een 

a coefficient and an exponent. ’ 

Thus, 3a means three times a ; here 3 is a coefficient. But a® 
means a times a times a ; here 3 is an exponent, Xhus, 3a=a+a + a, 
buta® = axaxa. * 

24 . The second power of 'a, written a®, is often called the 

square of a, or a squared ; the third power of a, wriy:hn a®, is often 
called the cube of a, or a cubed’) the fourth power of a, written a% 
is called a to the fourth.^ and so on. ^ 

25 . Those parts of an expression, which are connected by the 

signs + or are called itsi terms, and the expression itself is said 
to be simple or compouxpjL, according as It contains oue br 
more terms. . • ' z, 

Thus, a^ 2ab and —5b\ are each simple quantities, and d*+2a6 
- 5 ^* is a compound quantity, whose terms are aV ^ietbsmA — 
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26 . A quantify of one term is called a mozLOZnial, of iivo 
terms, a ('jinomial, of three, a trinomial, &r., and, generally of 
more than two terms, a multinomial. 

Tims, <2, ab^ a monbmiul \ u + a binomial \ ia\-b -c^ a 
trinomial^ and « + 2/J - 36 + qrt', a multinomial. 

27 . Those parts of an expression which are connected by 
Multiplication are called its factors. 

Thus, the factors of a~ are a and those of '^ab are 5, a and ^ 
those of —"^IP are -3,^ and by or, as wo should rather say, —3 
and b'^. Of course we might include i as a factor in each case ; 
thus, since the factors of d“ are 1 and d^y and so of 

the rest. 


Ey. 1 . If <'J! = 3, <5 = 4, c=5, <r/=6, the numerical values of 

(1) 3t“-2«^»3X5--2 X3^=75-54 = 21. 

(2) 4^«'' + 3^/=*<)--3^.‘’ = 4X3=’ + 3 X3-X4‘-*-3X 5‘’=io8 + 432-375 

= 540-375 = 165. 


Ex. 2 . If a=i, <5=2, c=3, then the values of 


+ 2 + 3 ’’_ 2 + 27 _ 

— IP ~ 9~8 

d‘lb-^-ac + ib'^- 2 .be 
'a + (P- ^2 + 2bc-c'^ “ 



12 + 3x1x2 + 1x3 + 2x22-2x2x3 
1 +1=^-2'-^ +2 X2 X3--3“ 


i+ 6 + 3 + 8-12_ 18-12 _6 
1 + 1- 4+12-9"" 14-13 ""i 


Exercise II. 


1 . If rt = 3, <5 = 4, <:= 5 » d=(i, find the numerical values of 
(i) 5a“<5^ (2) 3tt”«'\ (3) lab^py (4) yPb'^y 

(5) 5<5‘-' + 2c 2+.3^‘< (6) 5.iW + 4a"^^. (7) 9<5‘^ + 2aV“-3rf*. 


2 . If I, ^ = 3, ^ = 5 ) cf=o, find the values of 

(r) d^ + ih'^ + sc^ + Ad^. (2) sa^ + 2d-c-2ah + 3b-d. 

(3) —3«V+3tit^ —(4) «■* —4c«^^+6a^<5^ —4^^<5" + ^^ 


(5) 


a°‘ — c® + 2bc 


b'^-3a 
{Q\ g^ + <5^ + <r^ 
t + 3 ^ 


( 6 ) 

( 9 ) 


d^ + b;^/ ‘ 
b + dA -2 

3 a'^ + Sb“ + 2 c^ 
+ </“+! 


(7) 

(10) 


a^- 6 ^ + P 

d'b 'y-yv'e-A-ePd 
4 <i^ +^® 
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3 . Find the value of 


» 


2 a+^ + i: ’ 


when a= i, ^ = 3, ^=5. 


4. Find the value of , - --— , 

/>+c d‘ + (i a + d^ 

when a—i, b = 2, c-S^ d- 6 . 

5. If .v=i,_j/ = 2 , "= 3 , ;5 = 4 , g — (i, find the values of 


(I) 


x+_y (j-p 


( 2 ) 


4'' - + 6.r-:r® — 4 x 2 ^ + 

yi — 4. — 4j'x"' + s* * 


. . X - + 2 xy + v '^ _ 5 ”® + 2 pz + p ’ 

x+y y + x ' ' z+p 

. ^ _^28_ 24 16 

\ 4 / *> I '*j''i 4 * ■ ■ i> F '■«! u u To 

+ p-‘ — z-‘—y‘ x“ ■4-— z-‘ — p^ 


28 - Brackets, ( ), O? [ .1 employed to shew that all 
the quantities within them are to be treated as though forming but 
one quantity. 

Thus, a + ibyc) means that the sum of b and c is to be added to 
rt, and a-{b-\-c) means that the sum of b and c is to be taken from a. 
Again, a — {b — c) is not the same as — ; for, in this last both b 
and c are to be suhtractecl, whereas in the former it is the quantity, 

^ — which is to be subtracted. <'z(^ + r) means that the sum of 

b and c is to be multiplied by nflfPPikewise (« + ^)(;r-j') means that 
the sum of a and b is to be multiplied by the difference of x and_y. 

Hence, if a —4^ ^ = 3j c—\^ we have 

(i) rt--^-^=4-3- I =0, and «-(^-^) = 4-(3- i) = 4-2 = 2. 

% 

(2} 4a-3b4-2f=j6 — g + 2 = g, and 

4a-(3<5 + 2r)=i6--(9 + 2)= 16 - ii = 5. 

(3) 2a+i5-i;-=8 + 3-* 1 = 10, 2(a + ^)~c=2.7-i = 14-1 = 13, 

and 2(u: + ^-t:) = 2(4 4 -^- i) = 2(7 —i) = 2 x^=i2. 

** 

29 . Sometimes, instead of brackets, a line is used, called a 
vinculu m, and drawn above the quantities that are conne?:ted ; 

thus is the same as a —— 

» 

30 . The line, which separates the numerator and denominator 
of a fraction, is also a species of "dinculuvi^ corresponding, in fact, in ' 
Division to the bracket in Multiplication. 
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€L " 4 “ f) ^ C • • 

Thtfs, — - -implies that the whole quantity a-¥b + c is to be 

divided by V and might have been written \{a-^b^c). 


£x. 1. If rt=8, (5=4, ^'=5, <f=6, then the values of 
^l) ((* + ( 5)2 - (^r+i^®=(8 + 4)’’-($+6)^= 12.12 - r 1.11 = 144 - I2I =; 23. 
(2) (rtr+(?)2=(6 + 2)®=8.8.8 = 5i2. 

*■ (3) (rt-(5)2(^f-f’)2=(8--4)2(6-2)*=42'X42= 16x64 = 1024. 


4 

Exercise III. 


1. If a=6, ^=4, c=i, Wr=3, (?=2, find the values of 

\ 

(1) (* + (^ —f:). (2) a-{b-rc). (3) 'la-b — c—A. 

(4) 7 .a-b — {d-c\ (5) 2fE-(^-^-/f). (6) 9rt-(3^^ + 2E:). 

(7) 2(rt!+(5+rf) —(8) 2,{a — b^ d — c. (y) {bc) ~ {a — d). 

2. If d! = 8, ^=4, (r=5, <'f=6, ^*=2, find the values of 

(0 ib + d)(a-c). (2) 4a(b^ + c^), (3) 3«2(^+^ + 2(^(/^2-Er2). 

(4) (« + W^+Ef)2. (5) {b + c+d)\ (6) (^* + ^)2-(c+Ef)’'. 

(7) 3^‘^^a + d) + 2a(^d--d^). (8) 4(^3-<52)(rt-^) +3(^2+rf2)(/5-^). 

3. If (*=io, (5 = 4 , e:= 3, find the numerical values of 

(i) 2b + a-3c. (2) 4a + b-3a + c. (3) (* + 2^-Er+rt —23 + e:. 

4. Find the value of 3b{d^b + cd^) — e{ab^+c^d)y 

when fl=8, ^ = 4, c==5, (?f=6, e— 2 , 

5 . If rt=o, ^=2, c=4, rf=6, find the values of 

(1) 3a +l2b - c )3 + {^2 _ (2a + 3^)} + {3^ - {2a + 3b)f. 

(2) 3b + {c,c-df+{3b-(2c-d )}2 ~\-^h-{2c-d)\ 

( 3 ) {fiHb + c)^-’d\{{a+bf + {d- 


31 . The sq.uare root of a quantity is that quantity wl 
square power is equal to the given quantity. 

Thus, the square root cd 9 is 3, since 3^=9 ; the square roo^^i 
<*2 is of 25 is 5. 

So also the cube, fourth, &c. root of,a quantity is that quantity 
.whose cubcy fourth^ &c. power is equal to the given one. 

Thus, the cube root of 125 is~s, ^nce 52=125 : the cube root of 
a® is a ^ of (a — b)^ is (a — b). * 
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32. The symbol used to denote a root is (a corruption of • 
the first letter of the word radix\ which, with the proper^, iifBex on 
the left side of it, is set before the quantity whose root is rtjxpressed. 

Thus, ^125 = 5, ^3125 —5, &c 

The index, however, is generally omitted in denoting the ^square 
root; thus >Ja is written instead of 

Ex. 1 . Find the value of >J{‘^abc\ when a«2, ^ = 3, ^:=8. 

J{ 3 abc)= V( 3 X 2 X 3 x 8 )= v''( 9 X i 6 )=: 3 X 4 =i 2 . 

Ex. 2. Find the value of c yf {b^ -‘^c)b J i^b^ + y) - J{ac+ i), 
when a = 6, ^=5, <7=8. 

The Exp. = 8 V( 5 '- 3 - 8 ) + 5 v'(5“ + 3-8)- v'( 6.8 + i) 

= 8 v/( 25 - 24 H 5 V(^+ 24 )- ^/(48 + f) 

= 8x yi + 5 \/49- ^/49 = 8xI + 5X7-7 =8 + 35-7 = 3^' 
Ex. 3. Find the value of ^ J{a-\-b-{-2c-{‘d)-\-2 J{d—b) 

+ 3 -/{2c-\rSd~ i), when «=o, ^=2, ^=4, d= 6 . 

The Exp. = 4N,^(‘^'i"2 + 8 + 6 ) 4 ‘ 2 A ^/(6 — 2) + 3^/(8^-I8—i) 

= 4 V'(i 6 ) + 2^4 + 3 V( 25 ;= 4 X 4 + 2X2-)-3X5 

= 16+4+15 = 35- 

Exercise IV. 

1 . If <2=4, 5, c=9, i/=2, find the values of 

(I) v/( 5 «/>^). ( 2 ) 4 v^W. (3) Aa^b^c). / (4) ^(9^='). 

(5) bs/{ad-\- 2 c~’\\ (6) yj{'iac-\-2bd^2a-\-\). (7) yf{a{c-b)Y 

2. If <2=25, ^=9, i:=4, I, find the values of * 

(i) ^a + 2 Jb-¥^Jc-V^s!d. (2) J{Aa)+sJigb)-^ J{\ 6 c)-yf{2$d). 

(3) 3 n^^* + 2 >/( 4 ^)- 4 v/( 9 '^)+ 

(4) ^( 5 «) + 2 ^(3^)- 5 r( 2 f) + 4 yflf. (5) Va2“2 ?r 3 ® + 3Vt^~4V'/f. 

( 6 ) yr{bc) + z^{acd)-^yf{b‘d)+^J{c^d^). 

3. If (2=0, ^=2, £■=4, d= 6 i find the values of 

(1) 2 \/(^—^) + 3 \/'\^d-{-2c — i)+4's/(^ + ^ + 2^' + rt^). 

(2) 3^r(2i>2-^)+2 ir{ 2 (i 5 +^) 2 -(d+dr)=}. 

4 . Find the value of yj 

when <2=2, ^ = 4, r=3, <f=5. 
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5 . If « = 2, (5=0, r=3, (i=4y find the numerical values of 
(i) v/{(8(»+/5)((5 + ^£-)^+ J{{$c-2d){2d + 7^)). 


33 . It is very necessary that the student should learn at once 
«lo distinj^uish between ter)ns arid factors. 

Thus, 3rt + .'^-r is a compound quantity of threeand 

; 3(tf+ is one of two terms only, 3(^24-^) and -f, of which 
the former, 3(a + / 5 ), consists of two factors.^ 3 and a + ^. the factor, 
<i + /;, being itself a compound quantity of two terms ; and so also 
TPa^-b — c) IS a simple quantity or sinc^lc term, of tw'o factors, 3 
and(a + ^-r), of v-hich the latter is itself a compound quantity of 
three terms. 

Hence, terms are the'i’quantities which make up an expression 
by way of Addition or Subtraction., whereas factors, by way of 
M111itplication. 

34 . Each of the letters which occur* in a product is called a 
dimension of the product, and the numljer of letters is called the 
degree of the product. 

Thus, or a X rt xa X£■ is said to be of six dimensions., 

or of the sixth degree. 

* A numerical coefficient is not reckoned ; thus, and 
are both of six dimensions. 

35. An expression is said to be homogeneous w'hen all its 
terms are of the same dimensions. 

'Ylh\2's,., y:^-k‘Ad‘‘b— 7 abc \^ homogeneous, iox term is of thre'e 
dimensions, but + i\ab'^ ^d^bc^ is not homogeneous. 

36. Algebraical quantities are said to be like or unlike, 
according as they contain the same or different combinations of 
letters. 

Thus, a and 3«, - ^d^b and 7 «“( 5 , -^d^bc and - d-bc, are pairs of like 
quantities ; id and a'-*, T^ab and --7^r, and of unlike 

quantities. 

37. The sign is used to denote that the less of two quantities 
is to 'be taken from the greater, when it is not known which is 
the greater. 

Thus, U'^b denotes the difference between a and b. 

38. The sign stands for tfiieu or therefore, and '/ for 
since or because. 
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II. SUBSTITUTIONS. • 

Ex. 1 . If a=4, t=2, I, find the values of 

<i) 


. . abc{a-\-b — c)-\-bcd{b-\‘C — d^ 
- 


ad {a — d) + bc[b — c) 

ti) The Exp. = ^’.42.3.2^ = -J xi6x3x8 = 3X4X3 x 8 = 288 

4.3.2(44-3-2)+ 3.2.i(3+ 2-j_) 

4.1(4- i)4-3-2(3-2) 


<2) The Exp. = : 


‘ - 2) + 6(5 - I)_ 24 X 5 .+^> 214 _ 1204-24 _ 'U 4 ^ g 

“ 4X3-r6xi 124-6 “ 18 18 

Ex. 2 . If (t=4, /^ = 3 > c=2, d= I, find the va’ues of 

. + P + a^ — ab’a~b) 4{a“-\-P) 

-- 

, ab-4~ad^ P — d'^4r\ 

~^abd ' " ^+Pi{c-d') ’ 


a-^c^ 


(0 The = + 

4 “ 


2.4.3 


•I 9 

4 -. 2 - 


164-94-4, 16-12.J _ 4 (i 64 - 9 )_ 29 , i 6-I2_4.25 
i6 **"24 164 16 24 64. 


29 , 4 

100 13 

1 

9 

1 

T 

5 * 

, +- 

16 24 

= I - ' + 

64 16^ 

6"' 

16 

= ' + 
4 

6"" 

12* 

4.33 + 4.12 

2“ - 12 + I 

4.9+ 4 -1 

4 

-1+1 

4 - 3-1 

(4 + 3X2- 

-o" 


12 


7.1 

36 + 4 4 

_ 40 _ 

10 

4 _ 

5B 

i6 

'y — 


12 7 

12 7 

3 

7 

21 

"21 



Ex. 3 . If « = 5, 3 = 2, c=3, find the value of 

J\ J{2a* - - 3 ) -f- V(3^® - 2P 4 - 2c) 4 - ^{abc - 5)J. 

The Exp.= J{v/(2.52-3.2‘-*-2)4- x/( 3 . 3 ‘-'-2.22 + 2.3)4- V( 5 - 2 - 3 - 5 )} 
“ v'{x/(5o-i2 -2 )+ v:(27-8 + 6 )+ J( 3 o-S)) 

= J{JiSo-H)+ ^(35-^)+ Ji^S)) 

= '/{x/( 36 )+ x/( 25 )+ V'( 25 ))= ^16 + 5 + 5}= J(i 6 % 4 - 


Ex. 4 . 


If x = = — 41 the numerical value of 


3 xy 4 - 



3 

I —bys 


4 



+r® - d 3 
4 x^-\- d 3 
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The Exp.,3.W + {(^^+f)- 

=i + (, 4 j+j)* ( 7 Tj)=i + (| + f)*(|) 

= i + ax2+2X4)-(ix§)=i + (K8)-i 

= ^ +8^-r- X3 = ^+-V'®='V"= 26 . 


Bx. 5. Shewthat(^ + i:+</)(^ + £r-rt?)(^+^-fr)(^r+^-^) = 4^*c- 

— + when ^=2, ^’==3, ^=4. 

The left side = ( 2+3 + 4)(2 + 3 - 4 )( 2 + 4 - 3 X 3 + 4 - 2 ) = 9 .i. 3.5 = i 35 » 
The right side = 4.2=*.3®-U®-(23 4'3-)}2 = 4.4,9-{i6-(4+9)P 

=.i 44 “(i 6 -i 3 p==i 44 - 3 S=i 44 -. 9 =i 35 . 


Exercise V. 


1. If a =* 3 , find the numerical values of 

3a ; ; 3a^ ; (3af ; 3 + a ; 3-a ; 3/a. 

2. When .r= 2 , _y = 3 , find the values of 

3 .r + 2/ ; 3,r-27 ; ( 3 ,r + 3 j 0 “ ; 3 -^®+ 2 y ; ( 3 'T)® + (2 j)® 

3. When a — g, ^=^ 3 , find the values of 

a® - 3ad^ ; — 3^){a + 3d) ; a\a — b)^. 


4. If .r — 4 , j = 6 , sr= 8 , ^ = 3 , ^^== 7 , 7 £/=i, find the values of 


, . jr , V, 23 ” 

(i) - + -+ X- 

y s p 

(3) 2A'-3y+4^- 


(2) 4. _ 3;^-A' ^ ^ 

3j^--22: 3^ + W z' 

2q + 2 X-z-\- 2 y f . 2 y , 3y-x . (■y +v)(j>^- a) 


2px 


. ^ pqw-xyz-^rs 

pz-xy + wq 2q — 2px xyw 


(4) -1+ + 

A _y 

pq 


xy 


5 . If «=o, ^=1, <;=2, A-=3, j'=4, s’=5, find the value of 

<1® + 3(Pb + 2lPc +7«.r ®+cxy + 3byz. 

6. If <2=4, ^=*2, iT—o, A‘=5,_y —3, ■3'= I, find the value of 

ecA" - +• 3 byz - i^ac. 

4 * 

7. If c«= 5 , ^ = 2, tf=i, find the values of 

(2iZ+^)^X(2«-2)*-i-(<2-3)*X(^-l)- 

(iL+ 3)“ , (a^ - 3)^ . 2 (^ 4 -^)^ __ ^ 
ab"^ ab* a-^b ab{b^c)^ 
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■M 


<3) 


(2a + d + cf /a+i Y 5« + 3^+i 
2a6-h2a — d^ {a^ — 6dy \a“—i/ — 

8 . Find the values of :— 

, . ii« . Tc \ob 
(i) o - . - 4 


^+5 


( 2 ) 


o /. • L - T'1 when a=4, ^=3, ^“=5. 

Za-jb iia-3^ ic-'^a' ^ 


/,+?-■ ’ '«'l’en«= 4 , #= 5 ,^= 6 . 

(3) {a^-\rb'*‘){a-bf-b{C’~b'f->r{a — cf^ when a ==4, ^=1, ^=3. 

(4) :r(j>/+2’)-l-(jr2+j®+s'’‘*) + (:r+jK + ^)% if .ar—i, j*=2, 

. . c^{b^ + ^id) 2a(c+2d+2e) br(/(i-c) 

b+c de ^ ~Wr~' 

if «=o, b = \^ c — i, d=^, 

{6) *y(a + 2) + 4, when a ==7. 
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i + b + c){a-b + c) 


|, when i«=4, ^=5, <. = 6. 


(9) «“{ N/(«+0 + 2j“^^7r^^»'vhen « = 4 . 


y/(a- 4 ) 

, . ab~cd-\-d^ a-b-^c ‘ , 

' 2 ab + cd-d^ a-\-b-c' ’ 

/ \ /■ r 3a - 4^ + 8<5 - 7rt + 4/^^ 1 

\/ \(^+2c^d ^ a«- 3 .+.o4 «=4.^=^5,»=9,.?=2. 

V j. "'hen a-4, ^=5> ^=9, </- 2 . 


9. If a=i, ^= 2 , <:==3, find the values of 

(i) b\ (2) a' + ^". (i) 

<3!* + ^* j . . d^ + b^ + c^ 


(4) 5"^^- (5) S'*. 


10. If a=i, 3=2, <:=i: 3 , /^= 4 , shew that the numerical values 
of the following are equal. ! 

(i) {d-i^-b+a)\{{d+c)--{b+a)) and d^-{b^+c‘)+a^+2ibc’-ad). 
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K2) {{b+c)-{d- rt)>* + ^^- a) 

'■\-{b+c+d~ctT- and + + c^ + d^). 

(3) d'^-{2d-~c)C’^{2{d-c) + b\b — \2{d’-c-\-b) — a\c -and 

{{d-a)-{c-b)S\ 

(4) {{a + d)-{i;-b)\{{a-\-c-\-d~b\{c-{d-a-b))\{b+c-^d-a)) and 

A{ad-\- bi-f - {(,*2 + d'^) - j2 

11 . Find the value of 2b'^c^ + 2C^d^•\-2d^b- — b^ — 
when a = 2, <5 = 3, 5. 


12 . 


13 . 


14 . 

15 . 


Find the value of d — b"^ — (? — yibc^ 
when <2 = '05, <5 = -035, ^=015. 

Find the-value of, when i5='03, <r=*o2 


I 




I 1 

•t "F * 


a 2 I di /•*' y 1 1.0 

b‘‘ + c- — a^ c^ + w — b- a-+ b-'— €■“ 


What arc the numbers 3 and 4 called resjjectively in 40® ? 

X- I 

+ — 

V* 

J 


Find the value of 


.r + 


. , .r + 3 x+2 , 

- + —~ — 2. -, when ;r= 5. 

I .r - ^ .f - 2 


CHAPTER II. 

SYMBOLICAL EXPRKSSIONS AND NECATIVE (QUANTITIES. 

I. SYMBOLICAL EXPRESSIONS. 

39. The student who has already become familiar in Arithmetic, 
must carefully notice the following examples of the expression in 
Algebraic symbols. 

Since 4 Rupees = (i6 X4) annas, 

<3! Rupees = (16 Xa) annas = 16^2 annas. 

Similarly ; a Rupees= 192^ pi^s. 

Again, 240 annas = (240 16) Rupees 

* a annas = (a^ 16) Rupees=<j/i6 Rupees. 

X Rupees +y annas5=(i63: +j/) annas. 

If 2 be taken from 5 the result is 5-2, that is 3. 

So if be taken from x the result is x—j^. 

The number which is 3 greater than 5 is 5+3. 
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IS 

( 

So the number which is 3 greater than x is 

5 oranges at 2'plje f=ach, cost (5 X2) pic€. 

X oranges ..t.y pice each cost {xy.y) pice='.r^ pice. 

A man walking 6 miles an hour, walks (4x6) miles in 4 hours. 

Thus, he walks (.r x6) or 6 x miles, in x hours. 

Again, he walks 26 miles in V hours. 

he walks .r miles in >- hours. 

6 

Exercise VI. 

I. . ,lly how much is r greater than jy ? 

2 What is the number which is 5 less than x ? 

3 . A has X Rupees, H has j/ annas, and c has z pice ; how many 
,pice have they l)etween them ? 

4 . If ;i: be a whole numl)er, what are the numbers next above 
and next below it ? 

6. Ram had v oranges, out of which he gave Jadu y ; how 
many oranges has Ram now ? 

6. JBepin has a marbles more than Sham, who has marl)les ; 
how many mail»les has Bepin ? 

7 . Express a Rupees (i) in annas, (ii) pies, (iii) fn pice, 

(iv) in quarter-rupees, (v) in two-anna pieces. • 

8 . Express ^ yards (i) in feet, (ii) in inches. 

9 . Express <5 inches (i) in feet, (ii) in yards. 

10 . Each of a boys has x marbles ; how many maiibles have 

they altogether ? ' , ^ 

II . By how much is x greater than 13 ? 

12 . By how much is 13 greater than x ? 

13 . If I give 2 rupees to each boy, how many rupees do I give . 

to X boys ? How many pice do I ^ive them * 

14 . If a book costs a shillings, how many can I buy for five 
shillings ? How many for five pounds ? 

15 . What is the total number of pies in a rupees and h annas ? 

16 . What is the coSt of X maunds of sugar at y rupees per 
maund ? How many maunds for a rupees ? 

17. If X rupees be equally divided amongst y boys, how mucli 
does each boy get ? 
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18 . If I walk a miles an hour, how far do I walk : 

(i) in 3 hours? (ii) in half-an-hour? (lii) x hours ? 

19 . Express a square feet in square inches. 

30 . Two boys write an essay; one writes lines and words 
in a line ; the other writes ji' lines and d words in a line ; find the 
total number of words written between them. 

21 . Express in symbols the following :— 

(1) The sum ^f x and j' divided by z. 

(2) Five times the square of z, multiplied by x minus jy. 

(3) Six times the cube of a, diminished by the fourth power of 
x, ,and the whole multiplied by the square of c. 

(4) The square of a added to the cube of d divided by the 
excess of the sum of a and b over ti. 

t 

(5) The square of the sum of a and d multiplied by the differ¬ 
ence of c and fi. 

22 . What is the coefficient of in 4 .a^6 ? of a® in ? of x'^' 
in U^x^ ? of jv in ax^ ? of in a^x^ ? 

23 . What does the expression a{b-^c) denote ? 

21 . What does 3fl stand for ? And what does mean ? 

25 . Of how many dimensions does the expression (i) 
consist ? (ii) consist ? (iii) c^xy'^ consist ? 

' II. NEGATIVE QUANTITIES. 

40 . Any quantity to which a + sign is prefixed is called a 
positive quantity, and any quantity to which a — sign is prefixed is 
called a negative quantity. 

41 . The expression 3-5 has no arithmetical meaning i. e.^ we 
cannot subtract 5 from 3. In Algebra, however, such an expression 
has a meaning quite intelligible. 

This idea may be made clearer by considering the following few 
examples. 

(i) If a man whose income ia ;oo, spends Jis.jo, he saves 
Rs.^o. But, on the other hand, if his income be Rs.yo and spends 
JRs.ioo, he incurs a debt of Rs.yo, 

‘ Thus, Rs. too - Rs, 70 + Rs,ya^ 

, and Rs. 7o-/?j.ioo<= - A’j.30. , 

(ii) If a man gains Rs.^o and^then loses Aj.30, his totalis 
Rs.20. But, on the other hand, ff he gains Aj. 30 and,then loses 
/?j.So, the result of his trading is a loss of i?f.2o. 
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Thus, Rs. 50— Rs.$o + i?j.2o, 
and Rs.^o - Rs .50 = *- Rs.20. 

Moreover, if he loses Rs. 50 and then g^ins Rs. 30, the result 
of his trading is still a loss of Rs. 20. 

Thus, -Rs. 50+Rs. 30= - Rs. 20. 

(iii) If a man sells first 5 horses and then again 3 horses, he has 
8 horses A’ss than he had at first. 

Thus, — 5 horses - 3 horses = - 8 horsey * 

(iv) If a man starting from a given place walks 100 yds. along a 
road, and then walks 30 yds. backwards, he will be 70 yds. from his 
starting place. But if he first walks 30 yds. and then 100 yds. back¬ 
wards, he will still be 70 yds. from his starting place, but <?» the 
^posite side of it. 

Thus, 100 yds. — 30 yds. = +70 yds., 
and 30 yds. - 100 yds. = - 70 yds. 

, Hence, we see that + 70 and - 70 are the exact ot one 

another. In considering a man’s money + Rs.tin increase^ 
whilst — 7 ?j.3o means an equal decrease; +70 yds. and —70 yds. 
means 70 yds. in opposite directions.^ and so on. 

(v) Again, in periods of time, if a date after A. D. be denoted 
by a number with a + sign prefixed, a date before B. C. will be 
denoted by a number with a — sign prefixed. 

Hence, using symbols, we have 

8rt —5^:=+ 3« ; ^a — 8a— — '^a; 

— 8a—5<2= - I3ci ; — 8^?.-b5« = — 3a. 

43. Q-raphical Illustrations. Take a straight line XOX' of 
unlimited length, and consider all distances measured to^he right 
, as positive, whilst all distances measured in the opposite direction.^ 
from right to left, as negative. 



Take OAj=A,Aa==A8A^=A,A4=s. x along OX, 

and Oax **= =» = a,di4 =. .x along OX\ ‘ 


Taking p as the starting point in each case, 

OA5 denotes + s^r, whilst Oa^ denotes - 5^:, and so on. 
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Also denotes +3.t% whilst A^A^ denotes 

Again, since OA^ denotes 5.r {5 spaces to the rig-ht\ 
and AgA, denotes -2x (2 spaces to the left) ; 

5:r~2-r=OA5 = 3r, (3 spaces to the rijs^kf). 

Again, since denotes — 3.r (3 spaces to the lcft\ 

and (2pAj denotes +7.1' (7 spaces to the n\s^hf) ; 

— 3r 4 - 7 .r = OA^-4.r, (4 spaces to the ris;Jit\ 

Again, since Oa^ denotes — 6r (6 spaces to the h'jt\ 

and denotes +41^ (4 spaces to the n/^ht) ; 

/, -' 6 a' 4 - 4 .f ==Ort:2= (2 spaces to the left). 

Again, since'Odtj, denotes —31' (3 spaces to the teff\ 

' and denotes — 5.1- (5 spaces to the left) : 

-jX-^ r= - 8.r (8 spaces to the left). 


Exercise VII. 

1 . If loss is the unit, what is again of Iits.60? 

2. If A*j. 5 gain is the unit, what is the loss of J?s.6o, and a gain 

of 7 \s 60 ? and a gain of ^.f.40 ? 

# 

3 . If a debt of be represented by 10, what will an income 
of Rs.600 represent ? 

4 . A boy lost 40 marbles and afterwards won 25 ; how many 
did he (i) win (ii) lose altogether ? 

5 . A man walks East for 20 miles, then 35 miles clue West and 
then East foi 30 miles. How far (i) East, (ii) West is he from the 
starting place ? 

6. A man said that he missed the 5 o’clock train by --15 
minutes. When did the train start ? 

7. If a mannd weight is '.00 heavy by - 5 seers, what is its 
actual weight ? 

C. If a man 's - 10 years younger than another whose age is 
40 years, how old is he ? How old, if — 10 years older ? 

9. 1 If a foot measure is -3 inches too long, what is its length? 

10 . A man has 15 cows in* a field ; he drove away —25 cows ; 

bow many has he now in the field ? * 
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Graphioal Examples. 

Prove the following graphically, using squared paper :— 


1* 5 - 3 = 2 . 

4 . -7 + 3 =- 4 . 

7 . — 3,r+5;r=2j;. 

10 . —7a + ^a=—4a. 


2. 8-3 = 5. 

5 . 3 — ^ = — S‘ 

8 . -3^-S;r=.-8.a:. 

11. 5rt —7ii=-2«, 


V 

3. 6-4—2. 

6. -2-3=-5. 

9. - 5.ar+2;r=-3jr. 
12. — 3a+5a=2<*. 


III. CHANGE OP THE ORDER OP TERMS. 

43 . When several Arithmetical quantities are connected to¬ 
gether by the signs + and —, the value of the reshlt is the same in 
whatever order the terms are taken. (See Arith. Art. 57), This 
rule also holds good.for Algeliraical quantities. 

Thus, a + 6 = d + a ; a — b-= —b-\ra ; 

• a + ^r-^‘=<a: — ^r + ^ = /J+«-t. = ^-<; + «=*—c +a+ ^=—t- + 3 + «. 

44 . Graphical Illustrations. Using the diagram of Art. 
42, and adopting the same convention as regards signs, dec. 



6.r-7.f+ 4.r brings us first from O to (6 spaces to the right), 
then from to a-^ (7 spaces to the left), then from a, to A, ^ spaces 
to the right) ; 

/, 6,r-7,r+4:jr = OAj=3;r (3 spaces to the right). 

Similarly, 6;r+4a:-7:ir brings us first from O to Ag (6 spaces), 
then from A^, to A^^ (4 spaces), then front Ajq to A^ (7 spaces to the 
left), (/. ^.) to the same point as before ; • 

6.r + 4.i;-7.ar=OAg = 3.r (3 spaces to the right). 

Hence, tx — yx + 4x=6x + 4,ir — 7 x. 

Again, -x—‘ix4-(>x brings us first from O to (l space to the 
left), then from to (3 spaces to the left), then from a* to Ag 
(6 spaces to the right); 

/, -^r-3x-h62r=»OA,=2:c, (2 spaces to the right). 
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Similarly, 6 x-^^x—x brings us first from O to (6 spaces), then 
from Aq to Aj (3 spaces to the left), then fron^Aj to Ag (l space to 
the left) ; 

6.r-3,ir--rs=OAj = 2;»: (2 spaces to the right). 

Hence, -‘X — ^+6x=i6x — ^x — x. 

45 . Any algebraical expression consisting of like terms may be 
simplified by collecting terms. 

£x. Find the simplest form of 

6^2 4-33 - <*4-3(r—^ - 2« + 5^: - 5-2 - 6r+43. 

The Exp.=6u! —«-2a- 5a + 3^ — <^ + 4^ + 3 c + 5^-6^‘ 

' (collecting like terms) 

™6a-‘Sa + 7d~d + Sc — 6c=—2a+6d + 2C. 

t 

Exercise VIII, 

Find the simple forms of the following expressions : — 

1. 12-8 + 7-5 + 3. 2 . -8 + 4-9+6-10 + 2. 

3. 3(2 — 6a + 4« — 5a — 3a. 4 . 6 x+ 2x-<^x — 7 x + ^x. 

5. 7 a- 2 ^- 3 £:- 4 a + 5 i 5 + 4 i: + 2 a- 35 - 5 ^. 

6 . 5 a® + 3ad - 2d^ - at + gd® - 2at - 7 ^^ + ^at — 

7. 3a® —2a‘^ + 5a+a®+a+9a^ —4a^ —6a + 2a® —7a. 

8. ^x^y — ^ — i^xy'^ — (ix^ + 2xy^ “ 3-^ V “ 5*^^ “ 3'^^ + 6 + 2xy'^ + 7jr®. 


Graphical Examples. 


Prove the following graphically, using squared paper ;• 
1 - 5 + 3 - 4 “+ 2 . 3 + 6-7 = 2. 3 . - 

4. -5+3-4=-6. 5 . - 6-7 + 3 =-io. 6 . 


7 . - 2 + 3-4 + 5-6 + 4 =o. 

9 . 3 ir+ 42 :-g;r= — 20'. 

11. -‘7X’^lx^x=^-x. 

13. 3a+4a —da — a. 

15. -‘ 9 ;t+ 82 : + 62 '- 72 r=s- 3 :r. 


1-2-4= -7- 
“7 + 3+4“0- 
8. I-2 + 3-4 + 5-6=-3. 

10. - 3 jr- 4 a-+ 72 r=o. 

12. —a-3a-5a= —9a. 

14 . — 7 a+ 4 a- 3 a=- 6 ( 1 *. 

16 . - 8 a+ 6 rt — 3 a + 5 a'<-o. 


IV. SUBSTITUTIONS. 


46 .. Hitherto we have considered the numerical value of every 
expression to be a positive quantity, but the numerical value of an 
algebraical expression may be a rusgative quantity. 
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fi 

!Ex. 1 . If «s=2, ^=3, ir=4, find the numericah value of 
2aH + 355 V — aHc — + adc. 

The Exp. = 2.2.2.3+3.3.3.4 - 2.2.3.4- 4.3.44 + 2.3.4 

= 24 +108 - 48 -192 + 24= 156 - 240= - 84. 

Ex. 2 . Find the value of 3.^®-5.r^+"--, when.r= 1,^=2,s’=a3» 

2#ir 

2 2 ^ 

The Exp. *=3.1.1 - 5.1.2 + —-—=3 - 10+ 6=9-•10= - i. 

2* 1 

Ex. 3. Find the values of 2;r*-5x--10, when or has the values 
o, I, 2, 3, 4, 5, 6. Tabulate the work. • 

When 


;r = 

0 

I 

2 

. 

3 

4 

5 

6 

2.r® = 

0 

2 

8 

18 

32 

50 


1 

II 

0 

-5 

- 10 

-*5 

- 20 

“•25 


- 10 = 

- 10 

-10 

- 10 

-10 

— 10 


D 

PmHBMB 

- 10 

B 

- 12 

jm 

2 

15 

32 


/, - 10, — 13, — 12, —7, 2, 15, 32 are the required values. 


Exercise IX. 

1 . Find the value of 3/5-4a-6f+7;r + 2j, and of 2ad-Sdc+2xyy 

when rt=6, 5, ^■=4, jr=3,/=2. • 

2 . Find the value of - ;ia6 - adc+— ^ac, and of 4a^b — g6^c 
+ 2Scidc when a=6, d= 5, c—4, 

3 . Find the value of (a^-^aH — ^a6^ + d^){i^-~3d^)-ic^ + 2c) 
x(a6c — a^'^)j when a==i, ^ — 4) 

4 . If a=2, ^=3, f=4, find the Values of 

(1) {7a — {a + d+c)}-{6d+a{2a-d + 2c)}, 

(2) a-(d + c)-{d-(c-a))-{$a~{2d + a-c)). 

(3) + -^^^-r(r-«)(U! + ^)| X( 2 ^~ 3 ( 5 ). 

5 . Fine? the value of 6ax + 2 dj/-cs--{ 2 ax-‘ 3 dy 4 ‘A^^)~~^^~“^^i 

when a=o, d—iy <r= 2 , ^= 8 , 3, 2=*4. 
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6. When a^ 4 , 3=3, £^=2, //=o, find the values of 

(i) 3<3’*~43tf-( 2 ) ‘fPc’ir‘()a — ab-\‘Cii. 

7. If a—Ty 3 = 2, ^=3, d=Oy find the value of 

(ac - bd) sfWbc + b'hd + c^ad — 2 ). 


8. Find the values of .r'"* —5;t:+6, when x has the values o, i, 
2, 3, 4, 5. Tabulate the work. 

9. Find the values of i i.r--10, when .r'has the values o, 
3 , 3, 5 ‘ 5 > 8. * Tabulate the work. 

10 . Prove that -7X+12—0, when ;t: = 3 or 4. 

• 11 . Prove that 3.r® —26.1“+ 71.r-60=0, when x—jI, 3 or 4. 

12 . Given ^=4, /=io and^^=32, find the value of 

■ (I) (2).v=KV2ir. (3) 


CHAPTER III. 

THE FUNDAMENTAL OPERATIONS. 

I. ADDITION. 

47. Addition is the process of collectin'^ several quantities 
into a single term. This single terra is called their sum. 

48. The Addition of like quantities with like signs-will 
be obtained by addding the numerical coefficients, prefixing the 
common, sign and annexing the common letter or letters. 

Ex. 1. Add together 4^?, 5a. 

Here, we have to add 4 like things to 5 like things of the same 
kind, and the total is 9 of such things ; 

/. 4 ^r + 5a = 9^ 

Similarly, 4«®3 +'$d^b + la^b + a-b = 1 2a-b. 

px. 2. Add together —2Xy — 5^-, ~.r, — 3.f. 

Here, we have to take away successively 2, 5, i, 3 like things of 
the same kind, and the result is the same as taking away (2 + 54-1+3)* 
or II such things on the whole. 

Therefore the sum of ~'2;r, -S-f, — .r, — 3;r= - iix . 

Similarly, (- + (- 3A'*_y)+(- 4^^)+ (— = - igx’^v. 
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49. The Addition of like quantities with unlike signs' 
will be found by adding separately the positive and negative, coeffi¬ 
cients ; taking the difference of these two sums-, prefixing the sign 
of the greater and annexing the common letter or letters. 

Ex. 1 , Add together 6 a and —la. 

Here, we have to take away 2 like things from 6 like things of 
the same kind. Now as the difference of 6 and 2 is ^ 4 , and the 
greater is positive, 4 

(ia — ia — Aa. 

% 

Ex. 2 . *Find the sum of — 12/^r, 4^6‘, - 8 ^r, 5 ( 5 r, "^hc. 

The sum of the coefficients of the positive terms =44-5+ 3*= 12. , 

.negative.= 12 + 8=*= 20. i ^ 

The difference of these two sums is (20— 12) or 8, and.the sign 
of the greater is negative ; 

/, the required sum = - ^bc. 

Exercise X. 

Add together : — 


1. 

5a, 3a, 6a, a, za. 

2. 

4^1 9 

X, sx, 6x, 

X, 2 .V. ^ 

3 

5a^, 6 a/ 5 , nb, 'iab, yib. 

4 . 

3 d% 

4a®(^, 6a“V?, 

, 9a‘-^, a^b. 

5 . 

-zx, -7-r, -9A', -.r. 

6. 

- 3 « 

, -7a,-1 

2a, -9a, —4a. 

7 . 

— ^ab. — (xab^ ab. 

8. 

4 ^ - 

-S.v, -8.V, 

3 ;t. 

9. 

5a, - 3a, 6a, 9a, - 7a. 

10. 

ab, - 

■2ab, 5a^, 

-- 6a^. 

11. 

— 3adr, —zabc^yibc^ loabc. 

12. 

»> 7 *» 

- - 

6aH\ Aa^b\ 

13. 

-^n-b\ - Su-b\ Joa'b\ 

14 . 

I ia^‘ 

^ -2ab\ - 

“ 5a^®, loa^®. 

15. 

'^abed^ —\abcd^ yibcrt^ — loaded, 6; 

}bcd. 

• 



Find the value of 





16. 

5a -f 4a®^® - 8a®^® - 6a®^®. 

17 . 

-2a+ioa 

-Ha-4a- 5a. 

18. 

2ax - yix — 7ax +1 oa,v + ^ax^ 


19. 

3od- + 4a® — 

8a® -1- 5 a® — 7 a®. 

M. 

^ys — zyz — 5yz — 6ys -h ^yz + gyz - 

■6yz. 




50. The Addition of unlike quantities can be foftnd by 
writing the quantities one after the other and prefixing the proper 
sign to each. * * , " 

Ex. Add together 3^“, — 2a^^ -3^, 2a. 

The sum = - 2ab ‘^-h 2a - 3^-f 3^®. 
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, Exercise XI. 

Find the sum of the following quantities ;— 

1- - 3'^'j 5^t 64 - ?. 5jry, - ix^y, - 6.t;y’’, 

3. ~ 3 ^, 4 ^’*, -> 5 ^'“*. 4. 2 ^ 2 , - 3 c^^ 2 a®, — 5 a*. 

5. 4 a®i®, - 3 ad*, - 7 a®/ 5 ®, - 7^^, - 5<j\ 290*^. 


61. The Addition of quantities partly liko and partly 
unlike may be found by writing the like quantities so that they may 
fall conveniently in' the same column, and adding ||tch column 
separately by the preceding Rules and writing down thefothers with 
• their proper signs. 


\ 

i 


Ex. 1. Find 
Sa — 4 c+s^. 

2(1 3^ *1" ^ 
a + 2d-^c 
i> 4 ‘ 2 C 
* 5 a + 3 <?~ 4 6 ’ 
Sa+ 3 ^- 4 <: 

Ex. 2 . Add 
aki 7 a^ + 3 rtdK 

3a^+2ai>^ 

4 «® — 3 ad^ 
- 8 a®+ 4 rt 3 ® 

f 7 a^ + 

iia^ 


the sum of 2<2-33+<r, 2^-3£'+fl, ~ 3*2 4 *' 2 i:and 

Here, re-arranging the expressions so that 
like terms may fall in the same vertical columns, 
and then adding up each column separately, we 
have the sum =5a + 3 ^-4c. 

together 341-® + 2a5®, 4 a^ - 3 ^ 3 ®, - 5a® - 6 a 5 ^ 

« 

Here, the algebraical sum of the terms in the 
first column is fin:®, and that of the terms in the 
second column is zero. 

Hence the sum =ii«®. 
f' - 


Ex. 3. Find the sum of 2 a + c+^, —d + a + e, c —4 — 3 (i—^-^f 
and -2c4-2(1—2e. 


za 

a—b 

- 3 « 


■k- c 4 - d 

4 - e - 

c— d 

- e-f‘ 
- 2c4-2d- 2e 


Here, the terms are arranged in 
alphabetical order and then each column 
is added separately. 

The sura= -b4-2d-ze-f. 


-h 4-2d-2e-f « 

Ex. 4. Add together + 8«® + 5^*, 

'd^b — 2 ( 2 ® 4-akb^ and — 3<5® - 1 2 d^b - 6fl®. 


a® ' +^ab'^ — 2 b^ 

<- 3rf® 4- Sd^^ 

8 a* + 5 ^ 

. — 2 a^' 4 ‘ 9 a^b 4 -ab^ 
—6a*-12*2®^ -3^® 

—2a® + 2 a ®3 + 3 <? 3 * 


Here, the terms are arranged accord¬ 
ing to the descending powers of'<2 and 
ascending powers of b. 

The sum = - 2a® -f zc^b + 3ab\ 



ADDITION. 


52 . The Ri’Je laid down in Art. 51 is only an illustration of the; 
principle given in Art. 45. 

Ex. Add together x-2j^ + 3sr, ^j/-4z-2x, — sjf, x + y/. 

The sum=a:-2^+3£r+3y-4s'-2A'+3J»^ —Ss'-5ty+:r+2j . 

=.tr - 2;r + 3 jr+A'- + 3 j)/- 5 + 2j/+ ss-*r 4^ - S-s" 

(re-arranging terms) 

=3;*: —2;' —6sr (collecting like terms). 

Exercise XII. 

Add together ;— , 

1 . 3 ^+j, 2;ir+2y, 4X + 3J, 5x4-2 jv, ^+J', 4x+6y. 

2 . - 4 a + ^, - 2 a + 3 ^f -5« + 2^, - 6 a + 3 ^, + 

3 . a-b, b — c^ c — a. 4 . a-^b — c, b+c-^a, c-^-a-'b. 

5 . 2J:-I-3^ — 4^, —3a4-4b — c^4a4r7b4‘7c,a — b~4€^ — 5a4-2b-Jbc.. " 

6. 7a~ ■3b4-4c-2d4-7, -^?>a-{-4b-~6c4-2d-~ i f, 13/1 + 3^-- 5 ^-{- 4//-4 • 

2 a~< 54 '<r+ii andfl-l-2/f-3. 

7. ax — 4by + 3cz^ 13a.r - ()by + 7^2', -5ax4r 7by — 1 4cZy 2ax — by ■4- cZy 

and — 11<»;ir-f-13^j/- 4CJ. 

8. 2«® 4 - 3^®, 3^® — 4ab -I- 2/5®, 3a® + 3ab — 3 ®, 12rt® - 1 4ab — 7^^^ 

and 3«®-12(3^-}-17^®. • 

9 . 2 .-r- 3 jj/ 4 - 42 '- 4 , A- + 2/-32', 5 ^ + 7 , 4 ^'~J'+ 2 .sr-3,. 

9.r - iqy-I-1 i^r — 12 and .r-f y-f S’. 

10 . ^ab4‘3cd—5c\ 7ab-2cd-\-6c^y (^b —4cd—ioc^^ 7ab — 2cd4r6c^^ 

6ab + led— 7c^ and 7ab — 3cd4- 4^’®. 

11. 20 X^ + 20 x^y - 3jiy'® +14j®, — 17;r® + 14.r®^ - 12;*^® — 3y®, 1 4X^+ 

1 7x^y 4-15;ry® -- ^y^, - 12.^:® — 1 3x^y - 1 4xy^ - 5j/® and 1 2x‘^y + 3y\ 

12 . x + xy~ 3x^y^, 3X 4 - 3xy — 4x^y\ 6x -t- 7;r^ 4 -1 ojr®_y®, 4 - 2 + 6.r®_y®, 

7 x — 6xy 4 - 6x^y% ’ 3X - 6xy — 3x^y\ —4X — 3xy — xy\ 5X -J- 7 xy 4 - 
x^y^ and — 2;r — io;r^ -■ Q.rV'** • 

13 . y/8<3Jir - 7^ 4 - 3 y®, ax"^ 4-2by — 7y\ gax 4 - 4y’ - 2, 74- sby — 2_y® 4 - 4aXy, 

6ax^ —y^ and 2by 4 - 3y^ — 5 - 

14. 2jir® — 3 ay' - 4y\ 3xs 4 - 2_y® - z\ :r® — 2ys + 50®, 3xy — 6xz — 3!®, 3xz 

— 2Z^+Syz and 4y\- 3yz 4 * 2xK 

15 . x^ - 3 ^u'® 4- - a\ 4A'® 5ax^ + 6a^x - 15a®, 3.^® 4 * 4ax^ 4 - 2a^x* 

• yt 

4 - 6 fl*, - 17Ar® 4-1 gax^ - T sd^x 4 - 8 «*, -1 3ax'^ - 2 7a^x 4 -18a® and 
9Ar® — 1 2 a®Ar 4 - 4a-r® — 16a*. 
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r26 
>* 

^l6- + (ixibcdy — + 6 abctf^ -* aijf® — 

6/3'’’^^ + 5, - 6+- 6a^^ + 2abcd and — 6c®rf^ — 2 ax^ +1 yaH^ + f. 

17. a^- 2 ab^ ~ ac^ + o^b + 2d^c + 2abc^ ~ aH •\-b'^— 2 bc^ + 2 aB^ + 2 abc + 

18. ' I r.r'^+i4''‘V--7.ri/®+;?’’, 3/“2r+,r^-2.t®y~2j?® + 3.ry-^-7y, 2y^ — 

IIS-® — ^xys + +4A'®, 12,i'®- 4 y: 7 ^ + 4xyz + 4xy^ + 3^® and 122:® 

- 1 2x^y ~ xyz + 2^ - 3 


53. When compound expressions, witli brackets, areTo be added, 

It is paore convenient to retain the brackets. 

• »- 

Ex Find the sum of 6(/3 + ^) and 3(^1 + ^). 

Here^ taking rt+y as a single quantity .r, we have 
t 6 jr 4 - 3 -r = g.r, 

^ t\a + b) + ’b{a-¥b)==-c)(a4-b\^ 


64. When the numerical coefficient-dfe fractions, they must be 
^ireated by the Rules of Fractions iruAfithmetic. 


Ex 

« 3 !- 


^n^-.lab-\b'^ 
— r ^iib 4 " ^b^ 


Add together ia^ + l^ib\ kb‘^ - la^ + ^ab, j^ab-iP+W- 

9 t tn l tr m -m J ^ __ 


ab - ib'^ 


Here, 


_ .1 


lil <i iiir> in 11 

•■> ' T To ■SfTT^n — ;io TJij — "'Co• 

+ ^ + ^= B+ l^+n=v;=I. 

T +/ “ 4 = “ l'* 5 - + tV — iV — 

/Hence sum = ■\-ab - -? b'^. 

/ - 

r 

s Exercise XIII. 


Add together :— 


% 4{n-b), 2{a-b\ ^y{a-b). 

-2 («-/ 5).r®, 3(a-3).r®, 4'a-b)x^. 

4{x^+y-) + 2ab{x^-y-)-5, -2{x^+y-)-Sab{^‘^-J'^)+4i 3(^®-Fy) 
- 2 ab(x^-y^)-S, 5 (-^'^+y^) + 7 '^b(x^-y^) + 4 t 

^• *- +y^) - 2ab{x^ -y-) - 5 and 2(x^ +j/®) - ^ab(x^ + 5. 

^ 6a-'2{ix—y)a^ + ^a\ 7a + s{x—y)d^+4^^i — 6fl—6(-r——6a*, 
' '/a 4-13(r —^)a* — i oa®, - ioa + 4{x ~y)a~ +1oa* 

and 7a — 1 2{x —y)a^ — a®. 


,-- ;^:r2 4- i-r*. 6 j ^xy + !^xy - ^xy - Ixy. ' 

* 6aV+^a®p® —,^*b*^ — yaH — ^a®^® + 2 o^b + 

— 9 a*d + — \(^b^ and — \\c^b^ + 
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A 

8 + + + 7 l4ra«+lf 

— 2a^^'* ani^a-^+3 

and -^x'^ " ‘ ^ ^ ^ 

10 9a^^®+:5(a^-^‘’)+i «<!»*+— + — 

■6(«®-(^ + + and — S 


II. SXTBTBACTION. 

7 * 

55 Subtraction bein^ tne re\eise of Addition, it isevid^^^ 
that to subtract alj^tbiiicil quantities, chanj^ the signs aj th$ 
qu inttHcs to bt subit acted ind then proceed as in Addition ^ 

Thus, if wc SLibtidct b from «, the result will be , bdf *<£ 

^ take b — c fiom a flie lesult will be ^uaier than by t than the 
since the quintity no\/ to be subti acted is hss by c that? 

Cornier case , hence the result will be a — 15 +^:, which is tl . 

the value of a-(^-c), so thit the quantities < 5 , when subttacACii/ 
become — +c, respective!) 

56 We will further confirm the principle of the list Aiticle 
as follow s — 

(i) Since a— i~b + b^ if wc subti let +b fiom a, the result lo a-iJ, 

the s mie as if we uld -(J to it , • 

(ii) Since a — a + b — b^ if we subtract -b from «, the lesult is 

the same is if v e uid to it 

Thus, if i pci son possesses i Rupees and owes b Rupees, his 
mone) m hand may be expreS»ed by +a Rupees and his debt by 
— b Rupees, so that he miy be j.aid to possess +« tnd —^ Rupees, 
or in one sum, a-b Rupees Now if wc subtrait or innul his debt, 
that IS take awiy his ne,?ati\e property, ~b Rupees, he will possess 
the whole positive propeity, +a Rupees, the same as it we ^/V^rhim 
+b Rupees, to pay his debt with 

Hence, the following results are obvious 

— 2a — 4a , — 0 z - 2a = — Sa , 6a — (— 2a) = 8a , 

— 6a-(~2a)= —4a , 2a —6a*-4a 

iEx 1 Subtrict a + i 5 from a — ^ 

The result ^a->b — {€i-\-b)i^a — b'~a-‘b— —2b 

H 

Ex 2 • What must be added to 2a + ^ to make '2a ^ 

The icsult =:2a —(2a4-^)*“2a —2a —^ 
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Exercise XIV. 

Subtract ;— 

1 . 4a from ga. 2. — 4ad from — Sa^. ^ 3 . — from loafi. 

4 . *- 4 XJ' from 3*;^. 5. — from 12^. 6 . from — aH. 

7. —4a from o. 8 . 2<z + 5^fromo. 9 . — 7^^ from 

10 . rtfrom —«. 11. ;r from o. 12. 2a - 3 from 3a — 2^. 

13 . — 2a from — 3^. 14 . a 6 c from ipcci. 15 . — $a^ from — 3^^. 

^ i 

16 - ^+£^fromrt. 17. — rtfrom3a.r. 18 - —2a (tom —sax. 

19 . a + d from x —y. 20 . 3^ - <^ + c^ from 3« + b. 

What must be added to 

21 . ^..r^rh sy to ? 22. a^-b'^- to make 3^^+? 

23 . . '*^+ax+b to make ^x^ — ax? 24 . a \- 2 h 4 rC to make «? 

25 /' ' 7.r+6 to make jx - 6 ? 


67. Jn dealings with compound expressions containing unlike 
Mrms we may conveniently apply the following Rule. 

Rule. lV?^ife like quantifier under like quantities^ change the 
sign of all the quantities to be subtracted and then proceed as in 
Addition. 

r 

Ex. 1, Subtract 3 .r + 4 .y- 55 ' from 5 . 1 -+ 7 ^- 82 '. 


5.r+7jK-82' 

- 3 .r- 4 v+ 5 g 


2 x + sy- 3 ^ 
(by addition). 


The like terms are written in the same 
vertical column (the signs of all the terms 
in the lower line being changed) and each 
column is treated separately. 


Note. It is not necessary that the signs should be actually changed ; 
the change may be made mentally. 


Ex. 2. From 5 ^ 1 :® - sxy + 4y^ take - 4x^ - sxy + 7y^- 


5x^-3xy+4y‘' 
- 4 x’‘- 3 xy + 7 y^ 

' -> '3 1/^ 


Hern, 5 t®-(-4^®) = S^®+4^=9^** 
- 3^y - (- 3^y) = - 3^y+ . 
4J>'^ - (+ 7 /*) = - 7 y^^- 3 /- 


Ex. 3. Subtract - 7 ^* + Sb'^ - from - 3 a® + 4ab - S<5®. 


Tja*^ 4-3^^-2^ 

+ 4ab — 8 ^^ 4- 2c^ 


Here, - 3 ni®+ 7 <a!*= 4 a* ; 4ab-‘0^4f^b ^ 
— 53 ^--8^* ; b4-2c^—2c\ 
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Exercise XV. 

From 

1. 2d!-2^+^ take a + ^-2^. 2. take 5a®--6a 4 * 3« 

3. 2x^ - ycy take 4-r “+^xy — 2y^. 

4 . laX’~‘jby-¥cz ax-\‘2by-'CZ. ; • * 

5 . 7x^ - 22:+4 take 20-* + 30’ -1. 6. 2a‘-^ - ^ab +^ take 4a® - 4a^ + 3^®. 

7. 4 a®-' 53 ®-f lie® take 3a®-2^®-8£:®-H. • 

8 . 2x^y +4.ry® + 3/® take 3:1:® + Ax^y - 7 xy^ + 5^®. 

9. — 5a® -k 7 a®^ — 3a^® + 6 ^® lake 7a® - 4a®^ - 3a//® + 3^®. 

10. 5a® — To^b + 6a^® - < 5 ® •+■ 5 take 3a®+ A^b -H 3 — 8a^® + 3^®. 

11 . 8a®“-2a-t-6^®-5rt34-5e®-3^e-f*2 take a®-|-a-h2i'-4-2a3-(-3f® + 

3^e + 2 ; 5a®^ - 3^® + 2.r^ take — 3a®^ - 5^® 4- xy. *, 

12 . 2;r* — 4.r®^ - 3/®4-6-2;ir® — ^.ry^ -14/® take 3.^® 4 - 2a'®_)/ —y*,— S^y^ 

• 4- - I Oji/® ; 3^:® - 2 rj/ 4- 4^® take 5JI'® 4 - Txy. 

s, 

13 . ^x^ 4- 6.ry - 4 jk® - 1 2xz - 7yz - 5/® take 2,r® - 3j'® 4 - Axz - 5^'® 4 - 6yZ 

- 7xy ; 7;r® 4 - ~ 2s^ take 33?® • yxz 4 - S^e®. ' 

14 . 4a* — 3a® — 2a^ — 7aA-7 take a* — 2a® — 2ab -I- 7a — 7. 

15 . 5a4-3e-4^-7^/-e take 4a4-7^-5^/4-6e--55. 

16 . 6^® — 97® 4-1 2pq take 6^® 4- 8^* —10^^ and 5^® — 3^<^ 4* 2q^. 

17 . ^®7® 4 - 2x^y^ - Axy’^ take x^ 4 - 4;^®^^® - 3.'^®^'® - Axy* SL^d $x^y^ -V®. 

18 . 2x'^ + 2xy-y^ take -x^ — ycy+^y^ and 3 ;r® 4-4.^ - 5 >®. 

19 . I — 2 :tr 4 - 3 -r® take 7jr’ - ax*' -t* 3:*: 4 - i and — 4;ir® 4 - 32: - 2Ar®. 

20 . a® — 2 a®^ 4 - 3 a®d® — 4 a^® 4 - 5 ^* take 2a^®-3a®^®4'4a®^--5a*, and 

3a* - 20 ^ b 4- 6a®3® - 2a^® 4- 3^*. • 

* 21 . What must be added to p^ — q'^'Ar 2pq — (f to make /® - 4/<7 4 - 2^® ? 

22 . What expression must be taken from 2a® —6a®^4-4a®^® —2 to 

leave a® - yc^b - 4a®d® ? 

23 . From 4a 4 - 5^ - 5e take the sum of a-b-Vc^ 2aAr2b — ^c, ’-a — b — c 

and -3a 4-4^ 4-4^. * 

24 . Subtract 5:r®-2jt:4*6 from unity, and 22r-3;r®-5 from zero, 

and add the results. * 

\ 

25 . If Fas5a 4 *43-6r, Jir=*- 3 a- 9 ^ 4 - 7 tf, K=ss 2 oa 4 - 7 ^~ 5 ir, Z^iyi 

— S^4’9f, calculate the value of l^-(X+ y)+Z. (m. m. 1883.) 

a 
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58 . In the subtraction of compound expressions, with brackets^ 
retain the brackets, and of quantities with fractional coefficients, deal 
with the fractional coefficients as in Arithmetic. 

Ex. From + take and 

from ^Ay — take ^xy + 

(i) (ii) lxy~-\a6-\-\c^ 

2(a - i)x'^ - 4(c -r d)y^ ^xy + ^nd-^c^ 


-(a^Kx^i-7(c-~d)y^^ 




c 


Exercise XVL 

1 . From 4a{v-y) + s^x^—y^) take $(x^-y^‘) + 2a{x—y). 

2 . ,Take a\a — b) — (,r + 5frr — ^) (at— _y) fiom a^{a~-b) 

+ 3(a - b){x -y) + {x +y)b'^. 

3 . Subtract d,{a + b)”- 2x{(i^b"^) Arx\a + b) from 2{a-{-bY 

— x[d^-irb'^)-\-3x\a-\-b). 

4 . Subtract ^iibc — T}d-b + i\-,d from j^abc+ '^d^b - Id. 

5 . From l,d + ^db-\- !,db^ take ^,d-i-^d“b+ -^db'i 

6. Subtract 'jdb\a — /;) + 61 + //-) — 2ab{d — d) from 

I iaH\a -b)-~ I ox^y-(d + b"-") + Jab^d - b"^). 

7.. Take ^x^y‘ + ];X^y3 + 4 - ^ from + h 

8. From j^db^ — ^abc + ix^^d + — b) take + r,^ibc 

- -^x^v^d — ^{a — b). 

9 . Subtract 3rt!-f <5 4-iiV from 2rt + ^^-|r. (0.10.1875). 


III. BBACKETS. 

59 . We have already seen (Art. 28) that when two or more 
quantities are to be treated as a single quantity, they are frequently 
enclosed in brackets. 

60 . Bemoval of brackets. Since a+(b + c) means that the 
sum of b and c is to be added to a, we have, by the rule of addition, 

Similarly, a-\-{b — c) means that to a we are to add d, diminished 

by c. 

Thus, a-^{b — c)^a + b^c. 

In like manner, a-\rb~-c-¥{d-\,'-\-f)~a-\-b-c-\-d-~eyf. 

Henoe^ the following Rule. 
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:&ule. When an expression within brackets is preceded by the 
sign (+), simply remo^te the brackets. 

61 . Since a — {b-\-c') means that the sum of b and c is to be: 
taken from a, the result will be the same whether b and c are taken 
away separately or in one sum. Thus, by the rule of subtraqtion, 
we have 

a — {Jb-Vc)~a — b~c. 


Again, a-{b — c) means that we are to take away the excess of 
b over c from a. If from a w^e take away b^ we g^t a-b \ but by so 
doing we shall have taken away c too much, and must therefore 
add c\Xi a —b (Art. 54). 

Thus, a — {b — c) — a — b-\- c. 

In like manner, a — b — {c+d~e) = a~b — c — d-\-e. 

Hence the following Rule :— ^ 

Rule. IVhrn an expression within brackets is preceded by the 
sign (-), the brackets may be removed., provided the signs of all the 
quantities within the brackets be changed. 

Ex. 1 . Trove, by removing the brackets, that 

{a + d^~ (^a — 2b) - (2a - y) + y- (y + ^b- 4c) — ~ ya + loc. 

The given expression = a + ^ —3a + 2(5-2a4-3<^+3(r — 3 f« — 3 ^ + 4 <: 

= a — 8a + 3b-y+ioc= —ya + ioc. 

62 . A straight line, called a vinculum drawn over sevjeral 
quantities is ec|uivalent to a bracket. (Art. 29), • 

Thus, a—'^b + -c is the same as « —(3^ + 2^:). 


63 . In the case of a fraction with a numerator of more than 
one term, the line separating its numerator and denominator is 
also a species of vinculum —, drawm underneath and may be removed 
by the preceding Rules. 


Thus, 5 + -^'^ = 5 + ’!(3^-4) = 5 + ^7 - 
Also = *S-'y+ 


4 

7 ' 

4 

« 

7 


Ex. 2 . Simplify the expression 

6;r—8 lo.r -5 I 4 ji'- 2 i 


2 ^ 5 

. .hxS 

The given expression --h 


7 

icur 

5 ' 


5 

5 


J4X , ^ 

7 
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Exercise XVII. 

I , 

Remove the brackets from the following,*and then reduce the 
resulting expressions to their simplest forms 

1. 2fi + (3a-4^). 2. 3 .r-( 2 jr-- 4 ^). , 3. 

i. 5. (3s» + 4^)~(5ii-7^). 6 . 3 a-(a+ 26-^sc). 

'i>¥ 

. *fU ' _ . . ■ . 

7. x+{2^'^a!)-‘3X‘-^'4r^. 8. ,2;r-4;r + 3/-3J'-JP- 

9. a-^x~-(2X’~a)r-(2-2a)+(3-2x)-(i-x). 

10 . (a* “ 2«V ■+■ sac^f ~ (aV — 2a^+2ac^) + (a^ - at* - a^c). 

11. (2X^ - 2/2 - S^) - (3/ + 2^2 - ^2) - (3^r2 - 2/“ - X^). 

12. (r® + ax^ + a^x) - (/® - + 5 ®/) + (r® 4- rr®+ c^z) - (r® -/* 4* r®) 

^ 4-(n;r24-^/®4-rjs'2)-(a2;r —^2/ + t:2^r). 

13. (io,tr®— 2/2 +1 ^z) - (8fz — 7/2 4- jr2) — ( 6 /* 4- j/r - gx^). 

14. (3«“^+7^')-(2rt4-3^) ~(S^-4^)4-(-rt4-3^).. 

15. (7«^ - 8a2^4* 3^2) - (i 7^2 - 20^6 4- 15 ^) - (- 15 «*- 13 ^4* 5a^). 
Prove the following by removing brackets :— 


16. 


2r-4 22-33,r _ 

5 

■ I II “5^ 

17. 

6 — gx 

3 

7-2ir . 25^-20 

7 +%—5-3- 

la 

6 .r4-8 j 

T 2 

27^:-54 124-42^^ 

9 6 


19 . {4a ~ 2^ 4- 5<^) — 2a - 3^ 4- 7c 4- 9^4- 3^ - 2<» ss 4^ -0 7 c. 

20 . 9 «-“^ 4 -— 2 a 4-33 — 6 a 4 - 5 ^-a- 3 ^ = o. 

64 . ' When there are brackets within brackets, first remove the 

innermost bracket, then the next, and so on. # 

% 

Ex. 1 . Remove the brabkets from 

{3a - ^ - ( 3 ^ - fl?)l - l 2 a - 4 - 2 ^) 4 -J. 

The given expressions={ 3 a-^- 3 ^ 4 -<f l-{ 2 a-^ — 2 ^ 4 -<f K 

= 3 a~ 5 - 3 r 4 </- 2 a-¥b’¥ 2 C’~d^a-c. 

65. ' When there is a coefficient before a bracket, all the quan¬ 
tities within the bracket must be multiplied by that coefficient. 

Ex. 2 . Simplify 4(1 -i- 2a) - 2[3a 4 - 2 { 2 a ^ (4a - l)l]. 

The given expression =* 4 4- 8« - 2[3a 4- 2{2a - 4a 4-1}] v 

«* 44 - 8 a- 2 [ 3 a 4 - 4 a-' 8 a 4 “ 2 ] . 

4 4 -8a 4 -16a4«toa. 



, BRACKETS. 


33 


Exercise XVIII. 

■JEkpress, removing brackets, in their simplest forms :~ 

1 . 2a-^'{d - (a - 2d)}. 2 . a-~{2d-{2d + 3c)-a}. 

3 . 7a-id'+i2a + d)-(a~‘d)}. 4 . -{2x-y)^{x’^y)}. 

6. - {b^ - c^) - {b‘^ - {c^ - a")} + - {b^ -f)}. » 

6 . {2(:^ — {‘^ab — b'^)} — {a^ — {_i^ab-^b^)} + {l^-‘{a^ — ab)). 

7. {x^ +y - + 3^y^)) -{{x^- 3^^y) - ( 

8. {2x~{sy-z)}-{y + (2x-~s)} + 3s-{x~2y)}-{2x-(y-s)}. 

9 . 2a-{sa-i-4(b-a)-2b\. 10 . 2a - ^{b - c) - 2{a - 2{b - c)\. 

11 . 2 X - 3 (j/ - s) + - 2 {y - c-)! - 2[x - 3(:r 

12 . a - [sb-{a~ (3^- ^b)■{■2c-{a-2b -<:)}]. 

13 . 7a-2l2a-2b + {{a + b)-{a-b))]. 

14 . {la - (3// +1 )} - {(2rt - 3^) 4r{c^2d)} + {2a~{:^b-k-c)-~2d) 

— \{2a - 3^ + c; - 3 //}. 

* 16 . 4(3*^ - «) “ 3 [ 7 « - 3{(2« -b)- 2{b - a)}]. 

Vl6. {m - n~ {^x - ly)) - {yn + 2 n~ {a- -y + {in + in) - {ly - jr)}], 

(m. m. 1890.) 

17. x — [a-^.{2a — i2a — 4a — x))]. (M. M. 1889). 

18 . {3a-{b- 2e)) ~{2b--{c-a)}+{2b- {4a --a-a- 

19. 3a - 2[3a - 3 { 3 <? - 2(3^ - 2a 4 -b) 4 -b\ 4 r />]. 

20. 5^-3[2^ + 9^-2i3i -2(^--5^- 2j) + 3^i]. 

21. 3.r - {7y - {zx - (62: - 4" JV -y) + 4^ - (,r - 5 y + x)}]. 

22 . - { 7 JJ' - 2^ + 3 >' - 2 ijkI - Oy] ~ [Ctv + {yx - C3 j/+ 4x) + ()y\ 

' +5'^]? then find the value of the resulting Expression, 
when x= j,y—2. 


66. Formation of brackets. It is often necessary not only 
to break up, or resolve, quantities contained in bracj^ets, but also 
to form such quantities, that is, lo take up in a bracket any given 
terms an expression. Now, in doing this, it should be noticed 
that, whatever term we choose to set as Jlrs^ term within the bracket, 
the sign of that term ,will h^ve to be placed before the bracket, 
and this sign will of '^course affect all the terms we may place 
within the bracket. ;i • 

Thus, collected in tt bracket with +a as first term,’* 

will be but, "with -^ as/?rj/term, — (^-a+^r), and with 

- <f as first term, -{c-a 
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So also we might use an inner bracket, and write the 
thus :— 

■f or ‘\-{a-{d + c)\y or - {(^-rt) + rb or ~(<a!-£^)h &c. 

Hence, the following Rules :— 

Buie (i) (2uantifies can he enclosed within a bracket^ preceded 
by the sipt {+), withbout chc^gitig their signs. 

Buie (ii) Quantities can be enclosed within a bracket.^ preceded 
by the sign (~), provided the signs of all the quantities within the 
bracket be changed. '' 

Ex. rt-2<5 + 4d.--2df-t’-5=«-f2<5--4r + 2//+^ + 5] , 

' =a — [2b-{^c — 2d-e-$\] 

■=a- [ 2 b - Uc - i2d+e + 5)J] 

= a-[2b-{/!^c-'{2d+e + $)\]. 

67 . When any terms of a quantity contain some common 
factor, a bracket is often employed to collect the other factors, , 
considered as its literal coefficients, into one quantity, which is set 
before or after the common factor. 

Thus, we have seen already that ^x + ^.r — 6.v=2x^ that is, 

= (3 + 5“6).i- 

In like manner, ax+bx-~x=(a-¥b- i)x. 

^ 2a — 4ax + (>ay = 2a{ i —2x+ 3 j/). 

(a + 2 b)x‘- {2b - c)x^ — { 2 C-a) x'^={{a + 2b) - {2b - r) ~ { 2 c — a))x^ 

= (2a-c)x^. 

68 . Conversely., when a bracket comes in this way before or 
after a single term as factor, it may be resolved after multiplying 
each term of the quantity wuthin it by the common factor. 

Thus, a{b -x)- {a — y)b — [ab — ax) - {ab - by) ■< 

—ab~ax — ab + by=by-ax~ -(ax-^by). 

Exercise XIX. 

*v 

Place ihe following in a bracket preceded (i) by a positi^ sign, 
(ii) by,a negative sign :— 

1 . -3ff + 5^-4r. 2 . 2-a + b-c. 3 . 2^ + 3^-4r—5. 

Express by brackets, keeping the terms in the order given, and 
taking them (i) in sets of two, (ii) in sets of three 

4. 3 .;r~ 2 j/ 4 " 5 s' + tf+ 3^-2r. 2<a:-3^ + 4 r- 2 </~^+ 5 . 
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9 . l. 7 . 

B. 9. -3r®-2y~5^2-« + 23~3^, 

10-W.‘ SbcJ^s<5 E\arnples 4-9 by biackets, m sets of three, with the 
^ V second and third of each set enclosed in an inner bracket 

In the following: expressions bracket like powers of x 

16 . ax^ - dx^ ^cx— + cx^ — + f r® - dx^ ex 

17 . 4;r+5^jr* + 3^sar*-2jir®+«-r*-'ajr. 

18. “• yc^ + Sax'^ *. yx 4* - 31 “ 

19 s.r'* - 2 e^x'-^ - 4 adx ^++ 3 r’ - ^al r’ 

20 4czjr + 6 ir^+c*®. 3 :^- 3 ^jr‘^- 2 i-5^1’. 

9 

Add together — 

21. ar-dy, i+j, and {a~-i)r-(d 4 -l)j' , 

22 (a + c)x'^ - 3 a ~ + (6-^{)x^ + 2{a + ^)rj+(a- 3 )y\ 

and {a— sd)iy~(a — c)j'^ + (a-\-&)x^ 

23 (rt-’ 2 / 5 jr’- 3 i-* + (26-3/)v, {a + 2p)x^+(q'-d)x-‘~v, -{p-a)i'^ 

— + i)t, and —x'' + 2di^-{c--2r)Y 

24 {a + d)x+id + c)y and {n — i^)x -(6-c)y, and subtiact the latter 

from the foi nier 

25 From ^ + r take -pr'^-^x-^+xx. 

IV MULTIPLICATION. 

m 

69 Multiplicaf i >n consists in finding the sum of a numbei 
repeated any numbei ol times 

Thus, « X <5 means a repe ited 6 times 

= a + a+a4- . continued b terms 

70 To prove that «x& = &xa, when a and b are positive 
integers. 

As a numeiical example, let a and b stand for 4 and 5^respectively. 

Then 4 x 5=4 repeated 5 times 

= (i + i + i + i)+(i + i 4 *i + i)+ . .. repeated 5 times 

= i+i+i+i 

+1+1+1+1 
+1 +1 + iV 1 

+I+I+1+I 
• +I+I+I+J 
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“f f 

= (i + i + i + i+i)+(i + i + i + i + i)-t-.»4^^iJi€S 

(adding vertical columns) 

= 5 + 5+. .repeated 4 times 

= 5x4 

Hence, algebraically, axb^bxa 

71 Ihe dehnition of Multiplication given in Art 69 does not 
hold good Villen the quantities to be multiplied together are not 
positive whrle numbers It has to be modified. (See Anth, Art 269) 

Thus, to muhipl) 5 b> we do to 5 that operation which when 
done to unity gives 4 , that is, we divide 5 into 7 equal parts and 
take 3 such parts 

So algebiaiCJill), to multiply a b) d in this sense, is to do to a 
that opfration which has been done to unity to get d 


72 In this extended sense of multiplication the statement ad 
— da can be extended so as to include every case m which a and d 
stand foi any quantities 

lienee, adc — axdxc^(axd)xc~dxaxc — dat^ 

— dx{axc)^6xcxa=dcay and so on 

Thus, as we have ahead) seen (Art 10) that factois can be 
multiplied m an) oidei without affecting the value of the lesult, but 
it IS usual to write the letters in alphabetical Older 


73 Eule of Indices Since a'' = axaxa, 

and a —axaxaxaxa^ 
/, rt’ X a^=a xaxaxaxaxaxaxa 
(b) definition) = 

Similarly, a^xa'^ xa!^ = a xa'‘ = a®, and so on 


I (b) definition) 
(8 factors) 


Hence the following Rule — 

Rule I/ie product of poivt ry of ihe wme quantity is odtained 

by addms; the india s of the powers 

« 

74 If w be a positive integer, a and d having any values what¬ 
ever, then 

{a + b)m =(rt+ 3 )+(a+^)+(«+^) + 1 epeated m limes 

=a++rt + 1 epeated m times 

+^+^ + ^+ . 1 epeated m times 

=« taken m times +d taken m limes 
=aw+ dm 
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Ifdnc^, when m is a posith’e integer, we have • 

(a+^)w=a/« + ^;«.(i) 

The above law being true for any positive value of w, it must 
also be ttue for any nee^ative value. For, suppose ;«= — ,r, where:*' 
is any positive quantity. 

Then (rt + ^).(--.r)= -{{a+l>)x)— —{ax\bx\ by (i) 

■=—ax — bx =ft{ — x) + b.{-x) \ 

Hence, for all values of b and w, we have * 

{n-\‘b)m=am + hpt .(2) 

In like manner, . 

{a — b)ffi=«{a — b'^ + (a — b') + {a-b)+ .. . repeated times 
—a repeated m times —b repealed 7 n times * 

= am — bfu. 

75. Ryle of Signs. Let it be required to multiply a-d by 
-d. 

Here, (a — b){e — d) — (a — b)r^ (writing x for c — d) 

= ax-~b\^ Art. 74 

=a{c- d)-b{c-d) 

= {ac-ad)~ {be - bd ) 

— at — ad— bc-^-bd. 

If on the n^ht-hand side of this result, each teim be ronsideied 
separateh, we find that 

(+dil x( + r)=(+<*) x(-</)=-<*</, 

{ — b)y.{+c)——bCy (-^)x(“//)= 

The results enable us to state the following Rule *— 

Rule. Like sti^ns multiplied together give plus (+ ). 

Unlike signs multiplied together ii^ive minus ( —). 

Or shortly, Like signs produce + and unlilie -. 

76 The convention of signs for direction (Art. 42) enables us 
to illustrate more clearly the Rule of Signi^. 

(i) To multiply +3 by +4; this is arithmetically intelligible. 

( + 3)x(+4)=+3 repeated4 times, 

= ( + 3) + ( + 3) + (+3) + ( + 3)"= + I2. 

So, in algebra, (+ «) x (+ ^) = + «^. 
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(n) To multiply '*-3 by +4 ; this is anthraetiqaliy intelligible^i^ 
(■*•3) >^( + 4)=-3 repeated 4 times, 

‘=(- 3 ) + (- 3 )+(-' 3 ^ + (~ 3 )«“t 2 
So, in algebra, (-‘a) >:( + d) = -a 3 . 

(in) To multipl> 4-3 by — 4 , this is meaningless m aiithmetic. 

Its algebiAic inltipietaiion is the fq;Uo'wing — 

( + 3)x( — 4)= + 3 repeated 4 times, ^ujf zn the opposite dzrectton^ 
= + 13 , zn the oppOi>zte dire^ion^ 

- = -12 

So, m algebra, ( + ^)x( —^)= ~ab 

(iv) To multiply —3 by — 4 , tins is anlhmetiralJy meiningless. 

Its algebraic iiitei pie tat 1011 is the foIlowiHi/ — 

( —3]^x( —4)=- 3 lepcated 4 times, but in the opposite dni.i.tion^ 
= — 12, in the opponti diicttion^ 

= +12 

So, m algebia, (- /?) x f - +«^ 

77 i To illusii.ite the Rule of Signs, \\c shall add here a few 
examples m Substitution, wheie some of the symbols denote negatne 
quantities It mav easily be shewn b> lepeaitd applications of the 
Rule of Signs that an> odd powci of a ncgati\e qnantit) is negative^ 
and any even power of a negatue cjuantity \spw\1t1v4. 

Ex. 1 If «= — I, 3 = 3, c- —2, find the value of 

Heie, ~ (:i(P‘bd'— - 6 x (- 1 )'■* x 3 x (- 2)® We write down at onte, 
=--6 xix3x-- 8 (-i/= + iand 

= 144. -2)'’=-: 

Ex. 2 If a = o, 3 = - I, c =2, find the value of 
(«— 3 )® + ( 3 -“<r}" + ('c:-<2)‘'*. 

The given expression =(i)® + (-3/+(2)“«= i +9 + 4'“£ 4 ; 

Ex. 3 . Phnd the ^alue of 

when .^=4,^“ I, xr = 3. 

The given expression = (16 +i)(3)® + i( —2)* +(— 1)* 

= 17 x^+i X ~»8 + i« 153-8+1 = 146. 
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Exercise XX. 

'If <*= —3, - 3, c*= I, find the value 

1 . yic, 2 . — $bc. 3 . 4 a'^b. 4 ~ Sa^iJV. 

5 . a^b^. 6. i-abp. 7 . -a*bi^. 8 

9 . 10. ab + bc-]rca 11. a*+b*+c^. 

12 . a'+b'^ + c^-’di-ca-ab. 13 . -2a6i'+ 3^V. 

If « = 3, * 5 = - 2, dT—o, 2, find the value of* 

14 . b{a + e) + c(n + b) + a(cb) 15 - 16 . 3^"-^/“. 

17 . Find the value of {a -bf + {b — c)^ + {a — b)(b — c) + S^^i , 

when a-J, b—-^2, • 

18 . Find the value of ( s<i - 3 ^X ff-b)- ^{3^? - ^(4^1 -b)- b^{a + c)), 

when a = o. b= — i, ^ = 4 . 

19 . Find the value of 

(t) {ac- bd) s!{a^b( — b‘^cd4-c^ad-2)^ when a— — 1, b-=2, c—z, d—o 

(2) yihc~'2bcd ^{Q?’bc-bcd4-'^, when a = o, ^=1, r— -2, d~Z' 

(3) '^hen r= 1-5, ^ = - ‘4 

U) v^hen 1 = - 2,_y—3, —’25. 

(5) sCa + it — 2 (^^ + 2^)(a-2l; + (a —2irX, when x= i, a=F —2. 

20 . Find the value of when x = 2^f= -i. 

4 '!' - 3 ^■J- 4 ^/' + 3 y 

78 . To multiply two simple algebraual quantities. 

SiUle. Multiply together respectively the numerical coefficients 
and letters and give to each letter in the product an index equal 
to the sum of the indices that letter ha's in the separate factors; 
anckthen^ if both the factors have the same sign^ prefix to this product 
the sign +, tf different ^ign^y the sign —. 

SX. 1. ^ac X2^—+3X2Xax^xg=^ 6 abc, 

EXt 3 . , X 4^'^ = - 5 X 4 X X b^*^ = - 2 oaH''. 

ISx. 3. - Tadbc X — yPb^d^ = + 7 x 3 x <3®+® x x 2iai;^V**. 

7v. When several tyiantities- are multiplied together, their 
product is called the continued product. « 

80. Tp find the continued product of several simple quantities, 
instead of multiplying them together successively by the above Rule, 
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it will be shorter to multiply them at once together, and then prefix 
to this product the sign + or according as th^ number of negative 
factors IS even or odd. 


"Ex. Find the continued product of 2 ^ 1 *^, — —$ab*. 


2 ,a^b X — ; 

— X — +30^2‘’^^ 

Thus the complete product 

IS 


The work, however, may be done 
shortly, thus :— 
id^b X — 3a’’^® X — 

= + 2 X 3 X X =a 


Exercise XXI. 


Multiply .— 

1 . 7a by 4 ^. 

4 $ae by 2bd 
7. tab^y^ by — 2b^v*. 


2. — 2a by . 
5 . 3a^i®by4f/2. 

8 . 


10 . ~ i 3 ;r®y'c'®by- 2 r®/V. 11 . by 


13. ~abe by — <*c. 


14. — arr by — 2a.rj'. 


Multiply together 

10 . 3a^b, — 2aP, — 2a\ 

18. — 2 n*b, - 3rt“3, — 6 a. 

20 . 6xy ', — - gx*jy^. 

Write down the v'alues of 

22. (-4rj'yi 23 

26. (~ga*)\ 27. (2xya*)\ 

30. i- 2 a’'b)\ 31. (- 3 ^^^^*. 

34 . (-ab)^x(-ab)^x{-ab)\ 


3. — 3a by — 5^. 
6. 3ab^ by — a^b 
— 3a“bh‘' by ^a'^b. 9. ga^* by — 23V®. 

12 i®j/by-.r/. 
15. mx^ by - nx". 

17. 4 rt®,- 33 ,- 3 c",-rt!^ 

19 . 3fl3f, ^aHj — 4ax^y. 

21. 2fl'’3’, — 3a®3*, 7^3®. 

24. ( 12 tV)®. 25. (6rt®3®)’. 

28 {3abc)'. 29. {~-3abcY. 

32 {-ay. 33. (-«)“. 

35 4{bcY X 3(t«r)'‘ x ^abc. 


81. We ha\ c (rt - 3 + c'w = (;i + c)w, (w 1 iting .r for « - 3) 

=xm + €m, 

= {a- b)m-\rcmi 
—am~bm-\-cm. 

\ 

Hence, to multiply a compound expression by a single quantity 
/ve have the following Rule .— 

Buie. Multiply each tcT^n of the multiplicand separately by the 
simple quantity beginning at the left. 
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Sx. Multiply + by lo^x and + 

by ~-4^ah. 

The process is generally conducted thus :— 

(i) 3jr®- 7 .xy +4^^ (ii) ^~$ab^ -7^* ■ 

2 a^x _ - ^ab 

6aKr^ - 4a^x^y+ 8 ^^ xy^ ' %€^b^ - zoa^b^ + 2%ab^ 

Exercise XXII. 

Multiply 

1. <i® + 3fldby4. 2. ;r + 3 ^ 2 r by «;r. 3. 4.r+3/by6. 

4 . ax^ + 2>y^zhy —2b. 5 . a^b"^ —b^c^ hy ab. 6. 3te;r+2^ by --3a- 

7. - — 2yH by - 8 . — by — SaV^ 

9 . — 3<*^^ + + 7f3!^ by — 3a^<5, 10- — 4+6a^+ 4^®^''* by — a;^ 


11 . 

x^-xy+y^ by x. 

12 . 

a® — ax + jr® by — ax. 

13. 

X- -ax-^b by - abx. 

14 . 

;r® — 3 ;r®y + 3 .ry“ — y by —xy. 

15 . 

«®+ 4 «"^“‘ 3 a/^® — < 5 ® by — 3«^. 

16 . 

(^bc^ — yfic-\-zcdby 


Find the continued product of 



17 . 

- 3 ^*^, 4 tf<:, — 2 b\ za^b. 

18 . 

— .T®, - zx\ — zxy^ y, — 4 ,t'® V. 

19 . 

-xyz, “3y®, 2.r®, 4.2^, -5, -2.ryV-* 

• 

20 . 

—xyz^ a^b^, —yx^y^ —zd^x 

3 _ 
) 

■ 3 «^- 


Simplify the following :— 




21 . tib<^{2b'^ - ihc - 4 r) - Zc\2b'^ - 2,bc - 4 ^:’). 

22 . 2xy{ycy-\-^y^-) - 'SyKl-xy + 4 >'*)- 

23. .r*(2.'r2 — irx + — tf,x'( 2 .r‘'* — ax + a^) — — ax 4- a^). 

^ 4 . + 2 aH^ + 4 / 5 '*) - 2 b\a!'' + za^b"^ + 4^*). 

25. 4a( — rt® + zd^b — ^®) + 8^( - + 2a’*^ - (^®). 

82. Since {a-^b)m = am-\-bm., Art. 74 

We have (a f d)(i: + </)=a(^ + «/)+ d(<:+<f), (writing c-^-d for ;«) 

Similarly, it may be shewjn that 

{a'\‘b){c-d)^ac — ad-]r^c — bd ; 

^a — b){c-\-d)^ac-^ad—bc—bd ; 

(<r — b)(c — d)==ac — ad—bc-{‘bd. 
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83 .' Again, since Art. Si 

’ We have (<r - ^+ c)(x -y ) *= a{x -y) ^ d{x- -y)+c{x-^y) * 

^ (writing x—y for m) 
=i{ax-ay)-{dx-&y)+{cx-cy) 

^ax — ay — dx + iy + cx — ry. 

Hence, to multiply one compound expression by another, we 
have the following Rule. 

f 

w 

Hule. Multiply each term, of the multiplicand by each term oj 
the multiplier and add the several products together for the complete 
product. 


Ex. 1 . Multiply 2,r-5 by 3.ir + 2. 

fi 

(2.r -5)(3.r + 2) = (2.r - 5)3^'+(2z - 5)2 
= 6r^ - i5A'+4.v- 10 
* — 6jr"-ii.r—10. Ans. 


The operation is generally arranged thus 


Like terms are 
placed in the same 
column. 


2:r — 5 

bx‘^ - 15,1: = product by $x 

+ 4X— 10 - product by 2. 

6 ,v“ - r I jr - Io = whole product (by addition). 


Ex. 2 . 



Multiply — 2aH - ab"^ by 7a /5 — 

3/2^ — 2 d^b - ab‘^ 

jab - _ 

2 ia!^b -- I 4 a^b‘^ — ya^b'^ 

-\Sa'‘b^ + \oaH'^‘+^ab^ 

21 al^b - 2 <)a^b‘^ + 'ja'^b'^ + $nlP 

Multiply 2x'^ - 5.r + 6 by 3.r® - 4!r - 3. 

2A'2-5.2r + 6 
3 ;r‘-»~ 4 jr - 3 _ 

tx^ -15;r®+1 ^x'^ ^ = product by 

- 8;r^*+ 20x^ - 24X =*= product by - 4.;r 

- bx^ + iSx-iS -product by -3 

- — - ----- 5. 

6jr^ —23;r^ + 32;t^'^-- gur—18 «whole product 
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ffi, A re-arrangement of the terms will b 4 found, convenient 
when the expressions are not arranged according to the powers 
{ascending or descending) of some common letter. 

Ex. 4 . Find the product of d® - - 4^® and 5^® + 20!^ ~ ad. 

— ^ad - 4^- 

2 a'^~ad+^d'^ 

2 a'^- 6 a:‘d-Ba^d^ 

— n^d + ^a^d^ *f i^ad^ 

+ ^a'^d'^ — T — 2od* 

-J”"" ""- 

' 2a*^~ ya^b - 1 lab^ — 2od* 

Exercise XXIII, 

Multiply 

, 1 . .r- 6 by;rFi 3 - 2 . .r + 5 by .r-t-3. 3 . ,v + 5byjr-3 

4 . ,r-5by,r + 3. 6- 2 a-bhy a-\r 2 b. 6. 5a+ 2^ by 4^3! +3^. 

7 . 2aby <2-1-3^. %. 2a-bhy c-2,d. 9 . 3;r-f2j/by'2.r + 3;'. 

10. 3 ^ 3 + 4 d'^ by 2 ad-^d\ 11 by .r + j/. 

12. a‘2-|-3-r-2 by jr+3. 13 . .ar2-4;j;+3 by ,ar-.2. 

14 . + 2xy +4.ry^ 4. 8^:5 j^y ^ _ 2j. 15 , 2.r^ -f 4;r'^ + 8.^: -1-16 by 3.r - 6. 

16 . 6 x^ — 4ax- — 3aV 4 r 2 a^ b)' 3.^ 4 - 2a. 

17 . 5;r'* — 2 x^y - + 2.1;y" + 3/^ by 2 x - 3/. 

18 . 27x^ + gx'-y + Sx^' +y^ by 3a: -y. 

19 . a* ~ 2a-d + — SaP + by a -f- 2d. 

20. a*+ a^x^ +A'”* by a® - .r'-'. 21. a -h 2^ - 3c by a - 2^ + 3^. 

92 . a®-l-2a-1 by a^ — a+i and by a^-^a- i. 

23 . oP -h 2 ax + 3a* by jr^ - 2ax+a'^. 

24 . X* - ax^ -f a^x - a'* by x^+ax-h a’., 

25. 2 X* — 3 ,t® — ^x‘‘^ + 3 X —I by x^ - ^x — 3. 

26 . a* — 2a^^+— 2ad^ + d* by a® + 2a^ + d^. 

27. - ax + 2(i^ by x'^- + 3d;f + 28 ■ 3^:® - 2 .ar - 5 by 2x‘^ - .v® + 3. 

99 . pa'*-3a^-f^2_6a^2^ + 4 by 3a-l-3 + 2. • 

a’'^ 4 '^~ 4 -<r®+a^ —af+^(j'by a —<r. 

31 , a®-}-4^®+9tf®-l-2a^-}-3af-6^^ by^-2^-3c. 

32 . 54;®- io.r^ + I2X -8 by 5^^ + io;r-|-8. 

83 . a® — 2a^d + 2a^® ~ by 3tt® — 2ad -1- dK 
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34 . -^bc — $ac—6ab by 3a + 2^ +, 

35 . ycd + 5a"- Cxad^ — i^a^b + 7^* by 2a - 3/;. 

36 . 2a®-6-4<s + <»* by 2<j--3 + a 5 . 

37 . a? +11« - 4rt'''' - 24 by <*’-* + 5 4-4a. 

88. + 2a^ + 2 a + I by a’ - I + 2a - 2a‘^. 

39 . -T^ - 2x^+ 3X-4 by 4x^ + 3x- + 2ji' + i. 

40 . I - 2 -r + “• 4 ^’by I4■2J»:4■3-r-4-4tr^ 

41 . ab+a:+bd+d(ihy ab^ac-bd + cd. 

43. <2® - 2ab + by a® + 2ab + 3 ® -1®. 

43. I--r+.r®-.r® by I+.r+.*'^+.T®. (c. e. 1859). 

Find the coefficient of .r^ and of .t® in the following products :— 

44. (A'® + 6 . 3 :® 4 - 8 .r- 8 )(;r®-2.r + 4). 

45 . (3.r® - 7,r® - 8.v - 9)(5jr® + i i.i'- - 7,1- f 8). 

46 . (8 lAT* + 27.1®^ + 9,v®_y® + 3.rj!/‘^ + y‘^){yc —y). 


85 . The following Examples with their Solutions, illustrating 
the use of brackets in Multiplication, should be carefully noticed. 

f 

Ex. 1 . Multipl y x+a by .r + and -r® - (a + b)x + ab by x + c. 


(i) x+a 
X 4 -b 
, x^y-ax 
ybxyab 

A ns. x^ 4 -{a 4 rb)x 4 -ab 


(ii) x^ — {a 4 -b)x 4 -ab 

s^ 4 -£ 

,r® - (a 4 -b }.r® + abx 

+ c.r- — (ac 4 ' b£)x 4 -ah c 
.1® — {a 4 -b — c)x^ 4 - {a b — ac — tc)x 4 r a bc 


^X. 2 . Multi pi y .r® — a^r® 4 -bx — c by .r® + mx + n. 

»r® — ax^ 4 -bx — c 
, x‘^4-fnx4-n 

x^— ax'^ 4 -bx^ —c.x- 

+ mx*^ — amx^ + bmx^ - cmx 

4 - nx^ — anx^ 4‘lnx — cn 


Am. x^ -{a- m)x* 4 -{b — am 4- — {^c — bm 4 - aa).i'® -{cm — bn)x — cn 
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Exercise XXIV. 

Multiply 

1. x-a hy x-b. 2. x-a by:r+d. 3. x-\-ahy x^b. 

4 . a:* — ax+b by ;ir - c, and by X‘-^ax - c. 

5. +fnx — nx^ by a - 2mx + nx^^ and by a- + 3«4.' ~ ffix'^, 

8. .r^ + (<2 + b)x+ab hy x^-c^ and by - {a + b)x + ab. 

7. .r** + {m + n)x- + 2mnx + i by (w + n)x - i . 

8. x^ ~{a— p)x + — ap-\-q by A' — a. 

9 . I — ax^bx“ - cx^ by i +.v - 10 . ax^ -bx-^-chyx'^-x-^-i. 

11 . Find the i:oefficient of .V* in the product of ^ * 

x^ — ax^ + bx''^ — cx + (f by x“ -Vpx + g. (c.K. 1885). 

12 . Find the coefficient of x'' in the following product:— 

(ax^ + bx^ t- cx + f/ }{ax~ — bx + i ). 

• Find the continued product of 

13 . ax — bf, ax + cy^ an d ax - dy. 

14 . 2.r — 2x+n^ x + 2m and x — zn. 

15 . x‘ + ax - //■*, .r'-* + bx - <*- and x - \a + b). 


86 . When the coefficients are fractional, they should \M dealt 
with by the Rules of Fractions in Arithmetic. 


Ex. 1. X _ >:,aHx= - i X W‘^-b‘^^x= - 


Ex. 2. 24 £i(^a® + 4(5®-5^ir) = 24 ax aa" + 24 rtX" 5 ‘‘*- 24 ax^^t:. 

— 8a^ + I Sab'^ — 1 ^abc. 


Ex. 3. (ix - ly - .2 ) X - sxy^c; = - Ixyh x }x + %xy^x x ^^y 

+ lxy^sxz 

— - ■rTfX'^v“S + jxy^s + ^xy^s^. 

Multiply la^-\-lab — ^b^ by + 


\a'\‘\b _ 

^ ab^ 

+ ^^a^b — -sr^ab^ — 


Ex 4. 
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Multiply 


Exercise XXV. 


1 , - by - 

3 . by 


2. jX^y^s^ by ix^x. 

4 . -TV®<J*by 


5 . by — '^r,aPc^. 6. — by -■ y,y. 

» 7. ^x~f^ + 2 xj'^-^si'^ by -^xy. 8. by 12X, 

9 - sa\f* — ^a^bx^y + ■x\,a^b'^x^y^ — ^iyad\ry^ by —\by. 

10 . by and by -2a*. 


Find the value of 


11.' ^a^b^y.-\ab^x-T^a^b. 13 . x - x 2a*. 

13 . ifVr® X - ^x^y x - ^xy^ x ^-r/ x - -jX^y. 

Multiply 

14 . rt® — ^a^b +by 2 a^ - 3^*. 15 . + '^y^ by ^x + 

16 . 'sa^—*yb+\b^by%a~2b. 17 . |a^-a 4 -ir by 3a® + 2a+J-. 

18 . - Ixy by Ixy + ly^ -r- ixK 

19 . 3^'* — 2,r^ + .}.ir® — ‘3 by l.r* + ^x^ — 

20. i — ^a + ia® + -ja'’* by l + ia - + -^a^. 


8 *^ Continued product. A judicious choice of arrangement 
of the quantities to be multiplied together always lessens the trouble 
of multiplication. 


Ex. Find the continued product of a - a^ + b^,a + b and a* + b*. 


Here, instead of multiplying the quantities in the order as they 
stand, we first multiply a-b by a + b^ and then the product by 
a^^rb'^ and then by a* + Thus, 


(i) a-^b 
a-\-b 
— ah 
•\-ab~b^ 


(ii) d>‘-h^ 
a^ + b^ 


a* - 
+aW-- 
a*'-- 


b* 

> 


(iii) a^ — b^ 
a*+ 3 * 
a® — a*^ * 
+a*^*-^® 

^8 ZT^ A ns. 


Exercise XXVI. 


Multiply together ;— 

. 1. a—a®-;r®, and a^—x*. 

5 . x-^iyX-iy x+Sj B,nd x-s. 


2. 2.tr®4-d^+a®, 2 x-aj axidx+a. 
4 . x+a, x-bb, And'k+c. 
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5. <*- — « +1, + —^^ 4 - X, and «*—<**+1. 

M 

6 . a^2by a-by a-^b imdi a-\'2b. 

7. rt® -f ^ + b\ a^ — ab + and H- b'^, 

8. a+iy a + 2j a + 3 and fl+4. 

Find the continued product of 

9. x-\-at x — a, x + 2a, a.nd x — 2a. 

0 . mx 4 - 2«y, MX — zny, mx — yty and mx 4 - 3wj/. 

1 . x‘‘ — x'^ — 2 ;rj 4 - 2/®, x'^ 4 - 2y^y and x'^ 4 - 2xy 4 - (rj.M. 1885.) 


88- Detached Co8£Q.cients. In such cases the coefficients 
nly are written down, and the powers of the symbols are understood 
ust as in Arithmetic the powers of 10 are understood in expressing 
number by digits in the ordinary system of Notation. If any 
ower 1)6 missing, o must be inserted as in Arithmetic. 

• Bx. 1 . Multiply .f’*~ 2 ,r® 4 - 4 r 4 -5 by;r-3. 

X^-2X‘^+4X+S 

1-2 +4 +5 

6 -12 -15 
X * — 5,1^4 - 1 -U'® — 7.r — 1 5 

inserting the requishe powers of x in the last line. 

Bx. 2 . M ultipl y 3jr* — ^x^‘ 4-6 ijy 2x'^ — ye 4- 4. 

3jr^ 4 - o.r® — yv‘‘' 4- o;r 4- 6 

2.r^-3 r +4 _ 

6 4-0 - 10 4- o 4-12 

-9 - 04-15 — 0-18 

4-12 4 - o -20 4- o 4-24 
6 x^ — gx^ 4- 2x‘‘- 4 -15:r Sx'^ — 18.y 4- 24 


89 . Analogy between the Arithmetical and Algebraical methods 
multiplication. * 

Multiply 425 bv 23. 425 

!i 3 

850 

1275 

9775 
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The above i^an abbreviated form of the fpllowing :— 

4.io' + 2.io +5 

2.10 +3 _ 

8.io*+4. io®+10.10 

_j 2^1 o'M- 6. 1 o -f j 5 

S.io^.-h i6.io^ + i6.io +15 
= 8.io^ + (i.io^-l-6.io'^) + (i.io2 + 6.io)+(M0+5) 

= 9/iio®-h7.io‘^ + 7.To + 5 = 9775* 

If we now multiply 4,r''’-h 2r-H 5 by + the analogy between 
•the two methods is at once evident. Thus, 

I 

. 4;r'^ + 2,r 

2 £_j -3 _ 

8a’' 4 - 4a‘''-|-ioa: 

■f 120'^ -f- 6a- +15 
8,r^ 4-160*^ ■+■ 16a: -f-15 


Exercise XXVII. 

Multiply (by the method of detached coefficients ):— 

1 . 30:®-20:+7 by 20:-7. 2. 3.1-2 4-40:4-5 by 4a:-5. 

3 . - 30: - 6 by ar'-’- .r 4-2. 4 . or* - 2.r-5 by 0:24-20: 4 -3. 

5 . 9<2* — (iab 4- 4^® + 2b. 6. or® 4- 2.vj' -f- 4^® by a: — 2j/. 

7. - 50:® 4- 30: — 1 by a® 4- 20: - 4, and by 4.r2 — 30:4- 2, 

8 . 5.1'* - or* 4- 40:® - 2,v 4- 3 by or® - 2 r -f 3. 


V. IMPORTANT RESULTS IN MULTIPLICATION. 


90 . The student should notice certain results in 
so as to be able to apply them when similar cases oc 
down at once the corresponding products. 

« 

01. The Square of a Binomial. 


(i) a +b 
a +b 
a'^+ ab 
+ ab + b^ 
ci^ + 2ab + b^ 


( 2 ) a —b 
a —b 
a*— ab 
— ab-\-b^ 
a^ — 2abArb'^ 


Thus, (i) (a4-&)*'=a*4-2a64-&®. ( 2 ) (a-&)®=a*-2ce64-&^. 
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From the above products we learn that^ 

(1) Tke square of ^he %\xm of any hoo quantities is equal to the 
sum of their squares plus twice their product, 

(2) The square of the difference of any two quantities is equal 
to the sum of their squares minus twice their product. 

Ex. 1. (2r + 2)‘^a3.r'‘^ + 3.2r.2 4-2*w2r''' + 4;ir+4. 

Ex. 2 . (3a + 2^)^s=(3a)® + 2.3«.2^ + I2«^+43^ 

Ex. 3. (2;r-^)*=»(22r)®-2.2.i'.j+_y®=4,ir* —4;r^'4'^®, 

Ex. 4 . (2a.tr—3^j)®=s(2<Lr)'‘*-2.2a.r.3^y + (33^)® 

=4a®.r® - iiabxy + 

92 . The formuljie (a 4 '^j^*=a’* + 2a^+^® and (a-(^)®=a® —2a^-Fd* 
may advantageously be applied in arithmetical work. » 

312*=(300 4-12)^^=90000 + 7200 +144*= 97344. 

1982 = (200 - 2 )*=40000 - 800+4 = 39204. 

ior^'^~(ioo+ 1'3)’*= 10000 + 260+1*69 *= 1026 rbg. 

Exorcise XXVIII. 

Write down the squares of:— 

1 . 2:+ 2^. 2 . 3x-y. 3. 5a+ 3^. 4 . 3a —5^. 

5. a®+ 3 “. 6. a'*— 3 *. 7 . 4a^ + 3. 8. 22:’+3. 

9 . 5a^ + 7. 10 . ab-^cd. 11 . 2jr’* + i- '- 12 . 32^’-4j'. 

13 . 2a®+3. 14 . 3 + 2;ir. '- 15 . 2a* —3^. 16 . a®-3a:r, 

17. bx^-cxy. 18 . lah^^c. 19 . i+2a^f. 20 . 4 a^®— 3 ^®r. 

Without going through the operation of multiplication, find the 
square of ;— « 

^1. 99. 22 . 85. 23. 7$. 24 . 105. 25 . 1004. 

26 . 999 - 27. 1005. 28 . 500*3. 29 . 7‘996. 30 . 99 ' 97 . 


93. The Square of a Multinomial. Art. 91 ena\>le5 us, by 
using brackets, to find the square of an expression consisting of any 
number of terms. 


Ex. 1 . (a+6+o)*= {a + (3 +r)p, (taking ^+c as one term) 

=a* + 2a^+ 2ar+^+2^r+r® J ' ' 

« a*+5®+c* 4^a&+2«rc+2&C 
■= +6*+c*+2a(5+c)+260. 


M.A.—4 
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' E:8(. 2. {<i-‘b-cf==^{a — {b-¥c))^ (taking ^ + ^‘as one term) 

=.a^^2a{b+c) + {b-^cf< I (Art 91) 

. =std^- 2 ab — 2 ac-\-b'^-\- 2 bc+c^ J ' ^ ' 

= d^-^b^-^c^- 2 ab- 7 iac-*r 2 bc 
=a^’^b^-\r(?- 2 a{J>-\-c)-\- 2 bc. 


From the above results we lejflrj? that : — 

The square of a multinomial consislin^^ of any number of terms 
is equal to the smn of the squares of each term of the multinomial 
plus twice the product of each term and the sum of all the terms that 
follow it^ remembering the Rule of Signs. 


' Ex. 1 . (2.r® +ja:+!)*'• = (2.r^)- + (3r)‘‘®+i® +2 2a:’‘^.3;i: + 2.2ar^.i 4-2.3AM 

= 4x‘^ + (^i-^+l+ 12 x^ + /\x^ + 6x 
= 4A'^+I2jr^+i3J-^+6.r+1. 


Ex. 2. 


(3.r® - 2.r 4 - 4)® = + 4 "* - 2.3a'^(2.v - 4) - 2 . 3 .a '.4 

= gx* + 4 ,r“ + 16 - T 2 .v® + 24 ,r‘‘* - [ 6jr 

= gx* - 1 2.v^ + 28;r- — i Ar + 16. 


* 


Exercise XXIX. 

Write down the squares of ;— 


1. a — b+c. 

4 . 4 x\s- 2 X-S‘ 

7 . 2;ir®-3:r-4. 

10. a^-i^a^-a - i. 


2. ;r® + 3;r+i. 

5 . a^ 4 -b^~c\ 

8. 2 + 3.r - 4x\ 

11, i- 2 x + 3 x^-x\ 


3 . 2 x^ + 3 X- 4 . 

6. a- 4 -ab — 2b\ 

9 . a + b-c — d. 

12. a^-b^-^c^+d'^. 


94. The Product of the Sum and Difference of Two 
Quantities. 

a + b 
a^b 
a^+ab 
-ab-b^ 
a« ' ~b^- 

Thus, {a + b){a -b)~a*- b\ 

i 

,^^rom the above product, we learn that:— 

The product of the sum and difference of any two quantities 
^qual to the difference of their squares: 

Ex. 1. (3a+23)(3a-2^)*\'3a)*-(2^)^*e9a^-4^^. 

Ex. 2. ( 2ax + 3 ^^)( 2 ^?;»- - 3 ^^) = { 2 ax)^ - «= - gb^y\ 
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95 • fht above formula + ma^ ' 

be employed in aiithmetical woik » j 

Ex 1 83 X 77=-(80 + 3 X 80 - 3 )-= 6400 - 9 = 6391 . K 
Ex 2 93 xio 7 =(io- 7 X 104 - 7 )'=ioo- 49=99 5 ?. 

Exorcise 

# 

Write dov\n the lollowing pioducts 

1 (« + iX^*-i) 2 (.r- 3 X^ + 3 ) 3« (fl+jr)((i 

4 iH 2 «i~ 1 ) 5 {^ax +1>)( yiv - If) 6 ( 3 .* + 5X3-*^ *" 5)* 

7 3«+5^X3«"5^J 8 {a + 7 i){a- 76 ) 9 (2;5+^X3;^^^X^^ 

10 (S'* -4«*X5'*'+4<^) 11 -t-3^'X''-*'“3^’) 12 {2a^+x){2<^^'’^, 

13 U-a')(4+a') 14 (i2-7tXi24-7^) 15 (S-S^XO + S^?) 

16 {-a-7b)( a + 7d) n{a^ + bj(a-d) 18 ^^'’-«®X^’^aPX 

19 \—d x^)(]-]rti ^ ) 20 {']a ^b)(^a-d 21 i+ 

22 (i ~ i-)(t 4i i-X* + *• ) 23 (i+jX^“3)(' +9) 

24 (rt + s) «-1 <'? + 2 t;) 25 (3 + <3tX3-^^'tX9 + 36^0 

+6^ 27 t+ 8 XA- 8 ) t + 64 ) 

^3A+2^fX3 ‘ - 2aX9^^ + 4a0 29 {a^4r4C){i^~4c'^) a^4rl(i(^) 

Without peiforinin, the actual multiplicition, find the value of 


30 

999 X1001 

31 

98 X 102 

32 

205 X195 

33 

II 5 ^10 

34 

I 95 X 2 05 

35 

512 X48b 

36 

20 06 X 19 94 

37 

305 X 295 

38 

121 X 119 

39 

208 X 192 

40 

9000 5 X 8999 

«; 



96 Extended Application of the Product of the Sum 

and Difference Ait 94 enables us, by usin., brackets, to ftnd the 
product of the sum and difference of two expressions othei than 
binomials 

Ex 1 {a + b-hc){a + 6-t)=-{{a+b) + c}{{a + d)-c}, 

(taking a + ^ as ope term) 

= (a 4- bf - 

= a^ + 2 ab-i-d^ — c^ (Art 91 ) 

Ex 2 {a +ab+b^){a^ -ab + b^) = {(a^ 4- b^) + ab){ia^+b’’) - ab\ ' 

^{a^-\-b^y-{abf 
+ 2a^b^ 4- - 0^1^ 
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EaL 3 . {a^+ax-.x^)ia^-ax-^x^)=^^a^--‘x^)+a.v){{a^^x^j-ax\ 

®= - 2 a*.r*+;r* - a^x* 

Ex, 4 . {a-^-zd-^-djia-zd + y-d) 

«{{tf -f rf)+(2^ - 3f)H(a -d)- (zb - 3c)} 

»(flt '“df^izb-yf 

^ ={a^-zad¥d'^)-{i^b^-\zbc-\-()c^) (Art 91.> 

=a’* - zad + d'^ - 4^^ +12^<: - Qt;®. 

Ex. 5 . (a+^+i:)(a+^-r)(a -<5 + /:X( 5 +c-a), (c. E. 1866-67). 
=\[a-\-b)^ c){{a+b)- c]{c -I- {a - b))U - (df - 
^{{a+b)^-(^}{c^-{a-by\ 

^{a^+ 2 afi + b^-d)(c^~a^ + 2ab-b^) (Art. 91.) 

= {zab+ (a® - c^)}{2<2^ - (a®+* 5 ® - r®)} 

=( 2 a^®-(«* 4 -^®-«:*)® 

as 4<i®^® - {a*+b^+c* + zaH^ - zd'-d - zbh"^) (Art. 91,) 

= zaH^ H- 2 «*c'*+ 23 ®c® -a^-b^- d. 

Exercise XXXX. 

Write down the following products :— 

1 . {la-zb-^c){2,a-¥zb~c). 2. (A:®-t-A'4-2)(j;®-f .r-2). 

3 . (« + 2^-3r)(a-2^ + 3f). 4. (a® + 2(a!^-f 2i^®){a®-2dr'5 + 2^®). 

5 . {a^-ax+x^)(d^-ax--x^). 6 . (a'>'+ax-x^)(a^‘-ax+x^).. 

7. (a^‘^ax+x^)(x^~a^+ax). 8 (i- 2 a-t- 3 ^)(i+ 2 rf- 3 ^). 

'9. (2a4-3^—5){2« + 3^ + 5). 10. (a®-a®3-2^®)(a® + «®^-23®). 

11 . (3a:® - yb -h d®)(2a» +yb +^). 12. (x^+zxy+2y)(x^ - zxy+2y% - 
» 

Multiply 

13. a-f by ei-f by a-b-^c^ and hy a-b-c. 

14 . a~-b-\-c \iy a-b~c^hy b-^-c-a^ and hy c-b-a. 

15 . za-^b-^y by za-^b-\-y^ and by b+y-za. 

16 . za-'B-y by za^b-^-y^ and by b'-y-za. 

17 . <i+i+^+//by a-b-k-c-d by a-b-c-^d^ by a-^b'^c^-d^ 

by b-^c-'d-a^Kn^hy a-b -c-xd. 

18. (6*- 2 ^+ 3 f+flTby <r-f 2 ^- y^+ d,hy zb-a+y-{’d, by a+zb 4*3 ^-dy 

and by rt- 2 #+ 3 f-<i 



MUtriPtlCATION. 

Find the value of : "■' * 

M ^ 

19. (<** + — 2 dc)(a^ - + 2 dc). 

20. (i+2-r + 3jr^ + 4‘*®)(i-2;r + 3r^~4;r®). 

21 . {ad+cd + ac+d^)(a^+cd — ac — bd). 

y22 Xa’* + + 2 ab^ + S^){a^ — + 2 ab^ — 

,.23. {d^x^ + /* t: -f I ^ — ajr 4* 1 )(a*r^ - ,-»?r ^ +1*). 

24. +4>' + r )(' - 9' +JV X.*** - i +j/*)(t® - t y®). 

^'tr + 3)Xt''-6t +Q)Lr*+i8jr'^ + 8l). 


* 97. The Product of Two 

(i) r +a 
X •\'b 
‘ x^-\-ax 

+ ^i» +at 

x^ + {a + b, i +di 

^ 3 ) 1 +a 
X —b 
x'^+ux 

-ipx _ -a, 

v‘‘ +(a~b)i - a 


Quantities having a Oommon 

{d)x-a * ' , 

X —b 
x*‘-a\ 

-'bx -^ab 
x^ — {a-irb)x^ab 

(4) X -a 
X 4 *^ 
x^ — ax 

x‘‘ — {a — b)x—a^ 


Fiom the pioduct of the above expressions, we deduce the 
following Rules — 

(1) The product lonsi'^t'! of three terms. 

(2) The first term is the square of the common term. 

• (3) The second teim is the common term multifilied by the sum 

of the second te?ms of the binomial factors. 

(4) The third term is the product of the second term\ of the 
binomial factors. • 

Ex. 1 (2r4-5)(ar4-2)-a'® 4-(54'2)^Vs.2 

5= 4 - 7 :*^ 4 -10. 

Ex. 2. (;r-5)(;r-3;*=Jt"4-(-5-2)^4-(~5).(-2) 

- ^X^rlO. 

Ex, 3. (j?4-5)(2r-2)=;ir^4-(5-2)2r4-(4'5).(-2) 

sEjr-* 4-3^^-- ictf 

Ex. 4. (^“5)(jir4-2)*»jr®4-(-54-2)2r4-(--5)>( + 2) 

=4r* - -10. 
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Ex. 6 , Cv + 2)(;r-2)(A•-3)(.r + 3)“(^’“--!^)('^■®-9)» (Art 94 .) 

=.ir*-(9+4)^'‘*+36 
=.ir^- 13^'* +36. 


Exei^cise XXXII. 


Write down the following products : — 

.1 (.v+ i)(a- + 3 ).^ 2 . (.r + 4 )(.r- 6 ). 

4 . (ad - ^)(ad + 2). ' 5 . (2ax — ^d)(2a,i'— d). 

% -y”)- 8. ( 5 *^- 2 ^)( 5 -t‘ + 3 <*)- 

10. {ad-s){afi-7). 11. (.r’-*+ 2 ;r)'.r-- 3 jj'}. 

13. ( 3 A' + 2 ^i:)( 3 .r-a). 14. ( 4 «“+ 3 )( 4 ^«''* - 5 ). 


3 . (A-4)(.r-6). 

6. (.r^+4)(.r--=-i). 

9- ( 5 +-r)( 3 +,r). 

12 . ( 7 *v + ay)( 7 A'-y)* 
15 . (3-2.r)(7 + 2;r). 


Find, dy inspection^ the coefficient of x in the following 
products ;— 

16 . (-r + 3)Cr + 7). 17 . (a'-I 5)(.r+ 2). 18 . (.r + 7)(.i - 2).- 

19 . {x+y'){x-z). 20 . (2.r + 3)(2,r - 8). 21 . (5-'r“4)(5.r-9). 

22 . Find the coefficient of a in (x■{■2(r)(x — ^a\ 

23 . Find the coefficient of b in (.r + 3<5')(A‘ —2). 

24 . Find the product of .1+2, A"-3, r+4 and x-^. 


98. The Product of Three Quantities having each a 
Common Term. 


X +a 


X +d 

•••- 

• x‘^ + ax 

+ dx -bad 
x^ +(a + d)x + ad 


x“ + (a + d)x -had 
X 4* c 

x^ + (a + d)x^ 4- adx 

4- cx'^ •\r{ac bc)x •\-al'C 
4- (g 4- ^ 4- c)x‘^ 4- (ad + ac 4- hc)x 4- abc 


From the above product we deduce, the following Rules 

I 

(i) The product consists of four terms. 

^ (2) The first term is the cube of the common term. 

(3) The second term is the scjuare of the common term multiplied 
by the sum of the second terms of the binqmial factors. 

(4) The third tefht is the common term multiplied by the sum 
of the products of every two of the second terms of the bhiomialfactors. 

(5) The fourth term is the product of the second terms of the 
binomial factors. 
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Ex. 1. (a- l-3)(.r-4)(.!ir + 2)=,rM“(3-4 + 2)^’**l-|(3>^ 74)'ft3X®) 

+(-4X2)^;«r + (3X- 4 x 2 ) * 

i 4 .t'- 24 . 

Ex. 2. Find the coefficient of x in the product 
(^■ 4 - 2 )(;r- 4 )(jr+ 6 ). 

The coeff. of x is the coefficient of the third term 

= (2y -4) + (2 x6)4-(-4x6)= -8 + 12-:^«=4 -20. 


Exercise XXXIII. 


Write down the following products 


1 . (.r+i)(.r + 2)U' + 3). 

3. (a + 2)(a + sXa-4). 

5 U'-4)(^+5)(.t-6). 

* 7 . (a + 2fi)(d + 6^)(a-33). 
9. (x + 2_y)(x - 3 r) (- 41' '* - 


2 . (;r-i)(A'-2)'.r-3). 

4. (a-6)(a-3)(rt-7). 

6. (.r + 4)(c-3)Cr+5)- 

8. (i-.r)(i+ 3 aXr- 54 :). 

10 . + 


Find the coefficient of r and of r- in the follovvinjf products 

(»'+ 3 )(^“ 5 X-i'- 6 ). 12. (.r + 2y)(;i:-4r)(r + 5ji/). 

13. (x~-vXr- 4 yXx- 3 f). 14 (.r+ 2 )(;r + 4)C^-6). 


99. The Product (ajc ± ft '(c-r ± ff). 

By actual multiplication, we obtain 

(I) (ax + + rt?) = acx^ 4 - 

, (2) (ax — hXcx-d)^acx'^—(bc-\-a(T)x 4 rbd. 

(3) C®-*' + — d) — acx"^ + (be — ad)x — bd, 

(4) (ax — bXi^x+d) = acx ^ — (be — ad)x — bd. 

P'rom the above products, we learn that :— 

(1) The product consists of three terms. 

(2) In the first term., th' toefiicient 0/ x^ is the product the 
coefficients of x in the first terms of the }>iven binomials. 

(3) In the .second term* the coe^cient qf x is the sum of tkq 
products of the coefdcient of x in one q^nd the second term of the other. 

(4) The third term is the product of the second terms of the 
}fiven binomials. 
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Bx. 1. (2:»:+-3)(4J'+5) = 2.4 j:“+(34 + 2-5^)^ + 3-S 

=s 8;«r ^ + (12 +1 o);t +15 « &r * + 2 2;c 4* 15. 

Bx. 2 . (3;r-2)(2;r-3)«3.2ir»-(2 2+3 3)^ + 2.3=:6 ;i:*~I3 ^+6. 

Bx. 3. (4-t-i)(^+3) + 

Ex. 4 (5,'t + 8)(6^-7)“5-6-sr’'+(8 6-5 7)^-"8 7 

« 3o;r® + (48 - 35)jir - 56 = 30^* +13^ - 56. 

r 

Exercise XXXIV. 


Write down the following products . 


1. (3.r + 2)(+'. + 3 ). 

4. {S^ + 7)(2x-i). 

7. (6x-~7){x-2). 

10. ( 7 ^+ 9 J')( 4 ^- 5 /)- 
13. (7^-3)(2J^ + 5)- 
16. (4^-5)(6^-5)- 


2 . ( 3 Jt- 4 X 2 A- 5 ) 

5 (2jr-3j/)(7ji+3J/). 

8. (4A+3)(2r-5). 
11 ( 3 r- 4 )( 42 r+ 5 ). 

14. 0(2A-3). 

17. (3^“4)(4^ + 3)- 


3. (8^+i)(3:r-4). 
6. ( 4 i^“ 5 )( 2 A'- 7 ). 
9. ( 2 ;r+i)( 3 i- 8 ). 
12. ( 7 A- 4 )( 2 A- 3 ) 
15. (5-*ji)(i+2.\). 
18 (4^-*3)(3^-4) 


Find the coefficient of x m the following products : — 

19. (5x-9J'){2x+jf). 20. (I3.r-i)(2jr-3). 21. { 2 X’-j/)ix+ 2 y) 

22. (+r+3X3^“5)- 23. (3^ + 5)(.^-6). 24 . (2;r-3)(;r + 7). 


100. The Cube of a Binomial. 


(i) a +3 
a + 3 

a®+ ad 

_+ + 

+ 2ab + 

< 1+3 _ _ 

a’*+ 2 rt* 3 +a 3 ^ 

+ <g ^3 + 2 igi 3 ^ + 3 ^ 

+ %a^b + 3 ^ 3 ' + 3 * 


( 2 ) <*-3 
a~b 

0 ^— ab 

- £* 3 + 3 * 

a® — 2ab + 3® 
a — b 

a^- 2 a^b+ a 3 ® 

— <i ®3 + 2 a 3 * — 3 ® 

g® — 3 a ®3 + ^ab^ ~ 3 ^ 


Thus, (i) (a+6)®=a®+3a’5+3a&*+&* 
* »a'^+3a&(tt+&) + &®. 

( 2 ) (a-&)»*a®-3a*6+3a6*-6* 

=a a* - 3«5(a - ~ ft®. 


multiplication. 



From the above p^foducts, we learn that;— 

(1) The cube of ike %Mm. of ‘ a binomial is equal to the sum 
of their cubes plus three times their product multiplied by their sum, 

(2) The cube of the difference of a binomial is equal, to the 
difference of their cubes minus three times their product nmltiplied 
by their difference. 

Ex. 1 . (;i:+4)®=;tr" + 3.X4(.r+4)+4‘*=:r®+I24r’'*+48:r+64. 

Ex. 2 . (ajt* —3.a^:.2(ar - 2) - 2® * 

=a^x^ — 6 a'^x‘^ + 1 2ax — 8. 


101 . The Product {a±b){iT^ +abk’p^), 

(i) a^—ab+b^ (2) a'^+ab^+b'^ 

a +b a —b 

cP-a'^b-k-ab'^ (P-^-a'^b^-ab^ 

+ (6* a^ — l^ 

Thus, (0 (a + J>)(«“ - «& + ?>'■*) = a®+ 

(2) (a-6)(a''‘+a6 + &'^} = a®-&®. 


From the above products, we learn that :— 

(1) The Product consists of only two terms. 

(2) Each term is the cupe of the first and second terms of the 

efiven binomial. • 

iT 

Ex. 1 . (2.r + 3)(4.r^ - 6 x + g) — {2xf + (3)® = S.r® + 27. 

Ex. 2 . (3.r-4)(9r‘^ + i2.r+i6) = (3.r)®-(4)®«27.»r®-64. 


Exercise XXXV. 

Write down the cubes of the following ;— 

1 . ,r-3. 2 . 2a+ 5. 3 . 3 + a.^'. 4 . a*+4^'^ 

5 . 6. 2:r —3. 7. 3a“+2^. 8. 2 a^~-^b^. 

Find the following products :— * 

(^+ 3 )(^“- 3 <''‘^ + 9 )- 10. (2a + 3^)(4«’'-6a<^ + 9d“), 

11. (i+a^Xi-a^+a'*^’). 12. ~y)ix*+x'y+y^). 

13 . (2a4-^X4a“-“2a^4-^’). 14 . (2,rj/-i)(4;r“/“+3;r^+i). 

15 . (4a- 5^Xi6a* + 2oab +25 ^*). 18 . {ga + 2Ar)(8 la'-* -1 Sax + ^x*y 

17 , (2X~- ^y {4x^+6xy+gyy^ %%. {6a-^b){i6a'^ k-6ab+by 

19 . {a<'j^b)iarb)(.^^+(^b+b^){a^-abyb^), 

(x^ 2)^x •^2Xx^ +2X+ 4X'^* -2X+ 4 ). 
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I*6rmulae for Multiplios^tion. 

102 .^ The following results of Multiplication already proved in 
this Sectfon should be committed to memory 

~1. (a+b)'^ =e*®-2a&+d“. 

3« (ct + ft + r) ^"h ft *1“ r? '■* d* ^ftb + ^dc + 2ft<7. 
vji^. {a- + b){a - ft) = n'^ - ft 

{a'^+ ab + b^}(^'^ -e*ft + ft'^)=s:a^ + a'ft“ 

6. (u^ + a)('X4-ft) = x'-* +(a + ft)urji+«ft. 

7. (x - a){x ~ ft) = .r ® - {a + b)x + a ft. 

8. ' {x + a){x — ft) — x" +{a - h)x — ab. 

.9. (x - a){x + b)~x'^ — {a - b)x - ab. 

10 . (x ^ a){x + b)(x + c) == x" 4- (<* + ft + c)x + {ab + « r + be)x -f abe. 

11. (a.x + b){cx + d)=: acx/^ + {be + a(i)x + bd. 
il2. (ax — ft)(rx - d) — acx'^ - {be + ad)x + bd. 

V 

*13. fax + b)(rx -d) = aex- + {be — ad)x — bd. 

'14. (ax - ft)(f;x + rf) = «cx'^ - {be - ad)x - bd. 

15. {a + ft)' = a® 4- '6(ib{a 4 ft) 4- ft®. 

16. (a - ft)®=a® - 3aft(a - ft) — ft®. 

17. (a + ft)(a'-^-«ft+ft“)«a®4-ft®.j 

18. («J-ft)(a‘^4aft+ft")=a®-ft®./ 


VI. DIVISION. 

103 . Division is the inverse of Multiplication. It consists in 
finding the quantity (called the quotient), by which another 
quantity (called the divisor) must be multiplied so as to produce the 
product (called the dividend). 

Thus, dividend=quotient X divisor. 

104 . Rule of Signs. .Since 

(4 <*) X (4 /^) = 4 (d>-) — — = 4 

4<2 

(-a)x( + i)=-a/i, = 

i^a)x(_-i)=-a 6 , — = 
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Hence, in division as well as in multiplication, 
Like signs produce + cind unlike signs produce —. 


105 . Rule of Indices. 

Since 
and 


, > by definition 

€^ — ay.iiy,a J 




axaxaxax If 
axaxa 


= axa~a- =a 

m 


6-!I 


Hence, One power of a quqpptify is diz'ided by another power oj 
the same quantity^ by subtracting the index of the divisor from that 
of the dividend, 

♦ 

106 . Since by the abo\ e Rule, — * 

,3 


but by actual division, -,,= 1. 


or 

rt"‘ 


we obtain the curious result, a"=i. 

107 . To divide one simple algebraical quantity by another. 

Rule. Diznde respectively thf' coefficient a?id letters of the 
dizndend by those of the divisor^ and give to etfch letter in the quotient 
an index obtained by subtracting the index of that letter m the divisor 
from that in the dividend; and then,, if the two quantifies have the 
same sign, prefix to the quotient thus obtained the sign +, if different, 
the sign —. 9 


Ex. 1 . Divide - 33<'zc'- by —iiac'. 

The quotient= b -. 'l=+3a"-^-^c--‘^ 

^ -II rt C-* 

= 3ab-, for c^'—i. (Art. 106). 

Ex. 2 . Divide 24a'’by 

The quotient— \ . -.^= 

^ 0 irT* 

- ^abx. 




Exercise XXXVI. 

Divide 

' 1. 6a^^by —2<a;. 2. •-toa^bc hy $ac. 3. bp^qr* hy 3p'^r‘, 

4u by ^6, by 

6. loa'^bfffnhy —^ac. 7- —2ip^q‘^r^ by 3 p‘^qr^, 

8. by - yab'^c, 9. ab\^ by - abc. 
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10 . - i65jfy by - 33 .t;y* 

It -l2.^Vby6^V. 

14 . --8;ir* by 


11 . - by 2 ax^jr. 

V 13 . 24ait{^by -31?’. 

15 . -45^1*^ by ga'^d^. 


Siinplify the following : — 


16 . 

24<2*^® 

- - - $ 6 a^^c^ 

18 . 

— y 2 db^c^ 

-6a 


gab^ 

80 . 

5 ia 3 ‘’A‘ 
- 3 ^^ ’ 

- 27 a“AV® 

- gaH^c 

28 . 

2 Tc^d^xy^ 

'-'s'd^vy'^ 


la.^ 

xy 


' 108 . To divide a compound expression by a single factor. 

1 

Buld. Divide each term of the dividend separately by that 
divisor and take the algebraic sum of the several partial quotients 
thus obtained. 


Ez. 1 . 


ibx^y - 3;r2/ + Cjxy"^)~3xy = - 


8 


I 9 xy 

ycy 'z^y 

= -xy^ + Sy. 


Ex. 2 . 


f. 


— 4ab^c‘^ — 24 abc^) -i — 4abc'^ 


— 4 abc‘^ 


- 4 abc^ 


24 abc^ 

r- 4abc^ 


- ' - 2 ab‘‘‘ +b + 6 c. 


Exercise XXXVII. 

Divide 

* • 

I . ax —ay by a. ,, 2 . a^r-^^by -x. 3 . 6 a+ 8 ^ by —2. 

4. ~i 8 tfi^ + 6 ^irby —2b. 5 . %a^b — ya^b^ by ah. 

6. x^-sP,^^x^by -x\ 7. 6;r'^/-4A:®3' + 6j^2r by 2.r. 

' 8 - 5a®^ — 35a*^*c’+2oa^c^ by — 5a^. ^ 

9. c^bx^y — 3a® hx’^y +• '^ab'^xy'^ — affx-^ by abxy. 

10. 1 2mht^ — ()nPn^ +■ 6 m^n^ — 3?«’ by — 3w® «®. 

II. ' ioa^/J®-6a^^‘‘-2a‘*^® + 4a®^*» by — 2 a^lP. 

18 . 4a^lPcd— “ 4- \bh'^c^d^ by - 2bcd. 

13 . + by pqy and by 

14 . -1 2}d^y^ -f - 6 x*y^ — yc^y^ +184:®^ by 34:® 

15 : i 6 d^b£d-^a^lbc'^d+i 2 ab*(^d’-* 4 abcdby — 4 abcd. 

16 . rjx^y^i ^+4 ^x^y'^x ^+54.1?V^* “ 1 by gx^j^z^ . 
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109. To divide one compound expression by another. 

Buie, (i) Place ike exj^ressiofts, as in Division of j^rilkmeliCf 
arranging the terms of each of'fhem^ so that the different powers of 
sofne pm letter^ common to hoik of them^ may follow in order of the 
magnitude of their indices^ {it matters not whether in ascending or 
descending order^ only the same order in each of them) ; 

(ii) Divide the first term of the dividend by that of the divisor^ 
and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first t§rm of the quotient^ 
and subtract the product Jrom the dividend ; 

(iv) Bring down fresh terms {as may be required) from the divi¬ 

dend^ and repeat these operations till all ike terms from the dividend 
arc brought down. » 


Ex. 1. Divide - yx-k-i 2 hy x — e^. 


Arrange the work thus :— 


x — ^ \x^ 
yx^ 


7 ;*:+ 12/ A'-3 

4 x \ 


-3.r+ 12 
-3;r+i2 


x‘*-i-x^^^. Put clown x as the first 
term in the quotient. Then x{x-4.) 
^'X^—4X. Write —4,r under the 
dividend. By subtraction, we obtain 
— 3.1'+12. Divide — 3^1: by .rand so 
j obtain -3, the second term of the 
j quotient. 


Thus, the complete quot^nt is .r- 3. 

The reason for the process is the following :— 

Since, :rS- 7 r + i2=A'*-4.r-3.r+i2=jr(;r -4)-3(,v-4) ; 

'• ;r-4 .r-4 ^-4 x-4 

s=x- 3 ^ the sum of the partial quotients. 

Ex. 2 . D ivide 6;r^ -1 7x^y +1by 3A' - 4 j. ^ 


3;r=2jr® ; 

2 x% 3 x- 4 y)== 

izxy'^ + 3;r* - 4^ ; 

- 4 ^*( 3 :r- 4 y)~ 


Sx-4y \6x’^ — I yx^y + ity^i 2x^ -*• $xy *- 4 ^*- 
/ 6 x^- 8 x^j/ \ 


.%,^the req uirei^ Kttotient « zx^ ^xy - 4y \ 
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Bj:. 3 . Divide ir<^-82fi®-^30a*+48-I2tf by 2a + 3a’^-~4, 

. First arrang^e each of the expressions in dcscendinsf powers of a- 

3 a^,+ 2 a — 4 i 3 oa^ + ii«® — 82 rt*— T2a + 48 / loa^— Ja— I 2 

y 30 f**+ 20 d®- 40 rt* V 

— — 42rt^ - ! 2a 

- 9a*“ 6«®+i2rt 

- 36£1’2 _ 2^a + 48 
* -3641''*-24^7+ 48 

the recjuire^f quotient — loa^ -3^-12. 


Exercise XXXVIII. 


' Divide 
1. ;r® 4 - 6 ;i: 4 - 5 'by ^.' 4 -1, 

3 — 6w^ + 11W — 6 by W--2 

5 . — rtd® - 1 23 * by 3 'f 3 + 4^®. 

7 . - 23-1* + [20 by .r - 15. 

9. 8a' 2 4-14ry — 15 by 2.J' + 5 y. 

11 . 640!^ +125^^ by 477 4- ?3. 

13. 4- 377(5 - 15 4 by a5 4-14* 

15 . 64a® 4- 3 *’ by 4ii!^ 4 - 3 ^, 

17 . X* 4- x^jf^ 4'J'* by jr® — xy 4- v^. 
19. by rt®4-i. 

21. 3a^4'77 4-977®- I by 3a- I. 

23 382:^ - 65,r^ 4- 27 by 2 a'“ - ^x 


2. 6^7^ — i6<i^ 4- 83 ^ by 2 a — 4^. 

4 6.1'^'+ 1 3 xy 4 by 2 a 4 - 3 y. 

6 . A‘-*4-23.r4-102 by jr 4 17. 

8- 8(2* 3477^ 4 -21 by 4a 4-3^. 

10 . 677*4-7/7^-3(5* by 3a —’ 
13. 8(2* —27^* by 2a —33. 

14 .r“ 4 - 24 r* 4 -144 by 2r®4-12. 

16 a* 4- 4b* by — 2 ah 4 - 2^*. 

18 . 49(2* - 11 277 ^ 4 -64^* by 7a - 8^. 
20 . 4A'*^* 4-1 by 2.r*y* - 2 a:v 4 -1. 
22 . 77 ®- 6774- 5 by 77 *- 2774-1. 


k 


24. 77* — 30^3 — 977*^* 4-2377(5" — 12 h* by 77* — ^ah 4- 4^*- 


26. 6 jr* f $x‘^y 4 - 7 a® - 6 y* 4 -1 7 ^ - 5 by 3jr* -24/4-5. 

26. .V® - 32 :* 4-4Jr® 4 - 36 a* - 92 .r 4- 5 5 by a® - 3 A 4- 11 . 

27. A®-5A* 4 -A* 4 -2a 4 -3 by A* 4 -A-3. 

28., X* — 3277*a -h 2477*A* — 877A® 4-1 6a* by 477* — 477A + a®. 

■29. 477(5® 4- 5 167 ®( 5 ® 4 - 1077 * - 4877*3 - I ^h* by 477^ - 577*4- 3b“, 

30. 5 A® — 7.r* — 9A* - 11 A* - 38 aoJ- 40 by - 5A® -I- 1 "jx - 10. 

31. a* 4- 2x^3 4- 77 ^® 4- 2 b* — 377 * 7 : - 3 ^ 7 : by 77 4- 2 ^ - 37 :. 

32. irA^ — 4 A 4 /® 4- 34 '* by a® — 2 xy 4 - 4 '*. 33. m * 4- 4m 4 - 3 by w® 4*2»i 4- 1 . 

34. I 4-6a® 4* 5A® by 14-2A 4-A®. 35. 77 * 4277 *^* 4 -^® by 71 ® 4- 277 ^ 4* 3*. 

36. A®-'2A®4-r by A® — 2a 4-I. 37. 7f*-hi by 77 * 4 - 27 i® 4-377 4*i. 

38. i 6 a* 4 * 36 a® 4 - 8 i by 4 a*4-6aV9. 

39. 77 ® - 477 ®^® — 877 ®^* - I Tab* - 1 2 ^® by a® - 2ah — 3 ^®. 


i 
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40 . 4<l^ - 29ft ~ 36+- 7ft^ + (ia* by ct* - 4 + 30! — 2 a^. 

41 . ’ 3ft^ + 8a^+ 4^®+icj*tf+8^f:+3^® by a + 3i5+ 3 fc. 

lb 

43. 15^* - '52X^ + 15 + 50.r® - 28 ji' by 3 - 4;^+5.1:-. 

43. 4«® — 2 + 20<*.r® - 4X*^ by 20:® — $ax^ + 2;»r®. 

414 . 8:ir* — zax'-^ + 3fiV - 2 a^’X’¥ a* by zx'-^ •\-ax +a®. 

45 . 2fl^ - I ic^b + 31 c^-b’^ - 38 <t^® + 24 /^* by 2 ft‘'^ - -^ab + 4 ^®. 

46 - 1-5 2r®j4 - 51 by 4^-'^“ + ycy — i. 

47. —x^ + 2i— 24xy^ + Sj® by -+ ^xy - ^ 

48 . 9 x’^ — A'® - 1 2 x^ “ 50 by 31 ^ — 2 X + 5. 

49. 28^* + 1 3 x^y'‘^ ~ xy^ 4 * i Sy* by 4x^ + 4,tji' 4 - 3 y^. (C. E. 1861). 

60. A**4-.a;** - 24A'2 - 35.V4-57 by y-*4-2.1--3. (C. K. 1877). 

51, x^-l by4-a'4- 1 . 52. a**-.v** by rt4*-»'. (C. E. 1863 ). 

53 . x^+x*^y^+x*y*+x^y^+y'^ hy x*-~x^y-i-x^y^ — xy^+y^. (c. E. 1870 ). 

, 110 . Harder Examples in Division. The following 
Examples with their Solutions and others involving the use pf 
brackets in Division should lie carefully noticed. 

Ex. 1 . Divude Qft® - 4^® ~ f® - 4bc by 3^ - 2^ - c. 

3 a- 2 b-c 19 a® ~ 4 / 5 - -c^- 4 / 5 t, i yi 4 - 3/5 4-1 -- fjuoi. 

J^ar - (mb - 3rtfr V 

(Mb 4^ 3ac — 4 //'' - \bc ~ t ® 

()ab —4b^~2bc 

3(ic - zbc - 

3ar — 2bc — 

Ex. 3. Divide 4-/5^ 4- by ft 4-/5 4*6'. 

m. 

Arranging dividend and divisor in descending powers of a, 

a4-b-\-c \a^~3abc+b^ + c^l --ab -ac4-b'^ - be+— (Juoi’ 

}c^ 4 -<^b 4 rd^C V, 

—c^b — d~c — 3ahc 
— e^b — xb"^ — abc 

— d^c4-ab‘^ — 2abc 
~a\ _ — a bc — flc® 

4 - aid - abc + ac^ 4 - 

_ 

^ — abc-4 ac^ bh 

— abc — h'^c — 

4 -^f*+<:® 
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In the above Kx-ample, wheie ft is taken as the letter of refer- 
ence^ and its powers iitan^^ed m descending order, there is found.in 
the first remainder the terms — -aV ^ 

These terms must be set firsts but since both involve a\ there 
IS nothing as far as a is concerned to shew«whicb is to be set first of 
the two In such cases we take anothei letter, as to be* as it were, 
next in authority to and so, (arranging m descending powers of < 5 ), 
we prefer —c^b to — aV 

The above method is the most eas\ in such a case ; but the follow¬ 
ing, in which the cdetficients of the different powers of a are collect¬ 
ed in brackets, is the most neat and (ompcndious 

{ a+ b + t) la'^ — sabc+ib^-i r*)/ ~afb'i-e) + (b^-bc+e^)=ssQuot. 

ya'+a^(b + o) \ 

■ ' " — 

‘‘a‘‘(b + e)-~ ^abr 
-‘a'^(b + r'' - a'b^ + 2be+e^) 

+ a(b^-bc+r) + c"') 

+ af^^br+e^) + (b^n 

for fb-i-e)(b^-bf+i^) — l'^ + i\ Alt loo 

Ex 3 Div ide (a - + [a- b)c^ - (c® - n® + (c - by 

{a--b)c^-{c-a}b^ {c h 1883) 

Arranging di\isoi and dmdend m descending powers of c, 

(a-bk*-b^c+ab'^ x^a-b)c'' + ia-b)h^-b'>c^+b\+a b^t+{a-b) 
/{a —be'' _ —b^c'^+ab^c V 

{a — byc^ —{a — b)b*c+a^b^—ab'‘^ 

(,a-bY(^ —{a-b)b^c-\-a^b -a ® 

ribnee the required quotient = cH-(«-< 5 ), or a —b + c 

Exercise XXXIX. 

Divide 

1 —+ by 2 <2® —by 

— by ;r — a 

4 + {mb - ««)r® — {mc-\‘nb)x -h nc by mx — n 

5 < 2 ® —^® —r®-l-//®— 2 rt//-f- 2 i(r by « —^+<r—if. 

0 tf*+«^+2i2C-2^® + 7^f-3c® by 

7. 9«* + 4^ —c*-H 2<*3 by 3a-hf^~c 8 a® —by a— 

0 <;f'+3®-c®+3(2^c by a + ^-c. (C E 1887.) ‘ 
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10 . I - Sy* +6,rv by i +-r - zjf. 11 . i+ji^ + 8v*«- 6,iy by i+x+zy. 

12 . X* — Sy* + 27 z^ 4 - 1 Sxjys by - zy-h^s. 

13. X* +y* — ar* + - 2 s^ — I by x'^ +y^ — 2-® - i. 

14 . - ^adc by ^ ad + ac — dc. 

15 . ;ir’ + (a + ^+ c)x^ ^-{dc + ca-^- ad)x + adc hy x^ + {d + c)x + dc. 

16 . a«- sa^d^a^ ^d^)-d^ by + 3ad{a + d) + d^. 

17 . x^ - {za + I) r® + za^x -~a* + a^ by .r® - a® + 0 '*^ ~ ^ 0 * 

18 . {x +j/ 4 - z){xv 4 - xz 4 - yz) - xys by x +y. (c. E. i%66. ) 

19 . x^+y^ + ^xy-i bya- 4 -.y-i. (C. E. i 86 g). 

20 . .r'’ 4 - 8 >'® —273’® + i8;ryjs'by .r-3£r4-2y. (u. M. 1883.) 

21. a’ + 8 / 5 ® + 27c’’ — I Sadc by n® 4 4^® 4-9^:® - 6dc — ^ra — zad. (m.m. i888.) 

22 . + d^ + {m + 1 )ezd(a + d) by /rz® + mad 4- ^®. 


111 . When the coefficients are fractional, they are treated 
b}? the Rules oli F'ractions in Arithmetic. 

Ex. 1 . - \a:W -f- \adH^ = - ^ X 1 / 5 ®-®/:*-® = - ^ad/:*. 

Ex. 2 . ( 4 a^x^ — i ^^x'^ + T fix) -i — z^x 

= -tx 1 + ^ X J/z®-i;»r®-1 -1 X Kv^' 1 

=-<*®jr® + 5 «.r-T, for «"=i and.r‘’=i. (Art,^io6.) 
Ex. 3. Divnde .jr*!-- 5 ^®+—by :r® —i:r. 

:r® - A.r i.r* - ^x^ 4- V x^ — A.r 1 2:® — ® r + i = Quo^. 

' _ ' V 

— -Jjr® 4 i| r® 

.r® — A.r 


Divide 


Exercise XJ.. 


1 . 

3. 

5. 

7. 

0 . 


ia^x^ by —^ax. 

— tty — 

\aHh by %aHc. 

— + lad by — ^ad. 

— 4 . bv 


2. 4<»^®4r*by — 

4. ia^x’ by — la*x*. 

6 . Ix^y^zhy -lx*z. 

• 8. ia* — \ad — %ac by — \a. 
— ia*^®/:*. and bv —Zc^^. 


M.A.—S 
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Divide 


10 . by li. \ hy ax — 

13 . Ijt® - Hx^j/+ i-ry* - xV® by ^x - |j/. 

13 . 5 a* + - tV®V + by + 3dy/ -1j/®. 

14 . “ T by ix - ly. 15 . by + id. 

16. a* + |a®+-V®® + Tl® + TV by a^ + ^a + f 

17. a® - 2a^^ 4 - V'®^® — a^” by a‘^ - ^ad + ^ 6\ 

18. }x*^ +y by + ly - Ixy. 

19. lx* + 2 x^ + ^ by sx^ + 2 x + i. 

30 f 2a^ — a*d — 3a*'by 2a“ — 3^'**. 


21 . 

33 . 

34 . 
25 . 


X* — ^TfX -'r aV by + S'* 

rS /IT ^.3 
12 


22. ^ +^by^+^. 

125 27 5 3 


3 


Tl.r^ 4lX‘‘ 2 ^ . ^ , 2;c'' 


+"r - 


+ 6 by 




(P. E. 1892). 


lx^-4x*-V- -‘-s-x^ — -i-x^ - -V.3^ + 27 by ix^ — x-\-^. 

„ 55 a 3 2Qac , 2\P i^bc . 2a 3^ 

+ -~-+ -z -- -+ - by-^ +c, 

12 9 8 4 3 34 


113. Sometimes, it happens, that there is a remainder left 
after the operation of division is finished. In such cases, to obtain 
the cihnplete quotient we place in the quotient, as in Arithmetic, 
the remainder with its proper sign, over the divisor, in the form 
of a fraction. But generally, the quotient is required to a certain 
number of terms. 

Ex. 1. Divide 2 ;r* + ^xy^ - 4 x^y^+x^y - Sy* by x^ - 2 y’‘+xy. 

4 * ^ 

Arranging in descending powers of x and ascending powers ofy> 

x’^+xy — 2 _y \2X* + x^y - 4x‘^y^ + 3 ^:^ — 5 j'*f 2x'‘^ —xy+y'^ 
y 2x* + 2;r ^j/ — 4x‘^y'^ V 

— x^y +3xy^ 

— x^y — x‘^y^ + 2x^ 

xy-^+^ - 5 / 
x^y^ +xj^-2y* 

~3y* 

Thus, the complete quotient=2a:'* -xy-\-y^ - a v * 

* X xy ~~ 2y 

•In this and other cases, as in common Arithmetic, this fraction 
cannot be avoided, since the dividend is not e,^actly divisible 

the divisor; but the student should be cautioned, that^ unless 
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attention is paid to the arrangement according t(s powers^ alluded 
to in Art. 109, and that,,not only with the dividend and divisor at 
starting, but also throughout the sum, if care be not taken in all the 
remainders to preserve the order of the indices of the principal 
letter, or letter of reference^ as it is called, th^e will always be a 
fractional term of this kind, instead of a clear and complete quotient. 


To illustrate this, take the foilwing example : 

Ex. 3. Divide +2ax'^ + ^d^x+a^ by x+a. 

x+a \x^ + ^ax^ + ^ii^x +a^tx‘^ + 3a“ + 2 ax • 


7 


x^+ ax^ 


Sa^x + 2ax^ 
3 a^x+ 3 aS 


X 


2ax'^ — 20^ 
2ax^ + 2d^x 


The process will never terminate, and 

the result will be 

9 , a . 2 d^x-^2d 

:r^ + 3ff^ + 2fl:x- 


x + a 


— 2a‘‘X — 2il 


3 


Ex. 3. Divide 1 -.i' by i -x-k-x"^ to four terms. 


I — ,v+;r 


/ 1 


I —x^ -x^+x^ 


-x-‘ 

-x'^ +x^—x* 
-x^+x^~x^ 


Thus the quotient 

= i - x^ - x'^+x^ and 
the. rem.=.v® — x"^. 


r6 

x^-x'^+x^ 


Exercise XLI. 


Divide (each to four terms in the quotient) 

J. a by I +Ar. 2 . 1 +2.1: by i - Sr. 3 . 1 - 2 ;r by i + 3 :r. 

4 . ibyi-2a+4«®. 5 . i by i-• 2 a:+^“. 6. I - by i + 

7 . Divide a — i by i — 2^ + 2a’^ to four terms. 

8. Find the remainder, when ::^—px'^ +gx — r is divided by x — a. 


d. 

H. 

^8. 


Prove the following by division : 
a:* + iia- + 35 . ^ , 5 


10. £lzi6£±^„,_7__3 

x-g x^g * 


5a-9d -5a-93* 


x-g 
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113. Detached CoefO-cients. The work of Division may be 
shortened as in Multiplication by using jfhe method of detached 
coefficients. (See Art 88)> 

Ex. 1. Divide 30 x* + iix^-S 2 x- - i 2 ;r 4-48 by 3 ;r'‘‘+ 2 .*r- 4 . 

3 + 2-4 130+11 -82-12 + 481 lojtr*-3:t-12 

y3o+.20-40_ V 

- 9-42 —j 2 

- 9- 6+i2 

-36-24 + 48 
- 3b - 24 + 48 


‘ Ex. 2. Divide 9^^ - 40“^ + 4 by 3rt‘* - 4a + 2. 


3 



o -4 + 0 + 4/ 3rt'-* + 4a + 
12+6 V 


12 - lo + o 
12 - 16 + 8 


6-8 + 4 
6 — 8 + 4 


114. Analof[y between the Arithmetical and Algebraical methoas 
of division. 

Arithmetical method. 

123^13899^113 

159 

I23_ 

369 

369 


Alg^ebraical method. 

io*+2.io+3 jio^ + 3.10^ + 8.10^ + 9.10 + 9/ io*+r.io + j; 

/io*+2.io’’ + 3 lo^_\ 

1.10^ + 5.10^ + 9.10 

I.IO* + 2.TO'l + 3.IO 

, 3.102 + 6.10-I-9 

3.102+ 6.10+9 

.r*+ 2 ;r + 3 \x* + 3X^ + ^x^+9^+9i^^+^+3 
/x*+2x^ + 2^^ _ V 

x^ + S^+9x 

;r* + 2:r* + 3.r_ 

3r2+6V + 9 
3Jr*+6;r + 9 
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Exorcise XI.II. 

Divide (by the method of detached coefficients) :— 

1 . I2jr2-i4^: + 2i by 2. «* + 9a* + 8 i by rt* + 3 a+ 9 . 

3. 3 ;r^-io;r^+i 2 r^-ifj :+6 by 3;r®-;r + 3. 

4. :r®-27 by .r® •|- 3 ;r + 9 - 6 . 27;r®+1 by 3^: +1- 6 - i by 1. 

7 . I2A'‘ + — 33;jr2 _ (3^ ^20 by 4^’^ -,r- 5.' 

8. 6;!:“ — 2;i —JT* —by jf* —4jt: + 2. 

9. 2yd^- 54 a“^ + 36«^“ — 8 / 5 ^ by — \ 2ab-^^b'^. 

10. -141J:’* - i8ojc + 5jr^-58r'’ —32+92j:^4'24.r® by 2.i'^-3jr-4. 


VII. IMPORTANT RESULTS IN DIVISION. 


115 . The following results in Division should be carefully 
noticed. 


1 . a''-fo"*is divisible by «-/>, if n be any whole number. 


Thus, {.) 


( 3 ) + 

a~~ o 


( 3 ) 



a 



Arab-\- b'*‘. 


And so on. 


( 4 ) 


a — b 


f 


2. a'*+6" is divisible by « + &, if n be any odd whole number. 

Thus, (I) ^=1. (2) 

a-Tu a-\-o 

(3) **- + rt® b'^ — And so on. 

a-¥b 


3. a" —6" is divisible by a + ?>, if n be any even whole number. 

Thus, (i) ——d. (2) --“i =a^— a'^b + ab'^ — 

a + P • a-irP 

a^-b^ 

(3) - -r = + ab^ — bK And so on. _ 

a-^b » 


4. is never divisible by a+& or by a — h^ when n. 

is an even whole number. 


Thus, (i) 


a-\-b 


= a — b + 


2b‘^ 


a+b' 


(2) 


a — b 


= « 4'^4 


2 b'^ 

a-b' 
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4 - 2 ^* 

(4) 


a — b 


a-b' 


And so on. 


116 . 

facts : — 


From the above results, we notice the following generj 


(1) The niimbpr of terms in the quotient is always equal to th 

number expressing the power of a or of ^ in the dividend. 

(2) The powers of a decrease continually by one. 

' (3) The powers of b increase continually by one. 

(4) The signs of the quotient are all + when the divisor \s a — b 
but they are alternately + and -- when the divisor is a+i 


117 . The above results may now be applied to many simila 
cases. 

Ex. 1 . “ - 3-^ V+ 9 y^- 

_ - - 1 ..... 

,Ex. 2 .- =4a\v^ +2ax + i. 

2 ax - t 

•Ex. 3. =(x-\-yy-{x+y)2 + z‘' 

= x^ +2Xj/+J''^ —xz—yz4r^'^ 


Exercise XLIII. 

Write down the quotients of the following {by inspection )* 
1. -x'^ by a-\-x, 2. a^-x^ by a-x, 3 . by a+.r. 

4 . I by 3.r-I. 5 . 25^1:“ - i by 54; +1. 6. 4*r“ -9 by 2.»r + 3. 
7. I + 8 j:® by i +2;r. 8. 2’]o^ - i by 3 Jr- i. 9 . i - by i ■\-2X 

10 . x*-Siy*by X -sy- IV a^ + 32b^hya+2b. 12 . x^—y'^^hyx^+y 
13 . ^a^+b^ by ^a+b. 14 . x*y* - by xy 4 -z. 

15 . i6;«* —«* by 4 ^’ 16 . 32.^* by a-2Ar. 

17. 64 —a* by 2+a. 18 . a® + 343 by a + 7. 

19 . a'^-(b-cy by a-b + c. 20. x^^{y-gf by x-^y 4 -g- 
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REVISION PAPERS I. * 

Paper I. 


■I IT' j 1 , 8 a® - 27 ^* 7(a* - b^) 

1 . Find the value of 7— ,-T~Ta + —rfx» 

4a’*+6a^+9^® I 7 (a*-^’)’ 

when a = 5, ^=3. 

2 . Add together i -(i -1 -x\ 2.v-(3 - 5jr) apd 2-(-4 + 5^:). 

3. Take 2a - 3{a - (d - a)l from 2^ - i{b - (a ~ 

1 . Stap,,,, pj!*- {,- 35±J))J . 

5. Use squared paper to illustrate the following :— 

(i) 9-6=3. (ii) 7-4-6=-3. (iii) 5-8 + 3 =o. 

6. Find the value of 5,1:“+2 —3, when ;ir=“2, — i, o, i, 2 
Tabulate you^ work. 

7. Express in binomials, and also in trinomials :— 

ax — by -cz-bx-\-cy-\-az. 


8 . Multiply 2.jr-3_j/-4(.r-2jv) + 5{3.r-2(.r-^)^ by 4.r —(y—jr) 
- 3 { 2 ^“ 3 (^+.y)}- 

*- 9 . Uivide — a'V® + b'-c^ hy — abac — be. 

10 . Simplify 

3(a - 2;r) - + 2(a - 2:»rXa + 2.r) + (3,1; - a)( 3;!: 4- a) - (2a - 3Jr) 


Paper II. 


1 . Find the value of 

3Cjr +>'+ z)(yz + zx +xy) - 3^ —y^ ■ 


, when x=^^ y—h - = *■ 


+ S’® ~yz — zx~xy 

2 . Subtract the sum of — x^ — {a—x — {yx'^ - ^\ and a* — x^ 

— {{a+x) — {a^ - x^ — from 2:r’* -x\ • 


3. Use squared paper to illustrate the following 

(i) 6~2-8=-4. (ii) 5a —9a + 2a= — 2a. 

4. Prove that 4a - 3(9<»— 5a) = — 8a by two different methods. 
6. Multiply 4a® +9^* +c“ +3^<r-^2a^-6a^ by 2a + 3^~f. 

6. Divide 720:*-200.1;*-512 by I2.i:*+4;i:’'--i6.ir + 32. 
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c 

7 . What must be added to the expression — i3jr+24 

to make it exactly divisible by 2;r — 3 ? ,, 

8 . Find the value of 2;r®—3:^—5, when .1^*—3, -2, — i, o, 
I, 2, 3. Tabulate your work. 


9. Simplify 

10 . Simplify • 

{x- -xy - 2xy+y’‘Xx^ +xy+y'-‘)(x'^ +2xy+y'^). 

(m. m. 1890). 


Paper III. 


1 Tj” tv. 1 f +< 5 ”*+f") Sfid — ii) 

1 . Find the value of ,y- - ,+ - — 1 

a-2b{a-'^(+2) 3c+i 

when rt=7, ^ = - I and c = \. 

2 . Subtract 6 {a-(d + c)} from the sum of <!' r.-(c-b)} and 

c{a-(li-r)l (M. M. 1885). 

3 . From (3a - 4^)(3a + 4<^)+(3a - 4^/'“ take 6(53* - 2d^) - 24a6. 

4 . Find the value of 


5 


{y-x)~ 35 p- - ^{ 7 ^- - 4j , 

when jr= — i and^=2. (c. E. 1892). 


6. Multiply'3+y-® by'2-;r, and find the value of the ,product 
when ;»r = ‘i. 

6. Add together x^ — {x —y + z)[x -^y — -sr), y^ — {y — x-h z){y+x — z) 
find s^-{z — x+y){z+x-y). (c. E. 1864). 


7 . Find the continued product {x — a){x^+ax-\-a^){x’^+a^). 

(C. E. 1882). 

8 . Simplify « 

\{x{x+l){x + 2 ) + x{x- i)(^“2)} + ^(;r- i);r(.r+i). 

§. Divide x* + Snx"^ + (25^ - ^ — 2^)x^ - 5(4<* + ^ - 4);i:+4^ 
by;r* + 5 ^ —4. (M. M. 1893). . 

10 . A person walks due East 2^ — 3^+^ miles, he then walks due 
West 3a + ^ — 2t‘miles, he then wklks East again ^ — 2 ^ — y miles ; 
find how far is he then from his starting point. 
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Paper IV. 

1 . Given a= ■>/2^ -/ 3v£’=4 and cf—o, find the value of 

+ (c. E. 1868). 

2 . Add {2x + 37)(2.t- - 3j), (2.r + 2iy)\ {2x - 3^)* and 

(>xy~-y{x^-\-y% 

3 . Subtract bciP - («* - b'^)bd from {d^ + bc)d^ — {a^ — c^)bd. 

(c. E. 1859). 

4 . Divide + a.r^ — 3a‘‘^;r — 3^^ by .v —2« and what is the 
remainder ? 

5 . If A'=:3 i - 2a and ]r^=2x-3a, find the value of ' 

(2 V-K)(3A'-2}'). 

6. The product of two expressions is 6a^ —a’—13^*4-loa-2 ; 
one of them is 2 . ' - 3«4-1 , what is the other expression ? 

^ 7. Divide a — i by i —2{r + 2a~ to four terms. 

8. The dividend is 6a^-7a''b + 8ab^~()b’’f the quotient is 2a- 5^, 
and there is a remainder 2^*(9a + 8^). F'ind the divisor. 

9. Use squared paper to illustrate the following :— 

(i) 3a4-5<2-6«=2a. (ii) 2rf-8rt + 3fl= — 30:. 

10 . Simplify 3a — [a+b-2ia+b + c’‘-(a-b + c-d)}+a]. 

(C. K. fSyfi). 

Paper V. 

1 . If fi = 4, 3—3, ^=2, d=i, r=o, find the value of 

^ 3(^+ d)i6(a ~d)^+b{a - -(c + d){is{r- af -{a + cfd) 

’\-{b + c){{b-3cf-\-{a-df)-‘{a-^c)\b+cfd£, (M. M. 1882). 

2 . Subtract 3 «- la ^- - ^d^) from - r {32 - (3^/2_ ^^2). 

3 . Multiply d^ + 2b^+<)c'^-3ab + 6ac-gbc by a + 2b-3Cf and 
divide the result'ljy a — b + 3c. (M. m. iJJ8o). 

4. Simplify 

(x - a)(x - b)(x - - [bc(x -a) + {{a + b+c)x-‘a{b+c)}x]. * 

(a. k. 1889). 

5. Arrange the expression x{p +x){fi^ +y® - x{p-x)} — {p'^+gx) x 
( 2 Jir 2 —^Ar+^ 2 ) jn powers of x; and •divide it by x^ + (p-^g)x-p^' 
(M. M. 1889). 
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6. Multiply ;ij®+(2flt+3^)Ar+6ad by —(2a + 3 ^)A:+ 6 a^. 

7 . Find the coefficient of ;r in the prodtict (x — a){x — 2d){x —sc). 

8 . Divide (4;!;*' - 3fl^jir)® + (4^ — — <»® by x^ +y^ — aK 

'* (b. m. 1884). 

9. One factor of 27£»*+iia-io is 9<2*+3(*“5 j find the other 
factor. 

- 10 . Show that {x + 2)(jr + 3)(:r + 4)(.r + 5) +1 is a perfect square. 

* (a. E. 1894). 

Paper VI, 

fl 

1 . Find the value of 8a® + 27^® + c^- 18adc, when 6a = i, 9^ +1 = o. 
and 2c=i. 

2 . Add a+s^ + S<^i 4 fl- 7 ^+iit’, 4a-5^-i5c, a + i 8 ^ 4 - 8 r and 
multiply the result by the difference between iia+7^' and loa + G^r —A 

3. If X stands for 2 .*--a and F for .*■ +2a, find the product bf 
2 .Y+ 3 Fand Jf- F. 

4. Divide ax^ ~ (a® + ^)x^ + d^hy at —d. 

5. F'ind the coefficient of x in the quotient obtained by dividing 
Sx*+xy^ —y* by .r - ky. 

6. * Simplify 24l;r-^(;r-3)JU'-5(;r + 2)H.^-f(;jr-i*)!, and sub¬ 
tract the result from (x+2)(a:--3)(.r+4). (m. M. 1886). 

7. Divide 14;r* +4S^y + 7^x^y^+ 4 S^y^ + 1 4y* by 2X^ + ^xy + yy^ ; 
and test your answer by making x=j andy= 2 . 

8 . Which of the quantities x^+y^, x*—y\ x^'-y^, x^-^y^ is 

divisible by x—y^ and which by x+y? > 

9 - Find the continued product of 

x^+x + i, x^—x+i and x*—x^+i. (m. M. 1887). 

10 . Prove that (j/-1) (^-3X^-4) (jJ'-6)+^ic# is a positive 

quantity, ^(a. I. E. 1892). ' " * 


Paper VII. 


1. 


If a=s=i, d=2, c= -j, d=Of find the value of 


a — h-^rC 
a — b — c 


ad—bc__ *■ [ 
bd+ac VW"^/ 


. (c. E. 1866). 
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2 . Find by inwection the following quotients : - 

(i) — 27 ^:®) 5 ( 4 b^—^). (ii) (27aW + Bi;^)-i‘{$ad+ 2 c). 

3. Write down t^o f^lwing results :— 

(i) (a»- 4 )(«® + 5 ). ^ (ii) 115x125. (iii) ( 998 )®- 

2 

4 . Multiply together - 99.r* +x - 29 and x^ — 1 7 x* + 1052;* - 19-r 
+ 23-V —41, and arrange the product in descending powers of x. 

(c. E. 1895). 

5 < Divide 6rt®— + 5^® by 2rt—5^. (c. E, 1866). 

6. If ^Y'stands for (a!A:’* + 7^Ar +7c and V for — 9^jr — 9c, find 

the value of 9^+7 F. * 

7. Multiply .r-'’-^.rV-S jK® by (c. E. 1871). 

8. Divide - ^x^y + txy^+ by -xy-- ^y^. 

9. Simplify (S’'^ + 3 y + J)(Sx-+ 3 y-i) + { 7 ^-Sy){ 7 x + Sy) 

-( 3 ^ + 4 ^)( 4 -t^*“ 3 JJ') + i- 

10. Divide .r(i 4-_y^)(i +z^)+y(i +s^)(i+x'^)+s(i +.r®)(i +y^) 

+ 4 xys by i +xy-{-yz+sx. (c. E. 1878). 


Paper VIII. 


1 . Find the value of 


?-t - Ca*+#= - r“) + ^ P(i ‘+<;» - rt«) + +««- n 

ai> be ca 

when « = 3, 3 = 4 , c— — 5. 

2 . Simplify the expression :— 

g 7 (« - 3 ^ + - [4(23 + ^c){tc - 33) - 3{a - 43 )(fl + 3b) + 

‘ {( 5<2 - 43 + 3 ^') X 4 + « - 473 + 2 c) + 7]. (m. M. 1891). 

3. t\(hen ,r= 11, find the value of 

+ 2) Jx ^2 - 2 {l^\\X^-X -{-2 Jx- 2}]. (M, M. 188o)- 

4. WritMliwn the results of tlje following multiplications ;— 

(i) (Ta + 5 )(^aT 7 ). ^ (ii) ( 3 ^- 8 )( 3 ;r- 7 )- (iii) ( 3 ^- 5 )( 4 ^-- 9 )- 

5 . M ulti ply .r® +y^+x^y+xy"^ - x^y^ — xy^ - x*y* by x* +y^ - ^xy. 

6. Divide 4.r* - 4;r® + ^x^ + 8^ — 5 by 2;r® - 3;r + 5, and divide the 

quotient by 2;r—i. ’ ' 

7 . Divide a^a^x^ + ^ybzy^+e^c^*+(a.^b2+a^b^)xy+{ai€o + aiey)xz 
+ (bj^e2+b^e.^yz by a^x^dzy+c^ff. (b. m. 1895). 
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8 . Find what quantity not involving higherpowers of x beyond 

the second should be added to - yc' — 5,1^ + 5-r® + +1 to 

make it exactly divisible by + 1. M.^1897). 

9 . Divide 2jr* - 6 ax^ + ~ ^^7 

x^-{2a — b)x'-ab. (B. M., 1901). 

10. A man walks 5 miles North, then 9 miles South, then again 
7 miles North. How far Is he then from his starting point ? Illustrate 
with a diagram. 


a — b 
a+b 


Paper IX. 

‘ 1 . Find the numerical value of 

+ (2--^- “) » when a = b= 

2 . Perform the multiplications :~(m. m. 1897). 

0) 5 -^)( 3 «^ + 4 «/.r® + 5.r*). (ii) + 

» 

3. Divide .r* —3(a+1),r^ + 2(3a+i)^'‘-^ + 3(a+i) (tf®-I ).*■ + («'’-1)* 

by - (« + 3Vt' — + i. (k. m. 1900). 

4 . Find the product of 3rt + 2^ and yt-\-2c — ^bj and test the 
result by making a=s i, b=c—y (C. K. 1870). 

5 . ^ Divide by ^ to five terms, (m. m. 1891). 

, 6. Simplify la —(^ — —(<: —a)f-*(d! —and find its 

numerical value, when a—\, b=y €—%. (m. m. 1858). 

7. Multiply (jT'*+2fl;r + 4 a“)® by (4: - 2a)^ (m. M- 1899). 

8. Divide 6 x'^- i9.r®+6.r®-3i' + 2 by ^x'^ ~2x+i. (m. m. 1899). 

9 . Divide by a number which i.s greater thaff x h^M. 

1889). 

IT 

10 . What must be added to - ^a{a—1) — j to make it equal 
to + 3a{a +1) +1 ? 


Paper X. 




1. Find the value of {a-{-b-\-cf — {a+b — c)^ + {a — b + cf 

+( —+ 3 when 2rt=2= —ib^zc. 

2. Simplify 




SOLUTION INTO FACTORS. 
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3 . ' Multiply —by loax'^j/^ and divide the product by 

^ xjf*. Verify thAesult*^ substituting — I,*3a-«= 2 and ;K=“—3, 

in the multiplicand, in^ipl|^ divisor and quotient. 




4 . Remove the bn 


ffrom 


( 3 ^^ - + ^*{2''^ - i^(3a -b)- b'^{a - ; 

also find its value when a=o, c~ — 

6. Divide i - 17.V*-24r®'+138.1-- 130^ + 63 by 5;r’ + 6.r’ 
-9.r + 7, and verify by multiplication. 


6. Divide rt^ 4 - 3 <i!“<^+3^^*+ by a-^b + c. 

7. Shew that x{x - i )(jf - 2)(.r - 3) + i = (.r'-* - 3^ + i)«, 

8. Find an algebraic expression such that when it is divided 
by n- — ab + t\ the quotient is a^~2ab + b'^ and the remainder is 


9 . 


. 10 . 


Divide x^+'^ax^ — («- — j)a‘x"- 5wa^r-6a^ by 

x^-in- 2)ax - 2a:-. 

If .V stands for a{m + n\ and V for bhn -«), find the values of 

.V J' , .V r 
+ , and —7 . 
a 0 a b 


chaptp:r IV. 


FACTORS AND EASY IDENTITIES. 


I. BESOLUTION INTO FACTORS. 


118 . 

tiplica 

fact 


When an algebraical expression is jiroduced by the rnul- 
ipn^of two or more quantities, each of the latter is called a 
^ofr^expression. 

IN 2nce, to resolve an algebraic expression into its ele- 
mentar jrs is to find out those simple quantities which make up 

the exj n by w^ay of multiplication. The process of finding the 

factors ■Lresolution into factors. 



h 


, we should^ treat of such easy factors as 

verse Use of Formulae for Mul> 
102. 


120 . Int’ 
will exemplify 
tiplioation given in Art 

121 . When all the terms of an expression have a common 
factor. 


Rule. Divide each tei tn separately by the common factor and 
enclose the secueral quotients in a b^achety placing the common factor 
outside as a coefficient. 
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Ex. 1. 


Ex. 2. 

Ex. 3. 

Exercise XIjIV. 

c 

Resolve the following expressions into factors :— 

1. + 2. a* — a^b. 3. 4. x^ — ^ax^. 

5. ' 5 ;r^— 6 . —2ab. 7. 21 - 35 ;^. 8 . — 2 a“+ 6 «. 

9. 3;!:’+ 9^'* — 110. - I6^I^+ 24£I. 11. Zxy-¥i 6 yz. 

12 . 3 a*^* — 18a*+ 21 a^b ^ 13 . 6 .r '^ys +1 2xy^z—i^x^y^z. 

14. 42x^y^s^ + 49.rya'® - 63A *y*s. 15 . 1 ^x^y - yx^y^ + 56;rj’'. 

16 . 5 a *5 + 25a’^® — ioa^^”+15a<J*. 17 . 3fu®j/£'—54;r^“xr + 48.a^j'‘. 

18 . yoa^b ^ c - 6 oa!^bh‘^ + 50a ’ ^*c'' - 4oa'’/^'’t'*. ' 


MATRICULATION ALG^J! 

Resolve x^-~^ax into factors 
Here, x is common to both 
;r2-4a;ir = ;i:(;r — 

3a “ - 4a^‘^ c + yabc^ — abc{ i 




b-^yc). 


Sx\v +15;r ■*j/® — io;r*j'‘'* = 5:r-^'(.t'+3^ — 2x^y). 


122 . The resolution of expressions consisting of four terms 
which can be arranged in groups, each group having a compound 
factor common. 


Rulf 3 . Divide each group by the common factor and mcloi>e the 
fii^erent quotients in a bracket^ plating beside it the common factor^ 
also within a bracket as a compound coefficient. 


Ex. 1. Resolve into factors ac-ad+bc—bd. 

Observing that the first two terms contain a commo;, 
and the last two terms have a common factor 5 , we enc^ 
two terms in a bracket, and the last two in another. T 

aC’-ad-\-bc- bd= {ac — ad) 4 - {be - bd) 

= a{c — d) + b{c ~ d) 

= aX-^-bX^ putting 

=(a+\>).V 

i» 

= (a + ^)(r—/f), substituting for X 

V 

Ex. 2. Resolve into factors at* — ax-'bx-\- ab. 


nmonjlfim^or a, 
clflictlj^rst 

m, jpr 




••ax-^hx-^ab^{x*-^ax)~{hx — ab) -x 
—x^x - a) - b{x — a) 
=*(jr-a)(Ar-5). 



3. Resolvi 

t 

lpa<:-3 



ION INTO FACTORS. 
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1 (I OdtiT - 3 5 <3!/^+(6^ ^ — 21 ^ <3?) 

= 5 fl( 2 i: - 7 ^+ 3 ^( 2 C- 7 d) 
*=(2c-7//X5a + 3<5). 


Exercise XLV. . 


Resolve into factors 


1. 

d'^+ab+ac + bc. 

2. a'* -^ab + ac-- be. 

3. 

OiT+bd+bc+ad 

4. a^bc-^2aS^4rac^'^2bc. . 

5. 

ax + bx+ac+bc. 

6. <xx-^bx - ac-'bc. 0 

7. 

- ^acd + abc — 3^//. 

8. i^C-\'b‘^d4rb^€4rCfid. 

9. 

2.r®- 32r® + 4r-6. 

10. ii2:®-55jr® + 72r--35. 

11. 

20fl^ — \ 2bc—‘^^ad+2\cd. 

12. 12a® - 18a^ + Sat -13r^t, 

13. 

i^ab+gac - 2 obd ~ 1 2c:d. 

14. 2r®j/^+.r®+j/®+i. 

15. 

2r® + 52:® + 4 x + 20. 

16. .r* ~y^— ^x4r 

17. 

18.r)/*5' - 122r®-2' — I SJ^+ I oxz. 

18. (ixy + bexy — ^az — 5^t^. 

CO 

a*x — ^abjf + 2 ax — 6by. 

20. 2a®+6a^ —2at“-6^t. 


123. The resolution of trinomials which are perfect squares. 


(0 a®+2a6+ft®. 

(2) a®-2a6+6®. 


(i) •\-2ab-^ab + ab + b'^ 

= (a^ + ab) + (ab + b^) = a{a + ^) + b{a + b) 

-=(a+^)(« + ^) = (» + 6X. 

■ b^=a^ — ab-ab+b^ 

< (a® — ab) — {ab — b^) = a{a — b)— b{a - b) 

■■{a^b){a-b)Ma-b)K 



Ex. 1 . ^R| 


actors ;r*+ 13 ^ + 25. 


jr®+io;r^ 25 =;r* + 2 X 5 xx+S® 

^ =(^ + 5 )*- 

' #* 

Ex. 2 . Factorise i6jt:^-24ax+ga^. 

16jr® - 2402:+9a*=(42:)* - 2(42r).(3a) + (3a)® 

=*'( 4 ^~ 3 «)* 





8o 


MATRICULATION ALG 


1 . 

,4 

7 .' 

10 . 

12 . 

U. 

^ 16 . 

la 

20 . 


21 . 

23 . 

25 . 


Ex. 3. Find,the value of ^ 2 ' 37 )^+^ 

Since 1*659 X r 8 « 2*37 xJI® 
/. the given expression^Bf 


P||lf 59 xr 8 . 
l|Pir2 X 2*37 X '63 

('63)* + 2 X 2*37 x*63 
+ ’ 63 )® * 3 * = 9 - 


Exercise XIjVI. 

Resolve into factors 

jr*+i2V + 36. 2 . a®--8tf+i6. 3 . x^ + i4X+4.g 

4a^-4a4-i. 5. 4-r* + 20xj/4-25_y^. 6. 4.r*+4t + i 

9 rt“- 30 t*^ + 25 ^^ 8 a* + 'i4a^ + 4(j 9 

1 - SadV ^+^ 11 4a*d^ - 2Sa^^c+ 49^*^- 

4a^'‘c^+4adt:+1. 13 4tV'®4-2oi''j/jsr* + 25 s'*. 

a* — 20 a® + 100 . 15. i\a^ - 5 ^^ + i 

ga^ — 6a(2d-sc) + (2d — '^cy. 17 4i- + ( v-.s'V'® —4(-*lJ'-^-) 

{ax-byY4-4('{a\-by)4-4c'^. 19 r*+ 4 (r- i)? + 4 (jr'*- 4 .) * 

(2fl4-3^)“ + (j^ + 2^)® + 2(2a + 3<>)(i + 2 y) 

Find the value of 

(■37)^ + (’63)^ + ’5i8x* 9. 22. (1*784)^+ ( 216)2+1-728 x*446. 

(i*85)2 + (i 8 ) 2 -11 I X *6. 24 (2 i 6)2 + (i*85)2--54x 14*8. 

2^* + 7otjj/ + 49/2, when r = 2o, ^ = — 14. 


124 The resolution of an expiession in the form of the 
difference of two squares 

a® — 6 *ss»’4 * ~ab-¥ab — (a® — ab) + (ab — 3 ®) 

- 2 i) + b{a — b) = {a — li){a + 5 ). 

The difference of the squares of two quantities 
product of their sum and diference. 

Ex. 1 . Resolve into factors 25t*- 16. ^ 

2^.r* - 16 = (5;r)® - (4)® = (5;r + 4)^P||| 

JBx 2. Factorise 4 

4 x*^y^={ 2 x)^-{y)^—( 2 x+y)(2x - y). 

Ex. a Find the value of (385)* —(285)*. 

The given expression —(385 + 285)(385*-285) 4 

=670 X ioo=*67000. 




1 ^; When the t 
outside a brae 
factorised. 

jEx. 1. 



INTO FACTORS. 


8f 


£ a common factor, it* should first be 
expression can tl^en be further 




{x-{-a)ix “ a). 

Ex. 2. 7Sx^-4&a^—3{2Sx'^ — j6ar) = ;^{^x + 4a){sx-4a). 

Ex. 3 . - 28^2^* = 4P) = 7a'^d\ 1 + 2d)i 1 - 2d). 


Exercise XLVII. 


Resolve into factors :— 


1. 

1 - 4jr2. 

2. 

~ gx‘^. 

3. 

9 w 2 _ 

4«^. 

4. 25jr3- 16. ^ 

5. 

' .^2-9. 

6. 

I -:r*. 

7. 

a^-\ 

69. 

8. * 

» 9. 

25 — 

10. 

92:* -• 1 6y^. 

11. 

8iA'2- 

-64. 

12. 36-a:«. 

13. 


14. 

a^b^~ 100. 

15. 

49a2. 


16. 9.r2-49j/3- 

17. 


18. 

i 3 i«^ - 144!)^. 

19. 

144^2 

^3 _ I2I< 

20. a^ — b*. 

21. 

j 


22. 

25 -rt*. 

23. 

49.V*- 

-1. 

24. 

25. 

2^crx- — 4y 

-■ ( 

15. ,M. 1862). 



26. 

l6.r^2 _25;f3^^. 

h. 

a^xy^ — x^y. 


28. 2a^b‘^-c 

-Ub^<^. 

29. 

2$X^ — (l^X^. 

30. 

— ga*6^'. 


31. 8i.r^- 

64. 


33. 

7 x^ — 6 ^ 1 ^ X*. 

33 . 

« 

3.r* - 300. 


34. 11 - 99^2. 


35. 

4 Sx^y" — 80. 

36. 

I4Ii'« 2<5"- 564a^^\ 


37. 

605^2^. 

- 72ob~c. 

38. 

7<*^-343^^ 




39. 

17 — 68 iJ| 2^3 


Find by, factorization the values of ;— 

40. <) 7 '^-% 7 '^. 41. 235“-SS""- 

43. jii25“-25. 44. 349 ^- 49 -. 

i. - 7 

■ 47. 9992*. I. 

if . 60 . 28532-28452. 



. 125 . 

either (or b.otltj,^ 


42 . 6252 - 3752. 
45 . 97 *- 94 ^. 

48 . ^i ‘7962 -17922. 


method may conveniently be applied when 
sc[uares is a compound quantity. 

writing X for a-^2b 


Ex. 1 . (a-F 

= (a + 2d +sc){a + 2l> —^c), restoring the value of X. 


Ex. 2 . {x —y )2 — 4a2= X^ - 4d52, writing X for x —y. 
. ,«(A' + 2ZJ)(^-2 ^i) ^ 

=(a"-_ y+2a)(.r - 2a). 




Ex. 3- bf-6)r'{a-zb)\ 
^(za -b+a’- 2b)(2a 
= (3«-3^)(« + -5)r3( 

‘ X2I7. The terms of a compoun^WPression can often be arranged, 
so as to form the difference of two^squ.ires. 

/ 

Ex. 1. //^ + 2 ab + b^ “ c® = (« +#)“ - C“ Art. j 23 , 

= (a + b + e)[a +b~c). 

m 

Ex. 2. r-® + 1 2y^ - 4y'^ ~ - ( 4 ^'^ + 9 s'- - 1 zys) 

(rc-arranging the terms) 

• ~.r^~(2/-3g)“, Art. [23. 

= (.r + 2y - 35 ’)(.r - 2 j/ 4 3 :;) 

Ex. 3 . + b" —c^ ~ (f“ — 2 ub 4- 2 cd 

--•(«" + //■* - 2 ab) -- (r“ + “ - 2 cd) (rc arranging the tcrms> 
^{a-bf-ic-dr 

' ■=[a~b-yc-dj{fj-b ‘ c-yd). 


Exercise XL VIII. 


Resolve into iactors, and simplify where possible :- 
!.•(«- by^ - c^. 2. a--{b~ cf. X {a + bf - 4 b^. 

4. {a^-yb-^;^-{c^+d'-^y^. 6. {a-¥2';^~{b-2f.X 6. (« + !)“- {b4-i)\ 
7. (.*• + 2_r)“ - 16 rt‘^. 8. -{(i-yb)^. 9. 

10. (3-r - 2 )" - {x - 3)«. 11. {2a + br - { 2 a - bf. 12. - (4.r -j)*. 


13. {4x + 3//'^ - ( 31 -' + Ay^r- 

16. a^b^-{ab-iY. 

17. i){x A-yT ~ ^ -yy^. 

19. {2x+3y+aY~{x-y+ay. 

21 . a^-2ab+b^^'cK 

23- 4«*-9«®+6a- 1 . 

25. 9 <*® - I zhb + 4^® - 16,r® - Sxy -y^. 
27. a"— 6”—c^ A-d''^+ 2 nd+ 2 bc. 

29. d^ + b^-c^-d^’-zab-zed. 

31. a*-b*+2b^i^-^za^d^—c*+d*. 

33 . (;r»-2jr + 3)*-(4r2 + 2.a;-2)®. ^ 

36. 9«®-^®-i6rf*+8^//~6a + i. 





14. (;r2+^3^s. 

16. + 

/18. 3(« 

f%2. 

28. xA -x^-'ZX — \ 

30. + 

32 . 2 5 ~ at® - 6® 4- 2ii^. 
34. (a®+d®)a-4a^^®. 
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528. The r^o! 
a®+62 + c2+2Ai 

= + (^ + 

— {«+( 5 +<r)f 



,UTIQN INTO FA^CTORS. 


Er. 1. 


multinomials which arp perfect squares. 

3 < 5 t& s= + ( 5 ® + + 2 a(fi + f) 

+£‘)j-<iArt. 123. 

^■b + ef. 

X* _. 2 .r^ + 3,v® — 2.if + I = .r* — (2jr‘'’ - 2 .r‘^) + (;t ® - 2 ;r + i) 

= .r' - 2.v®(;r - 1) +(jr — i ) 2 , Art. 123. 

= {.i® - (a:- I)}® =- {x“ -x-Vi)", 


Ex. 3 . a® + 4+ ^® - - (>iic + 1 2bc 

= (a®+ 4 < 5 ® -^ab)-\-q(^-ifiac— \ 2bc) (re-arrantfing the terms> 
= (a - 2/>;® + 9c® - bc{a — 2b) = (« - 2(^)® + 96® — 2.^c{a - 24 ) * 

= {(a - 2 b) - 3 ^}® — {a- 2 b- 3 <r)®, 


Exercise XIjIX. 

Resolve in’to factors 

1 . 4rt® + 4«4 4 - 4 ® 4 - 4rt:<r 4 - 24 £' 4 - f®. 2 . .r* 4 - 2x^ — .r® -- 2.r 4-1. 

3 . 4.r'‘ -r 12.1® - 7,v® + 24.r 4-16. 4 . x* + 4.1® - 8.r + 4. 

5 . i+ib‘^i.^Kc^~b + ^c-ibc. 6. x^ + ir^+\lv^ + ^x+,\, 

7, jr'‘ - I o r® -h 39.r® - yox 4 - 49. 

8. a® + 4 ® 4-1® 4- rt?® — 2ab - 2ac 4- 2ad -I- 2bc —2bd~ 2cd. 


129 . The resolution of trinomials in which the coefficient of the 
hipest term is unity. 

of trinomials is either 
4 - (a -t 4 ).r 4 - ab or x^ — {a + b)x 4- ab, 

^■^px 4- <7 or = X® -i^x 4 - </, where jp— a 4 - 4 and q—ab. 



From the l|B>ve facts, we deduce the following Rule >■ 


Buie. 

third term of 


coefficient of the eeconaterm 


mbers which-; multiplied fajs^eiher^ give the 
trinomial^ and added together give the 


Ex. 1. :c® + lo;r_jf ?^j»^ 4 - 4 ^ 4 - 6 jr+ 24 =;r(jr 4 - 4 )+ 6 (;r+ 4 ) 

=(jt+4)(aH-6). [Since 24=4x6 ; 10=4+6]. 

, # 

Ex . 2 . X^ — Sx+12 = ^-2X — 6x^12^x(x — 2)—6(x — 2) 
= (.*'—2)(.v-6), [Since I2*“2 x6 ; 8=2+6]. 
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MATI^lCUl.ATlON ' 

> f 

Ex. 3. .1 " — iixjf+ iqy^ =x^ —xf - iox^-^^oy^ 

=x(x-jfl^ioX--^-f) 


= (x-x 

[Si 




X iqy ; i 4 -1qy] 


(ii) The form of trinomials is either 

a" + (a - 3 )x — ab or x'^ - {a — b')x — ab 
which = .-T'- - #/ or = dt’" ~^>x - »/, where p = a — b sx\\\ q~ab. 

From the above facts, we deduce the following Pule :— 


' Rule, h'ind t700 numbers 7vhich.^ multiplied together., give the 
third ier)n of the ghjcn trinomial and ^ohose difference is the loefficient 
of the second term. 


Ex. 1 - .r“ + 2jr-63 = j »'2 —y.i' + q.r —63=.i'(.r —7) + 9(.r—7) 

-~(x--7){x + g). [Since 63--=^7 X9 ; 3 = 9-7]. 

Ex. 2 . x" - 3.i‘ - 130 = jr" +■ 1 o.r - 13,1' -130= x(x + 10) - 13(.i- 4 - r o) 

= (.i + io)(.i - 13). 

[Since 130=10x13; 3—13-10]. 

Ex. 3 . 72ar +arb-d-li-^-- -a~{b" -b - 72)=^ -a-{b'- - 9<^H-8^-73} 

-^-aHb{b^g)+m~g)\ 

==-d\b-g)(b + S). 

^ [Since 72 = 8x9; 9 — 8=1] 

= ^r(9-d)(8 4-/^). 


1 . 

4. 

7. 


10 . 


13. 

1ft; 

19. 

22 . 

25 . 


27. 


Resolve into factors 

x^ +fxir+ 5. 

AT® — 8;r + 15. 
.r®+a:-*6. 

:*r® + 2r- 15. 

X^+7X + i2. 

.r® +,r- 12. 
d:* + i6;c + 63. 

,r® - 1 6ax + 39«‘^* 

+ SSS"®. 

42 — ,ir — AT®. 


Exercise L. 

2 . A®+ 9 . 1 + 20 . 

5 . -r®+8d: + 7. 

8 . .r®-A--6. 

11 . .r® + 7-v-8. 

14. .r®-9.r+i4. 

17. I — 3ar + 2;r®. 

20. A® ~23,r +132. 

23 . ./*+ 9 a®^® + i 4 ^^ 



28 . 66+5;r —dr®. 


# 

5 ^: 4 -6. 

I or+ 9 . 

'r® - 2r - 3. 

I. .r®-8r —9. 

5. r® —5^—14. 
18. r®+r—no. 
21. r®-3or + 2oo. 
24. a®-7a® + i2. 
26. a“b^— 24 abc+ 

/29. 5-4r—,r®. 



/ KK6ll)LUTIOX INTO FACTORS. 
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30. 

33. 

36- 

39. 

41. 

44. 

46. 

48. 


50. 


A 




x- + iixy~26v^. 31 . rt®-4rt^-45. 32 . 

orb^ - yib - 4. 34 . x^^ + ycy- 154. 35 . -\'^x — 48. 

~ab-\. 37 ^ y v- - i oxy +1. 38 . 54^^ - i S-ty/ -y'. 

.r" + (2a - $d)x — load. 40 . .r” — (6a + $b)x + ^oab. 

x" - 26xr + 169 r-. 42 . 26 r- 4- 1 i'.r - i . 43 . 4$x^ - 42A' - i . 

1 — 7.r + 6.1-. 45. .1“~ (7a — 2b)x — 2iab. 

a"x“ — + 2a^. 47 . ~ a~x — 6ax'^. 

+ a^h“ — 49 . p^ni^ — ~ ^4p*. 

.1" — (y/t — yi px — 1 y/inp'^. 


130. The resolution of trinomials in which the coefficient of the 
liighest term is not unit). 

(i) The form of the trinomial is either 

acx- + (be + ad )x + bd or acA ^ - {be + ad)x + bd, 
whifih -pjc'-^ + fi-JC + r or —pxr - qx. + 
where p = (it, q=bc + ad, and r = bd. 


i-Ience the followin.c; method of solution :— 

Ex. 1 . is.^'“+ii.i+2 = i5.r“ + 5A + 6.i'-h2 = 5.r(3;r + i) + 2(3A + i) 

= ( 5 -^‘ + 2 )( 5 -i-+ 0 - 

[Since 15 X 2 = 30 — 5 x6 ; 5+6 =it|. 
Ex. 2 . I4.r--4i.r-t-15= 14.1“-6jr-35.r'+i5 

= 2 .v( 7 .r- 3 )- 5 ( 7 .r- 3 ) 

= ( 7 a'- 3 )( 2 A'- 5 ) 

[.Since 14 x i 5 = 210=6 x 35 ; 35 +6 = 41]. 
(ii)j||^h|^orm of the trinomial is either 

Si^r- + (be — ad)x - bd or aex^ - (be - ad)x — bd, 
whiclv=^>a?2 4- qjo - r or —pxr - qx — r, 
whe?e/> = i*r, q—bc — ad’And v^bd. 

Hence the fdl^iwin^ method of solution ;— 

Ex. 1 . 6.1'- + X = 6.r- - 8.^ + 9.r - 12 = 2x{yr -- 4)+3( 3.*: - 4) 

= ( 3 .r- 4 )( 2 A' 4 - 3 ). * 

[Since 6 x 12 = 72 = 8 x 9 ; 9-8= i]. 

Ex. 2 . 6v--7 .v-3 = 6a'''^- gLr + 2.r-3 = 3.3;(2jr-3)4-i(2,r-3) 

= (2.r-3)(3A»+i). 

[Since 6 x3 = j8 = 9X2; 9-2 = 7] 
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Not6. The .sfcutlenl may notice that, if the last Herm of the given 
trinomial be posilive, then the last terms of the two factors will have the 
same sign as the middle term of the td^uiial ; but if ne^atwe, one of 
them will have the sign h, and the other Hf 


Exorcise LI. 


Resolve into far tois 


1. 

4.1- (-Sr+ 3. f 

2. 

4.1®-(-131- +3. 

3 . 

3,1-®- i 3 -t + 14 - 

4. 

12.1- -yxy 1. 

5 . 

8.r® + 22.r + 12. 

6. 

2 tr + 7^ + 3' 

7 . 

4.r- + r ijr - 3. 

8. 

4.1-® - 4.r - 3. 

9 . 

3.r®4-4.r -4. 

ICf 

6.r" -h 5,1' - 4. 

11. 

12.r® - 5.r - 2. 

13 . 

I 2 A® - 14 V + 

13 . 

12a'® —x~ I. 

14 . 

3A® - 2A - 5. 

15 . 

1 2 a* + - .r'*. 

16 . 

2 ,ab-{-a^d'^ — 2 nb^, 

17 . 

2 x y+ yx "y" + 2 xy'^. 

18 . 

g.i"y" — yxy'^ ~ Gy*. 

19 . 

Ga\x"yax -a-. 

20. 

6^®.v® — yb.x^ — 3.t'*. 

21. 

8 -h 18rz - 5fr®. 

22. 

28- 3lrz“ 5//®. 

23 . 

1 4.1 ® — 29,r H-12. 

24 . 

13,1'®+41 a:+ 6. 

26 . 

9.v‘--l-6.r-8. 

26 . 

4 .t®-l- 4 A'- 63 . 

27 . 

2u- ygn — 5. 

28 . 

3 + 23,r--8.t®. 

29 . 

31®-! sx - 30. 

30 . 

181® — 9.1 - 2. 


131. Soinetiines the following method is recommended. 

Ex. 1. Find the factors of 3 -V“ — yx + 2. 

‘ yc'^ - 7r + 2 =- iK3-ir “ 7(3^) + ^1 

+ (writing y for 3.r) 

= U.J'- 0 (.^'- 6 )= 0 ( 3 -«-'-<j), Art. 129/ 


Ex. 2. Factoiize i 2 A“'- 7 .i — 12 . 

12.r-^ - 7a- - 12 -- rVi(«- 7( i 2A') - 144J 

- 7^^ - «44K (willingfor \ 2 x\ 
“'tV(.v-i6)(_j/ + 9 ), Art. i^. 

i2ar + 9' 




t Ex. 3 . Factorize ioa'“ - 13.t;y - 9j>'-. 

j ox" -\3xy- = r6 K J OA-y- -13(1 ox)y - goy ^} 

i3«r-9oy"J, (writing a for lo.r) 
i 8 y)(a + 5 y), Art. 129. 

= Tr,(iav- iSi'Xiar + s r) = ( 5 ,v- 9 _;/) ( 2 x+y). 
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Exercise LII. 

Rcbolve into factors :— 

1 . 3.v2 4.i4r + 8 . 2. 3 i^-io.v- 8 . 3. \4x‘^ ~2<)x- 

4 . 4.V- - Sax + 3«‘. 5. 7A ® + 4.1 j' - 3 . 6. 2.T^ + 5.1 ~ 3. 

7 . 5 .t-4-+6. 8. 2 .[. 1-2 - 50 . 1 : 4 - 25 . 9 . 28 - 3 U'- 5 .r-. 

10 , 6,1 ” - ^ax - 6rt-. 11. <;i r- -f 186 .rj/ - 

13. yQ.v- -- 4 XV - 14 ^ j/”. 13. 2 1o.i'* 4-1 oyird'^ - 153 <^‘*. 

133. The ^esoluli^)n of an expression uliif'h is ihe sum or ditf' 
■crence of two ciilres. * 

* (i)_ ol+fA,. (?) 

(I) I- P — (a'’ -V tvb) — (a"/? 4 - tr//") + 4 - P) 

b) ~~ iib\(i ■{'b)-V 4r b)'={jit ■'\ - <//> 4*f*" J- 

; (2; {(V} ~ dH) + {d-b - ab-)^!ab‘^ - P) 

a\a ~b)-\- ab.a - 4* b'^ya - b^ - [a- — b){a^ 4* tlb 4 - h^). 

Ex. 1. r'* 4- 8 4 - 2 " - (.1 4 - 2 )(,i “ - 2 .:r 4- 2 ”) = (x + 2)(x “ - , 2 .r 4- 4 ). 

Ex. 2 . Ba'' 4 - 27b” - (zaf 4 (3d/ 

r--- (2n + •J,bj\{2a)- - 2a.2>b 4- ( 3 /;)®} 

— (.j.r f 3(5,(4(i‘^ - 6 a^ 4 - 9 ^ 2 ). 

Ex, 3. I j-jfr-I4- 5 « 4 '>} 

= (5rt- i)(25^r 4-5rt + i}. 

Ex, 4 . 8 r” - 7 29y-^ = (2.r)^ ~ (9jj/- f 

■■={ 2 x~<)y“){ ipx)^' + 2 . 1 -. gf^ 4 - (9 ^ 

- ( 2 x - 9 y‘^)( 4 x‘^ 4* 18 .vy- 4- 811 '^). 

Exercise LIII. 

Resolve into fetors :— 

1 . y’ 4 -y. (h. k. iH 62 .f 2 . (K. K. 1862 ). 3 . 14 - 

4 . i-x\ 5. .t® 4 -y. 6. ,v^-y. 7 . a^~8. ^ 

8 . 8.t'^4-i. 9. 10. 1 . 11. * 4 ^ 4 * 64 ^'’. 

12. 274 *’’4- 1 . 13. ^^ 3 - 64 ^^ 14. y* 4 -». 15. 1 - 27 . 1 “. . 

16. 8 rt“ — 27 ^*. 17. 2i6a^-~b‘\ 15- 729 .r® 4 - 8 <'^^ 19. -t“4-64. 

20. i+ 729 a^ * 21. 343 a® — !. 22. 642 :® — 125 ^. 23. 2«^4-i28. 
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24 . 12 50:“ + 51 2X^. 
27 . ■ a^x^j'-\‘ 2 yx^y*. 
30 . 2i6 + (4<t! — 5//)^ 


25 . a\x^-\'2yx^. 
28 . 8;r»+y. 

31 . x^-2yx^^ 


26 . 8i-3tf“. 

29 . 

32 . 729(a + /^)’-8rt’’. 


133 . 1'he resolution of an expression ^^’hich is a perfect cube. 

(1) «■.* ■{•Za~h + 3af/^ + fr = a”+3a &(tt + ft) + ?>^= (ti +ft)''. 

(2) - Za-b + 3 «ft 2 - ft” - a” - Zah{a - ft) ~ ft ”=(a - ft)”. 

(1) + — + + (rearrangini,'- the terms) 

= {a-\-h){a^—ab-^i>^)-\-yTb[a-\-b), Ait. 132. 

= (fl! 4- i^){(<T'“ — (lb + b~) + 2,ab) 

= (/I! + b){a~ + 2ab + 

---{a + b){(i + b'f — {H + h)'\ Art. 123. 

( 2 ) n- - ytCi^b + iab"--b'^ — {a^~b'^) - T,ab{n - b)^ (renn-rin}^in;i the terms) 

-ia — b)(d“+/ib-\-b'^) — 2,(ib[a—^b'\ Art. 132, 

= {a~b)\{a- + (ib^b-)-y(b) 

-{a — b)ia" — 2ab + b^) 

= {n~b){a~bY = {a-bf'. Art. 123. 

Ex. 1 . <■*”+i2(T-^-48^? + 64 = (^^'' + 64) + (I2/'^-+48^?) 

= (rt + 4)(<^?- - 4fi: + I fi) + 1 2(i{n + 4 ) 

= (<a! + 4){(<2“ “ 4 (^ +16) + 12 n) 

= (■■2 + 4)(<T!“ + 8/'!! + if)) 

= (rt + 4 )(i 7 H- 4 )--^ = (rt + 4)”. 

Ex. 2 . 8.1- - 12.r’* 4- f).r - I = (8.r• - I j - (I a.v” - O.r) 

= (2A- — I )(4,r” 4 - 2.r 4 -1 ) — 6x{2x i) 

= (2.r — 1){(4.r‘' 4- 2.r 4 -1) — 6x) 

= ( 2 .r-i)( 4 .v 2 - 4 .r 4 -i) 

— (2.1' — 1 )(2,r - 1)” «= (2.X' - I 


Exercise LIV. 


Resolve into factors :— 
1 . it” 4 - 6.r* 4-12ir 4- 8. 

3 . 8.r®“ 36 r” 4 - 54 A'- 27 . 

5 . .r”-i 5 r« 4 - 75 -^-i 25 . 

7. 641''' - 144.r^ 4 -1 oZx - 2 7. 


2 . a” 4- 6a”a' 4-1 2ax^ 4- 8-r”. 
4 . T25a*—150a” 4 -60a —8. 
6 . ia^-Wb + ‘iab^~i^b\ 
8 . a”-r8a”+io8a-2i6. 
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134. The resolution of trinomials of the following form ;— 




f' 


0 y/- 




+ d^b'^ + + b^) — (adding and subtracting a^b") 

= Art. 123 

^{d^ + b'^-{-ab){a^ + b‘’~(rb)^ Art. 126. 

= {r?/' + ab + b^){a^ - ah + tA). 


Ex. 1 . .r^ + 4.r-+if) = (;r'‘ + 8.v'-^+ i6)-4a:“ • 

= (.1 ® + 4)^ - (2.r)“ = (.1^ + 4 + 2.V}(.V“ + 4 - 2.VJ 
— {x‘^ + 2.r + 4;:.r- -21: + 4). 

* 

Ex. 2 . ] r)/?» - I yAb'^ + (I6 .t‘‘ - 

= U<z‘-b^^r~{3aby 
= ( 4^ A — P + 3rt^)(4<2“ — P — 3ab} 

— (4<'i‘ + - b'^){i.\(A — 3 (xh — br). 

Exercise LV. 

Resolve into factors : 

1. .r*-I3ry- + .|i’*. 2. (A + fA+x. 3 - 9^z' + l4«“^-25 

4 . — 1 2 .r‘^ +16. 6. xA — t Hxr/A + fi*. 6. ;* ** 7 x^y^ +j''^ 

7 . 9.r^4'38.ry“ + 49.r'*. 8. .r"* - 5.r” 4- 4 . 9. i6r^ + 4A'“4- 1 . 

10. i6a^4-36tfV"H-8T.r’. 11. d + 4b*. 12. 49rt*- 

13 . ().r'‘ +2 i.r'y+ 25 14 . 2— (jdP + I 15 . x* + 4. 

135 . Sometimes an e\pression may be resolved into mote than 
lAvo factors. 

Ex. 1 . 81 ,r* - i = ( c}x '’‘/“ - 1'^- (9.V® + ; )(()x^ - i) * 

= (9A-* + 1 )(3^' + 0(3^ “ 0- 

Ex. 2 . .1*’'—= y) 

= (-T + y)C'^“ - ■V' + 7 %‘y +^J' +y‘^j- 

Ex. 3 . .r^ - ^7*' = (x* + a*Xx* - ^*) 

= (x*+ xz* )(x^ 4- dXv^ - n^) 

= (.r* + )(.r2 + d)(x + «)(.r - a). 
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• Exorcise LVI. 

Kesolve into elementary factors ;— 

1. .r“-64. 2. .r^-256. '3. i-729Ar*^. 

4. 5. (r.E. 1859tX: a.k. < 896.) 

6. 10/2). 7. 

8. -r*’-l-.r''+I. (m,m. 1868). 9. r®4-'rV'* 

10. , n. r«-i. -12. 

13. -(«“ + /'/'-r‘0". fn.K. 1881 ). IL a^-\6{b~c)\ 

Formulae for Resolution into Factors. 

138. Hie lesuUs that we have proved in Ihi.s Section shonld 
he committed to memory - 

1. iuv + —- (rt + fr)wc. 

< 

2 . + ml -f he + hd = (a + h){c + d.). 

3 . i.t€ — ad - he + hd = {it ~ h){v - d). 

4. a^-^2ah + h'^ = {a + hY. 

5 . a^-2ah + h^^(a-hf. 

6. a~ - h'^={a + h'){a - h), 

7. * a- 4- h'^ 4- r- 4- 2hc 4- 2ea + 2ah ~{a + h + rf. 

8. + ia 4- h^j: 4- a h — (jt- -I- a)(x + /{). 

9. x® — {a + h)x. 4- ah - (x — a)[x — h). 

10. + {a~ h)x - ah = (x + a){x - h). 

11. X' - {a “ h)x - ah = (x - «)(x + b), 

12. arx- 4- {be 4- ad)x 4- bd - {ax + b){vx 4- d), 

13- «cx" - {be 4- ad.)x 4- bd « {ax - b){ex - d), 

14. aciC + {he - ad)x - bd. = {/rx + h){cx - d). 

15. aex^ - {be - ntl)x - bd — {ax - b){ex + </). 

16. a^ + b^ ^{a + b){a‘ - ah 4- />'). 

17. a^-b^''^{a-b){a^^+ab + b'^). 

18. «^+3a"f> + 3«f/-+fr'’ ) 

or a^ + 3ab,a + h)^b^ + 

‘ 19. 4f-3a-/>4-3a/>--f/’ ,3 

or a®~3a6(tt.-/>)-*&® } 

30. a* + a.-b-+b*:={a‘^ + ab+b’){a^-a.b + b-). ’ 
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Exercise IiVII. 

Miscellaneous Fai lors ( Easy). 

Resolve iatp elementary factors ; 

1. - 4 + 4a**. 2. yi'Fc- - i Zd‘b^c'^ + 24 aV;^ 6 -. 

3 . dbc idld“ ■\-abF. 4 .r^-+ 6- 

6. r'-* - 2a ‘a’ + 7 . ad - ac - b“ + be. 8- d +• 4^ - 21. 

9 . 30.'///V + 7-5i:*. 10 . 3 r" - 2i.i'F +;)Oy-. , 11 . - 50. 

12 . ^dlr 4 - id be — boad. 13 . 4^“//* - 'i>abe 4 36*^. 14 . 1 2 — 3a'^- 

15. S.i-" + (/-;A 16 (a + .V-i': 5 A 17 . {u-Vb^-^r. 

18 . ('v+yy”-l-(.«- fA 19 - v-i f)" 20. 3 -- 3 C'^“^)*- 

21. ab.d + ux 4 In 4 i • 22. 1 7/- 451^434. 23 . 11 7 1- 1 3 - 

24 . 2$od + 2. ;?5 ('f 4 /'/Ff. 

26 . «' 4 - 3db-. 27 28 r' 40 . 1 1- 6ai 28 . 9 - (a 4 /'A* 

29. 6a” - I i,r 4 3. 30 . d 4- 6a - 13 v 31 jcyr - i2ib^. 

32 . d/F -d ~b- +■ I. ( F. K. 1895 ). 33 (a 4 3b 42t)- - (X^a 4 ^ - c'X- 

34 . (a 42/^4 30 “ ~+ ^ 35. (r~ 2 y}^ 4 y^ 

36 . 11.1*475^-14. * 37. 21.1“ - 13.17-209'-. 

38 . .r^ 4 i6.rV 4 2569’\ 39 . .x-y ~ 1 5 r7'^436F^ 

40 . 8i.r*-625[F* 41 . ~ 7(x iy)(a + b)‘i-s{a + bf. 

42 . 3o.r“4231*-• J43. 43. 421- ■i55.r4io2. » 

44. 63.V® 4 1 32X - 3 5. 45. .1"* 4 164 256. 

46 . (5-1'“ - a - 12)- - (4.v-^ 4 X - 4)-. 47 . 8 ( 2 .? 4 bX 4 (a - 2b)\ 

48 . 61 -b'^-^a(d-b'^)+lKa-b)-. ' 49 . 3(‘-“y-) - 5(.»'“7)'- 

50 . a- -ab + 2{b- - ab) 4 3[d -b-)~ 4(^1 - b)-. 

.^1. S{x^-y^) +3(x+yX- 63 . (.v Fv'/^42(r'-4.i7)-3(a^-7-;. 

53 . 2{a^ 4 db 4 ab-) - {d - P). 54 . (.r^ - .r/ - - a) 4 r 2. 

55 . a* — b^ + («“ — b- 'X — 3d 4 3db-. 55 . 18.i'^ ■ - 9a - - ix. 

57 . 4-4(2.r -1)'^. 68. 3.F - 8 .r-4 4.f 69 . 7 a'‘-^- 7 . 

60 . 135^. ’ 61 . {ax + by 4 -eef 4 -{bc;-cy'f 4 ‘{ex-a 3 ''X + {ay-bx)~. 

63 . .r^-iO^A (c. K. 1887 ). 63 . (a4-b-3c'X-a — b4-3c. (\.K. 1894 , 1 , 

64 . (i-r-)(t 4 ar-(i-rt-Ki-i-f)“. (c. K. t 88 i). 

66. (^j' 4 ^)^ 4 (<* 4 O-*-(^ 4 / 0 ^-'(<-* 4 fl^/^ («. M. 1892). 

68 . ^^- 4 ^^'‘a^ 4 a^ (c. K. 1887 ). I 

67. 4{us-xy)^ -{u'-x^-y^4-dX. (c:..'k. 1865 and n. M.‘ 1886 }. 

'68. a* 42 a-“ 49 ^ (a. K. 1894), * 69 . a*-(;J’*42)a“7*47^ (s. M. 1888;, 
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70. {x^ + 'ia^xf-{iax-A-a^f‘. 71 - 343^*^4-5127^ (c. k. 1882). 

72. 6o-7.r-.r“. 73. ;r^ 4 -13.1'+ 42. (c K. 1883). 

74. (Ar+i)(^r + 3)(.r + 5)(,r + 7)4-15. (m. M. 1888). 


76. AT®+A* -42. (c. K. 1882). 

77 . i2.r*+A'^7^--7'*. (m. m. 1883 ). 

79. 6 .r" + 5 .r - 6 . (u. m. 1882). 

81. y^X'-*]X~ 22 . (\. K. 1894). 

83. 10.V—A'--24. * 

85. < 2 ® - 4 //^ - 4- <)d'^ ~ 2 { 2 ,ad- 2 bc). 


76. AT^ — 5 < 2 .r — 66 rt’^. (c. K. 1881 ). 
78 . 3.r“-io.r-8. (i’. M. 1882). 
80 . lo.i^ - 23A--5. (ij. M. 1884). 
82 . 8 . 7 - +^^ + (2.r + /0". 

84 - .r' + .r‘-*-.r-I.K. 1895). 

( I!. M. i8Cm;). 


II. USE OP FACTORS. 


137. In Ihii) Section we should illustrrite the L sc of Factors b\ 
the solution of rerUiin typical e.xaniples. 

Ex. 1 . If .V = /^ + <", 7 = 6' - r?, .z - cf — b, -> 1 1cw lhat 

4.72 4- 5-2 _ 2,vj' - 2 I+ 2 r 0 == 4//-'. (t. j-:. < 1888). 

We have .r —(74--)^ {b + c) — (c—a + ti-b) = (b + c)-~(c — b) -2b. 
The given e\'prebsion = x"- + ( y'- 4 - d- + 2yc) - 2Ar(7 + .7) 

=.r^ + ( 74 -—2.r(74-"), Art. 123 

==hr —( r 4 -.‘r)}‘'^ ■- {2Fr -4b~. 

Hx. 2. If AT+ - express -r’4- in terms of p. (n. M. 1886). 

vl> 


= ^+.!:){(--* + ^+4)-3)= (■'+.0{(^+j) -4 

=AA'‘~3)=/”-3A 

Ex. 3. Find the continued product of 

3-A*, 34-.r, 9 - 3 *. +.1-2 and 94 ' 3 'i^+-^^- 
Product = (3 -Ar)(9 4-3.1' 4 -.1 -) x (3 + a-X9 - 3 -^‘ 4 -'^'‘‘*) 

= (27 - .0 X ( 27 +A'^) = 729-.r‘’. 


Ex. 4 . Divide the product of 2.r^ + ii.r~2T and 3Ar^ — 20Ar — 7 b> 

x^-t- 49- 

Quotients + 

AT--.49 


, (2a--3)(>^'4-7X3-^ ' + [){x - 7) 

(AT+ 7)(.A--7) 

s(2Ar - 3)(3.r +1) =' b.r^ - yx ~ 3, 



USK OK FACTORS. 


9.5 


JEx. 5. Divide A® 4-^® ~ 2 A-y by (a-jk)®. 

Dividendsssy—j'ya=(A' xj^ +y^y^. 

Quotient = (.r‘-* 4-.t;y4-y-)". 

jSx. 6. Divide ((ir~ 2 dcy' + 27 d\^ by i^ — bc. 

Dividend — \a - 2i5r)"4-(3^4.)® 

= (cl- - 2 bc 4- ’^bc)\{d' - ibc'y - sbc(a~ - 2 bc) + <-)bH‘\ 

= (ci“- bt)\d^ ---b4^-6- — 4 -^>d®<.® 4 -9^*1-^) 

= (ti- -- - Td^bc 4-1 gb'^r). 

Quotient ~a* — yd-bc 4-1 ob'^t 

% 

Ex. 7. Shew that (f^v4-/!'r-bt:7)•’4-(^.l•4-'lK + <'^-•)^ is divisible by 
vi + b}x 4- [b 4- £■)>' 4- ic 4- ^i)^. 

Assume ai 4-^t'4-(-= A'and bv ■{•cy + az=‘ 1"; 
then \ 4- }'~<ix+bx + bi' + iy-t(^ + ax 
— {a~r b}x f [b 4- 4- (c 4- n)s. 

Sow, the expression = A'"-b I”-,' \'4- ) 'XA '-A'F4- 

which IS divisible by A’4- J’or (ci4'/'';i:'-b(^4-c:) j'4-(c'4-n;)5r. 

Ex. 8- The produv-'t of two (.juantilies is ( 29 / —3a*X“(2a' — 

^iiid one of them is 5 y — 5 .V ; find the otlier. 


Assmne 2v—3 a--^i and 2.1' —3/-^ ; tlien 
a-b-= {2y - 3r) ~(2.1-- sy) = 5j/- 
Now the e\prebsion = (£'’-^’=-(c2-i^X^^" + <=^^ + ^''*) i 
which when divided d — b or 54'- $x, gives the other factor 
— «“ 4 * ab + b"^ 

= [2f~ 3a-)® 4- (2 r - 3-'^)(--i' - 3J') -h (2.t - 37)“ 

= (4y - 1 2Ay 4- 9X-) 4- (I j-^jy - d.r- - 6j'-j 4- ( 4 .V- - J 2Xy 4- 
= 7.’.® - 11 iy + 7}'^. 

Ex. 9 - If .v4-/ = 2ci and x~-j'~2b, prove that 

X* - 23xy- +y* = (ya- - ^b‘‘‘)( yb- - 3^1®). 


We have x=a-^b and y = a~b ; then xy = d^ 
ovv .V* ~ 2 3xy- 4-jd = (x‘^ + 2 xly^ 4 -^) - 2 5.* == (a” 4 -^)*'* ~ (5a/)* 

= 4 -y 4 - +J'" - S^J') 

= {(a- +y + 3.r^}| A- -jk)® - 
= U^'-* 4 - 3 (^‘-‘-‘ - 3 («" - 
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Bx. 10 . Divide the continued product of i i +-*■*->', 

I -x+jf and -r + y- f by i -hixy---y^. (c. K. 1865), 

Divisor = i -- ('.v- -Pj® - r) ^ i - (,r - yf >. 

= (r +x-_y){i -x-\-y). 

Quotient---=('I f r+ K)(r+y-i) = {(r+jt') + 1 }{>'d-j/) - 
= {x - * = .r“ f 2,r r 4 -.v‘^ - i. 

Exercise IjVIII. 

, 1 . It <'/—y+ b'-x ^-xly. c~xA-y~2z, find the value of 
P + c^-a^-\-2br. (u. M. 1892). 

2 . Kind tbe conlinu *(l product of 

Ji'® - 2 y®, .r® - 3 rj'+ 2y“, x^+2y^ riii<I j:® + 2 t> + 2 y. (u. ftf. 1885) 

3- T 3 ivide - .r - 3^31 ® - x — 2) bv 6 r® - c;.r — fi. 

4 . Divide tbe product of + and n- — b'^~cJ-\- 2 bc 

hy b'^ — \c — n\ (l\ E- 1890). 

Divide (by employinj^ fa(Uors) 

5 . .r'’4-2U"y 4-/’by (.1- (c. E. 1S59). 

6. -f* + 'i* r* +• ^7** by r® — <tx + 71®. (C. E, 1 .) 

7 ^ (,r®-y (r+.y)® by (r® 4 -.r>' 4 -y®)(a®-y®). (c. E. 1873). 

8. by if K.r. (c. E. 1863). 

9. {x+yf hy X +y- 2 x. (a. E. 1894). 

10 . (.i®-.ry+9'®)® +U'® + .ry+yby 2 (a:®+y). (b. M. i8gi). 

11. (ax-^-bv + cz)^-i-icx-by+ axy by {if+ c'^(x + s). (b. M. 1887). 

12. b(x^ + ii^) + ax{ r® - rt®) + aXx + a) Ijy (it + b)(x + a). , 

13 . + a^'^(a* -b'')hy (rt® - ab -h b'^)(a^-^ab + b-). 

14 . ( 2 a+ 3 b + 4 c?~(a + b + cf hya + ib+^c. 

15 . (.r® - S-v + 6X.y® + 3 X’~ 28) by .r® - y.r + 1 2. 

16 . Subtract (at® - 7 r +13)® from (x^ - 7.r - 13)®. 

^ 17 . Subtract (5.1® - 5.r- 11)® from (6,r®- 5^:+ r i)®. 

18. Shew that (Af-4y®-(jy-4.r)'' + (2/-3r)®-(2A:-3jy)* is 

divisible by ${x-\-y). 

19 . Find the divisor when (4.r® + 7Ary + S^y®)" is the dividend, 

8(Ar + 2y® the quotient and9/®(9jr+1 ig^)* the,remainder, 

(b, M. 1889). 
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20. If x + y-^2a and .v—^ = 2 dy find the value*of - 6 x^y^y* in 

terms of a and 

21. If«+/i=.r, ^7-^=*/, express + as the prod«j<*i 

of two e.xpressions invoIvin[( x and j'. (P. K. 1893). 

22 . Simplify {x-yy Z/'-k-ix+ y --~2{x—y yr:){x-\-y'-‘!!:). 

23. Pro/e that {axyhy-\rCz)” — {txJrt:yy-ar;'f is divisible by 

(a-d)x + {b-€)}' + [€-a)s, * ^ 

24. Shew that + + is divisible by (a+ ^)(.i'+j>'). 

25 . Find the quotient when the product of rt’' + /!'^and 

divided by — 2 a^f> + zab"^ — b'\ 

26 . M ultipl y (sr- 4 - 3-r 4-1 )'^ ~ {2x^ -3:1 — 1 )- 

by (.v- + 6 r - 2)® — (.i*^ — 6-t + 2)®. 

27 . Divide 7x{x - 11 ){x- - .r - i 56) by a^ + v® - 132.1-. 

28 . Divide (51 “ 3 r — 6)^ — (z.r^ - y.r + 9)® by the produrt of 3.1: - 5 

and x ^- 3. 

29 . ‘ Shew th.nt (’7.r-4-3.t'-3)'’ + (5.ar® —4;i- —3)^ is divisible by 4 r - 3 

and by 3-t'-r2. 

30 . If X +y = a and .r — y—b, shew that 

, 6^1 ^ - yxh '^ +./) = (5.,2 - ^*)( 5/52 - rt2). 

III. E 4 SY IDENTITIES. 

138 . An Idontitv is a statement that two expressions are 
equal, whatever numbers the letters stand for. 

Thus, yjT —4.r = 3.r, whatever value x may have. 
a^~l>^x={a-{-b)Ui-b\ whatever value a and d may have. 

139 . The two expressions connected by the sig^n^are railed 
the sides or members of the Identity ; that to the left is called the 
left-hand side and that to the right, is called the right-hand side. 

140 . In this Sn'tion we should 'establish the truth of certjjin 
Easy Identitus with the aid of the foregoing principles. 

Ex. 1 . Prove that (jr 4 -2dt)* + (.ar — 2/*)^=s=2(:r®+4<**). 

Left sidc=(.T* + 4 a,r + 4<?®)+(jr2-4«;r + 4a®), Art. 91 

*as 2A‘* + 8<j*=» 2 ( 4 :* 
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Bx. 2 , Prove that {a^ + al> + - (ft-* — ab + b- 

J.efl side«= {(a^ + b'^) + ab\^ — <(«•* + b'^) — ab\^ 

■ = {(tt- + b‘ r + + b'^) + 

^{{a'^ + b'-r^2abia^ + b^) + o‘^b% Art. 91 
- (««+ b'^f + 2nb{a^ + b‘^) + - {d^ + Pf + 2ab{d- + 

*} i*> 

— 

= j\<rb{d--\‘b'^). 

t 

()ificrwiSL’ thus : Assume «- + <{»'■* = .i. 

Then Left side = {x + ab)"^ — (x — tt/J)*-* 

= <(A' + <t^) + (.r — iti^)H(-'‘r'H-f7^)-(.1 ~ ft 3 )h An. 126 
— 2.1' X2ab=: 4abx — 4ab(a^ + b'^)- 

Ex, 3 . Prove that x{x-\- j )(.r + 2)(.r+ 3) + i = (,!'* + 3.1 + f )*•*. 

Left side=.r(i- + 3) x(.v+ j)(.r + 2) + ] 

= (x- + 3.t') X (.1- + 3.1- + 2) + I, Art. 97 

I 

= tt(ft + 2)+ I, (writing ti for ;r" + 3.r) 

-■= (t^ + 2a + F = (a + 1 )•*, A It. 123. 

= (.r-+ 3.r + I j'*', (restoring the \aiue of aj 

Ex. 4 . Prove that 

{b — c)(b + f — ft) + (6- - a){(; -{-<i~b) + {<i - b){(i + < 1 = o. 

Left side = {b — c){b + r) -a[b-c) 

+ {(;~‘a){c-\‘a) —b{c — a) - 
t){ii4rb)-c{a- b) , 

= - {<ib - ac) +1 “ - a- - {be - ab) + d^ -- {at - be) 

— {IP — f ‘^ +— rt- + rt* — ^‘*) - {ab — ae + beab4rac—be) 

= 0 — 0=0. 

Ex. 5 . Prove that 

(rtAT 4- by)~ + {ay - bxY + *■* -^-y') = («‘ -f py**). 

Left side= dir-y -labxy 4- b‘^y^ 4- a^y^ — 2 abxy + b'^x^ + c'^ 4- try®, 

-»= d^x^ 4- b'^x^ 4- 4- d^y^ 4- V^y- 4- 

(re-arranging the terms) 

= (a2 4- + c^)x‘‘ + (rt** 4- 4- i^)y\ 

^{a^yb'^yP){x-^yy^). 

Ex. 6. Prove that 

, (rt - bf 4- (rt 4- ^)®'3(«“- + b)y 3(rt 4''^)‘-*(rt -b) = SiP. 
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Assume and a + /,=y. Then .r = 2a. 

Left side=;r® 4. ^x^jf + 3 y^x 

=+y + 3 XJ^(X +jy) = (.r -f j/)8, Art. 133. 

= (2rt)^=8rt®. 

Ex. 7 . + . 

Left side =a* + 2a"-h ~ 6 *~ 2aIr = _ /;4) 4. 2nb{a- - /JS) 

-(<^^-ma^ + b'^) + 2 ad) = {d^-.l,^){a+dy\ Art. 123. 

-''« + - ^)(a 4- =r {a - + bf. 

Ex. 8. Prove tliat 

{2X + ay + {x + bf 4- 4ab = (.r - bf 4- 4(.v 4-rt)(.r 4- <5) 4- n\ 

Left side-( 4 .r 2 4 - 4 rt.r 4 -^ 2 j 4 -(.r 2 4-2/;,r4-^3)4.4(7/,. Art. gi. 

= (.r^ ~2bx-\- h^) 4- 4(.i 2 4- ax 4- bx 4- ab\ 4- 

(addin^ and subtracting 2^r and re-arra’ngi„o the terms^ 

. {x b) + 4 {x-\-a){x-\-b)-^d“. Arts. 123 and 129. 

Ex. 9 . If 2 i' = /^ 4 -<^ 4 -i:j pjiove that 

(•' - a? 4- (.V - b){s - r) + as = d^+bc 
Left .sicIe=(.^- 2 „+a») + .>-(^ + 4 r+fc+«, Arts. <,. and 97. 
^■^s^-{a + bdc)s + a- + bc 

= 2s- — 2 y.^f 4- f/24. br (fur 4-^ 4- f = 2 v'. 

= 2 y2 - 2 + fi'- 4- be = a- + be. 

Ex. 10 . If= « 4 - 7 ^ 4 -r 4 -f/, prove that 
4 {«#+<,«“-(«» + - n’!)* =, 6(r - «)(,. - /,)(.■ - r)(,. - rf), 

l^eft §ide = {2(ab 4- cd)y ~ (a^ 4- b'^ ^2 _ 

= i 2 (ab + af) + (a^ + b’^-c^^d'‘^)} 

>^i 2 (ab + rff) — (a^ + b'^ — r^-.d^'^j^ Art. 126. 

= {(<'*" + b‘^ 4 - 2('z/d — 4 - < 3 ?® — 2cd)\ 

X {{c^ 4 - cT^ -{■ 2 cd)- (f3-2 4. ^2 _ 2^3) J 
= Ua + by-{c-dy){{c + df-{a~-b)% Art. 12*3 
~{{<'^ + b)-\-(c — d)){(a + b)~{c — d)} 

^^(c + d) + (a-b)\{(c*+d)-(a^b)\, Art 126. 

-(^ + ^ + c-~d)(a + b--ff+d)ia-b + c + d)(-a + b-{-ci:d) 

~\^ + b + c+d-2d)(a + b + c+d-2c)(a+b+c+d^2d) * 

x(a + b + c+d—2a) 

=■ (2S - 2d)(2s - 2C)(2S - 2b)(2s- 2a), (for a+b+e+d=2s) 
-= 2 (s-d)X 2 (s^e)X 2 (s-.'b)X 2 (s-a) 

= i 6 (s- a)(s - b)(s - c)(s - d). 


M.A.—7 
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' Exorcise LIX. 

Prove the truth of the following Identities. 

1 . (JT + )“ — (.r — 2 «)®= 8ajr. 

2 . (rt- + riA - i'-iy-* - (flS _ ab - b’^-f « ^ab{ir - b"^). 

3. {b + — c) + (c + a)(c — a) + (a^+ b}(a - b) = o. 

4. {ac-\‘bdf-{-ind--bc}^^ {d^+ d’% 

y 5 . (rt + ^ + rX + «“ 4 -i 5 =' + f=‘ = (^ + 0 “ + (<^ + '^)- + ('* + ^)®- 

6 . {£?++^' + f + 2{d ^+ 

= (rt+ ^)^ + (r« + (tX+ (tf+ £f )2 + (< 5 + rX + (<i?+ rt?)-+ 

7. (« — ■“/*”=— ^t). 

8 . (<* + /5)' +• 2{iir — b'^j +(a — b'f — 4 tf'■^. 

9 . {b - f)(v — d) + (f — a){x — b) + {a- b)(x -c)=o, 

10 . ia + b + cy- + (a + b-cy^+{a-b + c? + {b + c--ay=4{d-rP + c^). 

11 . {ax + by + c<7y + {ay — bA-y^ + (bs~cyy + {cx~a:;y 

= (d + b'^+d)(x^+j'^+d^). 

18. {a + by{b + ^ “ a){i'+a-b) + {a~ b)'(<^ + b-^c){a-^b-c)»^ibc^. 

13- (dEJT +byy + (c-r + dyY 4- (ajj' - bxf + (— dxY 

14. {(ax + + (ajy - bx'y\{{ax + b/f - (ay + bxf) = (a^ - b^)(x*^ -y*)- 

(C. K. 1859 ). 

16. (a + by -(a- bf - 3 {ci + by(a -b) + 3 (a + b)(a - bf = 8 ^^ 

16. (.!r+i)(.r 4 - 2 X.v + 3 X.i^ + 4 ) + i =('‘^" + 5 -'>^+ 5 )®. 

17. (l — a^)( 1 — b'^) — (c + aby «= J ~a'^ — h^ — c^— 2abc. 

18. (I — «*)(a + be) — (b + c«)(c+ ab) = a(i —a^ — S^ — c^ — 2abc). 

19. (a + b)(a + c) + (b + c)(b + d) + (t'+ a)(c 4 - <^) — (^ + ^+ c)^ 

» be + ca + ab. 

80 . (x -yy + (z-~x)(s-y)-(y- , 7 )®+(x -y)(x - z) 

=Bi'is—x)^-h(y — z)(y - r). 

21. * (2a + by^+ ga(2a 4- b)(a -b) + (a- ^)®= 27 a®, 

22. (a+b— c)(b 4" c) 4* 4* — rt)(r 4* <*) 4" 4" rt “ b)(a 4- b) 

=f=2{dc + ca+ab), 4 

23. (b + f)® 4- 4- 4- (a 4- + 2 (J 4- e)(e 2(b 4- c)(a + b) 

4•2(^•4•^^)(^l4-^) = 4(^*+34-r)*. ' ^ 
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24 . {a-\-bf’{‘2{a-^b)c-\-c^ = {a + cY-^2{a-¥c)b + b^. , 

25. a(b-c){i +bc) + b{c-a){i ■Vca)-\-c{a-b){i +ab) — o. 

26- {b’^c)(c-^a)(a + b) — (a + b + c){bc-i‘Ca+ab)-‘ abc. 

27. d\b + c) + +c) + c\a + ^) + "^abc={a-\-b + r){bc + ca. + ab), 

28. ii{b + cf 4- b{c + a)^ + c{a + b)'^ - ^abc {b + c){c 4 - a){a + b), 

29. {a-bf{c+d)^+Aftb{c-df^{a+b)\c-df-{-:icd{a-bf. 

30. (I + a)\ I + ^’^) - (1 +. I + 3)3 - 2{a - 3)( I - rt3). . 

31. d^{a — 23) — b\b - 2 a) = (a + b)(a - b)^. 

32. (.v-J^)(a' + i)(j^+O-.' i (.y+ !)'■*+X‘''+i)“ 

= {x-y){.r+y-ir2xy). (m. .m. 18S7). 

33 . (3 + cY •'ric + a'f + (^ 4 bf - (3 + c){c + a) ~‘{c+a)(a +b)-(a+ b]{b+c) 

= 4 3^ + -^bc— ca — ab. 

34. (3 ~ <;)'•* 4 (f “ «)'■* 4(« - bY = 2{a - b){a -c) + 2{b-c){b - a) 

• -i- 2 (c - a)(c - b). 

..35.' If .r=rt4<^ j>' = 34^f, £'=^c+d, prove that 

.r*-* 4j/‘“ + z^~ys- :rx - jy/ a'** 4 3 ^ 4 c^ -be—ca — ab. 

36 . ' If J = a434i-', prove that 

(dtj 4 hc){bs 4 ac){cs 4 <«3) = (3 4 cf{c 4 «)"(« 4 bf. 

(c. E. 1902 and A. E. * 1890 ) 

If 2 J=a 434 ^r, prove that 

37 . 43 *'*^:® — (3- 4 (Y - d^f = \ 6s(s - a)(s — b)(s - e). 

38. j“4(j-a)®4(j-3)*4(j-i:)^ = ii^43“4<:^ 

, 39 . s(s -a)(s-b)+ s(s -b)(s-e)+s(s - a)(s - c) (s - a)(s ~ b)(s - c) 

/ +abc. (li. M. 1870). 

f" ■» 

40., j 2{s - a)(^ - b)(s — c) + a(s - 3)(.f - ^) 4 b{s - ^:)(.y - <*) 4 c{s - a)(s - 3) 

= abc. (C. E. 189S). ,* 

41. If s=a-\-b + Cy prove that 

s{s - 2b)(s — 2c) 4 s{s - 2 c){s - 2a) 4 s{s - 2a)(s - 2 b) 
i Ba{y-2a){s-2b){s-2C)’\-ZabC. 

42. Shew that {x 4y^)® 4 %{x ■^yYz 4 3 f;ir 4 /. 4 

a= (jr 4 iff / 4 3U' 4 sYy 4 3(^ 4 4^. 
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CHAPTER V. 

K(,)rATI()NS x\M) S(,)UAR1-:D papkr. 

I. SIMPLE EQUATIONS. 

141 . When ivvo alj>ebraical expressions arc connected by the 
sign of equality ( —), the whole expressiem is called according to cir¬ 
cumstances, an Identity or an Equation. 

142. .An Identity is merely the statement of the equivalence 
of two different forms of the same quantity, and is true for any 
values of any of the letters involved in it. 

Thus, or -y^ — {A-+y)(x ~y), is aMmys 

true, whatever be the \allies of .r and j'. Hence tyich of these 
expressions is an [dcjif:ty. 

143- An Equation, liowcver, i^ the staiement of the equality 
of two di(fryeni algcbiaical expressions , in w'hich case ilie equalit\ 
docs not exist for avy^ but only for some particula. values of one 
or more of the symbols (.onlained in it. 

Thus, the equation .i -3=5 will be found tjuc only when we giv'e 
X the value 8, and .v'''=5,r —6 only when w'c give .v the value 2 or 3. 

144. Hence, an eiiuation which is true when the symhol.s 
have certain particular values is called an equation of condition 
or a conditional equation. 

145. The two ] 3 arts of an equation on either side of the sign 
of equality aie called its sides or members. 

143. The letter whose value is not known and is required to 
be found is called the unknown quantity. The process of finding 
its value is called solving the equation. 

147. An equation is said to be satisfied by any value of the 
unknown cjuantity wdrich makes the values of the t'lvo sides of an 
equation the same. 

Thus, the equation -r+3s=7 is true w'hcn x=4. The value 4 is 
said to satisfy the equation. 

This includes the case when all the terms of an equation lie on 
one side and zero on the other, as in x^— 5.r-f 6=0. w'hich is satisfied 
hf 1 or 3, either of which, being put for t', makes the first side = o. 

148. Those values of the unknown quantity, by which the 
equation is satisfied are called its roots. 

Thus, 7 is the root of the^ equation ;ir-3=4 ; 2 and 3 are the 
roots of 5,r-p6 = o, and so on. * 
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149. An equation of one unknown quantity is said to be of as 
many dimensions as is denoted by the index of the highest power 
of the unknown quantity involved in it. Hence, an equation which 
involves only the first power of the unknown quantity is of one 
dimension and therefore it is called a simple equation, or an 
equation of the first degree. 

Tims, x+'i — 'j IS of one dimension^ anti therefore it is called 
an equation of the first degree or a simple-equation ; .r-^ = 5.tr-6 
IS t)f tvio dimensions^ an<l therefore it is called an ecjuation of the 
jiccond degree or a quadratic equation; .i ^ - 8 -- is of three 
dt/nensions^ am.1 therefore it is called an equation of the third degree 
or a cubic equation; .v‘*-6;i:^ = j5 is of four dimensions^ and 
therefore il is called an equation of the fourth degree or a biquad¬ 
ratic equation ; and so on. 

150. The process of solving Simple Equations with one unknown 
tjuantity consists mainly in the use of the following axioms. 

1 . If equals he added lo equals^ the sums are equal. 

• Thiis, if x = ei, then x + 4 —a + 4 . 

2 . If equals hr I (then from equals, the remainders are equal. 

Thus, if x = a, then-r — 3 = rt —3. 

3 . If equals he multiplied by equals, the /troduc Is arc equal. 

Thus, if.v = rr, then 6.r = 6«. 

4. If equals he divided b\' equals, the quotients arc equal. 

'I'hus, if 7,v=i4, then x= 2. 

Ex. 1. Solve the equation 5-v=i5. 

l-)ividing both sides by 5, .r —3. 

, Ex. 2 . Solve the equation - = — 4. 

Multiplying both sides by 3, .i'= - 12. 

Ex. 3. Solve the equation 15^: —3.r + ,r = 37 — 11. 

By collecting tlie terms, we have 13^== 26. 

Dividing both sides by 13, .r —2. 

Exercise LX. 

Solve the following equations :— 

1. 3a'=t2. 2. 5.r = 20. 3.^x= — iG. 4. i8,t-=54. 

5. ii.r=-44. 6 . -.1 = 7. 7 . 8;ir=o, 8. ~3;r=-i8. 
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9. 

X3. 

17. 

21 . 

25. 

28. 

30. 

32. 


X 

5=-4. 

lO. ?=5. 

3 

11. -~ = 6. 

3 

12. 

X 

-5.v=o. 

14. 3.r='8 

15. 9.r=i7. 

16. 

-3:rs=: -2 

it 

.fi. 

'll- 7 0 

19. ^" = 20. 

4 

20. 

7x 

y —.4. 

It 

p 

22. 

4 12 

23. 

7 H 

24. 

5?=.o. 

3 


-6 a: + 8.i-=;»-5. 26. - I i;f + 7 A'=-6+18. 27. 6;i'-2.r=:2o. 

7;ir-2.r + 3T=i8-2. 29. -3x~4x-7x=-40 + 4. 

-2r-.r-3ji:=-7 + 4- 12. 31 . 6;r-3.r + 5:r=-35 + 11+2. 

-7;i: = -2i. 33 . •4 x —’ i 6. 34 - 6.r='o6. 35 . 7.r = 3‘5* 


151. Principle of Transposition. A quantity may be 
transferred from one side of an equation to the other by changinf^ its 
sij^n^ loithout destroying the equality expressed by it. 

Thus, if x — a=-y- 4 -hy adding- a to each side of the equation 
(which, of course, will not destroy the equality) we have x—y-¥hAra^ 
and, subtracting ^ from each side, we have x^-b^y-^-a \ where we 
see that the —a has been transferred to the other side with its sign 
changed to +, and so also the 4-^, with its sign changed to^ —. 

152. Consider the equation I2A'--8 = 3jr + 28. 

^subtracting ^x from both sides, I2.r — 3,r —8 = 28, {Ax. 2) 

Adding 8 to both sides, I2.r-3 a'=28 + 8. {Ax. i) 

Thus, we see that +3;r‘has been removed from the right-hand 
side, and appears as-3-r on the left, ?>., with its sign changed ; and 
— 8 has been removed from the left-hand side, and appears as +8 on 
the right, f.c., with its sign changed. 

Hence, the above Rule. 

153. Change of Signs. If the sigrth of all the terms of both 
sides of an equation be changed.^ the equality expressed by it will not 
be destroyed. 

Thus, if a-b — c-d ; multiplying each side by -i, 

We bfive -'i{a — b)=—'i{c — d\ {Ax. 3) 
f.e., ~a 4 'b= — c+d. 

* 154. Consider the equation15 = 2.r—3. 

Transposing, — 2,r-|-3 = 4;i:+15 

or 4 ;r+i 5 a=-2.jr + 3. 

which is the original equatiorf with the sign of every term changed. 

Hence the above Rule. 



II. SIMPLE EQUATIONS NOT INVOLVINO 

FRACTIONS. 

165 . To solve a simple equation of one unknown quantity. 

Rule. Transpose all the terms involving the unkno^vn quan¬ 
tify to one side of the equation^ and the known quantities to the other,, 
changing the sign of ei/cry term thus removed. Collect the terms on 
each side ; divide both sides by the coefficient-of the unknmvn quantity., 
and thus the root required will be found. 

Ex. 1. Solve the equation 4.r + 2 = 3r + 4. 

Transposing, 4.r“3.r = 4-2. 

Collecting, jr=2, the root of the equation. 

Ex. 2 . Solve the equation 4.r+5 = io.l-- 16. 

Transposing, - \ox=^ — 16 - 5, 

Collecting, — 6,r=-2i, 

^ Changing signs, 6.r=2i, 

T) iV icling by 6 , -V- = 3I = 

To verify the fat t that yh is a root of the equation qx + j =lox - 16. 
f-. Wlienj;=3i, 4.1:4- 5= 4x3^4- 5 =U 4 - 5 = 19. 

. io;r - 16—10 X - 16=35 - i6=a 19. 

... ... 4 ,r 4 - 5 = TO-r— 16, 

/.f., the equation is then satisfied, g. K.*D. 

Ex. 3 . Solve the equation 5(;r4-1)-2 = 3(.r-5). 

Removing brackets, 5.ar4.5 — 2 =■ 3.r - 15, 

Transposing, 5.r-3jr= - 15-54-2, 

Collecting, 2;r=-i8, 

Dividing by 2, x= -9. 

Verification. When .v= -9, the left side 

= 5(-9 + 0~2=5 X - 8-2= -4o-2p - 42. 

When x= -9, the right side = 3(-9 — 5) = 3 x - 14= -42. 

= the left side. g. E. D. 

Ex. 4. Solve the equation (;i:-3)(,r-4)-22 = (;r-5)(;r-6). 
Multiplying out, .ar* - 7.r 4-12-22 = jr®- 11:1:4-30. 

Transposing, x^^x^-qx+ j\x = ^o- i2-\-22. 

Collecting, 4.r=45>, 

' Dividing by 4, x= 10. 
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Verification. When .r= lo, 
ihc left side —{io-3)(io-4)-22*:7 x6-22«:42--22 = 2o. 
When .r==io, the right side = (io - 5)(io —6) 

= 5 X 4-=20 = the left side. (j. K. u. 

Ex. 5 . Shew that .t'=4 mtisjies the equation 
(3-1' +1 )(2.v - 7) = 6(.r - 3)- + 7 - 
When .1 =4, the left side = (i2-l-1)(8-7)= 13 x i = 13. 

.* the rig-ht side = 6(4 - 3)'^7 = 6 x i + 7 = 6 + 7 

= 13 = the left side. 

Hence .r = 4 satisfies the equation. 

Exercise IiXI. 

Solve the following equations :— 

1. 4,v-2 = 3.r + 3. 2 . 3,r + 7 = 9r-5. 3 . 4.r + 9i=Si-3. 

4 . 3+2A' = 7 - 5 A'. 5. Ji'= 7 +i 5 .r. 6 . 24,1'-49= 19a'-14. 

7. 4ar-22 = 34-3.r. 8 . 26 - 8.v = 80 - 14.r. 9 . 3.r = 7-2.r + 8. 

10 . 3 (.r- 2 ) + 4 - 4 ( 3 -.i-), 11 . 5 - 3 ( 4 -a-) + 4 ( 3 - 2 Ar)==o. 

12 . i3-r-2i(.r-3)=io-2i(3-.r). 13 . 4 ( 3 '«’--)- 2 ( 4 '^'- 3 ) = 3 ( 4 --t)- 

14 . T2(jr-3)-3(2.r-i)=:22-5,r. 16 . 5(5-2.r)-7(2a--5)= 12. 

16 . 32;+14-5a'+T5 = 4.r-f5. 17 . 6.r + i8 = 4.v-8h-3.i;-2. 

l8. 6(ar-4)=o. 19 . 5(3v + 7)’=o. 20 . .;(6a--i5) = o. 

21. /i( 9'^-3 5.v)=o. 22. 4 .r- 6 .t' + 35 = 5a'-3.v + 7 . 

23 . 2>{x - 3) - 2(a' - 2) + .V - I = -f + 3 + 2{x + 2) + z{x +1). 

24 . 2ar - I - 2(3.r - 2) -f- 3(4.1' - 3) - 4(5^ - 4) = o. 

25 . 5(3^ + 2) - 2(7.v- 9) = 7(5'^ + 4) +11 (5 - 3'^') - 61. 

26 . ii(.r-2)-2(4-3A')-4(i -2.v)=i7(.r- i) + 7. 

27 . 8ar + 2 - 4(5 - .r) = 2( to -.v) - 7 + 3(5.r - 7). 

28 . (ar-8)(.r4'i2) = (,r-6)(A' + i). 

29 . {\x - 3)(3.r - 4) - (2.r - i)(6ar +1) = 3(3 “ 5 ^) - 2. 

30 . (ar - i )(.t' - 2) + {x - 2){x - 3) + 2 = 2(aj - 3 )(a - 4) - 2. 

31 . ^(A--2)2-(3.r-7)(4.r- r9)='42 - 7(.r-3)2. 

32 . 3^(5-^ - 2) - (2ar + 7)(.r - 3) = 13 (-^ + 0 (^' - 0 - 1 5 - 

33 . ' {x - 3 )“+ ^x 4- 29. ^ 34 . {X - 4)“=(.V - 0 “ - 3 - 

35 . 3(2+.r)(i-.t')-(i-3.i-)(i+j[r)-'»a;=i5-8.r. f 




36 . 

38 . 

40 . 
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2,i'*-7=jr(2A'-3). 37 . 3^'”*-5-;»r(3^-+l) = 0. 

2(x + i)Cr + 3) + 8 = (2x + s )ix + 5). 39 . x{x - 9) x- - 49. 

f.v - 1- (.r ~ {x -r- 5 - {x + I)“ - I fxr. 

156 . Literal Equations. Known quantities are sometimes 
denoted by the letters of the al})hahct, (t, /?, c, ixc., as well as by 
numbers ; unknown quantities are always clcn’otccl by .r, ji', r. 

Ex. 1 . Solve bx-\-2x — (t = },x + 2c. • 

' Transposinj^, l>x + 2.v - 3^ = a + 2 C. 

Collectiii”^, hx ^x=<^+2i. 

I’racketin}^, \ )~n-\- 2 c. 

Dividing by b- • 

Ex. 2 . Solve ) + = 

’ A'kiltiplying out, ab + — ax ~ bx + ax — bx=o. 

’rransposing and reducing, —2bx=—ab — b'^. 

Changing signs, 2 hx — b{a-\-b). 

Dividing by 2b, x = }^{a + b). 


Exercise LXll. 

Solve the following equations ;— 

1 . mx-\-a — nx + b. 2 . + ax = ;^a'^ — ^ax. 3 . 3a-i — 4a^ = 3^.tr - 4^^. 

4. 5((r? + .v) - 2.r = 3(<a: -- 5.1). 6. (2 +x)(a - 3) = - 4 - 2ax. 

6. {a + x){a — ,r) = 2 a^ + 2 ax - x-. 7. (^// + n)(w — x) — m{n — .r). 

(6.V + a){2x — a) = (3.1- — b){4X + b). 

9. {x — a){x-d)—x^~a'^4-b'^ + ab. 

10 . x(x — a)+x(x-b') = 2 (x-a')(^ -b). 


III. SIMPLE EQUATIONS INVOLVING 
FRACTIONS. 



157 . When the equations are in fractional form, the fractions* 
should be cleared first by multiplying every term by any common 
multiple of all the denominators. If'^he L. C. M. be employed, the 
equations will be'expressed in most simple terms. 
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Ex. 1 . Sol\^e the equation i . 

^ 234 8 

Here, we first clear the equation of fractions, by multiplying 
every term by 24, the i.. c. M. of the denominators, and thus we get 

i2A’-8X2jr+6 X3;r = 264 + 3-v, 
or I2;r—i6,tr +i8.r = 264 + 3:r. 

Transposing, I2,r — i6.r + i8,r — 3;r =? 264. 

Cohecting terms, iijr=264. 

Dividing by 11, ;r=24. 

Ex. 2 . Solve the equation *"^4- ^ = t • 

3 a 

Multiplying both sides by 6;r, 

14 X 2.r + 4 X 6 6.r — (.r - i) 

or 28jr + 24=6jr - .r+ t. 

Transposing, 28.x'-6 a' +;ir= - 24 + i. 

Collecting terms, 23.1'=- -23, 

/. .v---= - I. 

Verification. When ,r= - i, 

the left side = ^ + 4 ■- (“ i) = V- - 4=, 

3 3 

the right side= i -( - i - i)->-(6 x - i)= i +2-i-(-6) 

= I — g = V = the left side. Q. K. i>. 


Ex. 3. Solve the equation 

- j 4 

Multiplying both sides by 12, the L. c. M. of 2, 3, 4 
6(;r +1) + 4(.x- + 2) = 192 - 3(.r + 3), 
or 6.r + 6 + 4-r+ 8= 192 — 3.r —9, 

Transposing, 6;r + 4-r + 3^'= 192 — 9-6- 8. 
Collecting terms, I3.x'= 169, 

• 1-_111 It _ , - 

, . . — Tr» — 13- 

V erification. When r = 13, 

the left side = 4- ^ 4. -V-=7 4.5 = 12. 

23 . - 

the right side=i6- 16 - — = 16 - 4 = 12, 

< 4 4 

= the left side. g. E. d. ^ 
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Ex. 4, jSolve the equation , 

Sx^+x 2X^+X , x^+x ^ . x^+x x^ + ^ix . 2 

---„ .j. _2 ' =x^+ - ,-=^ + 

2 3 4 20 6 12 15 

Multiplying both sides by 60, the l. C. M. of the denominators 
and expressing the mixed number 25^,, as an improper fraction i;!, 
we get 

3o( 3;»:2+.r) ~^o{ 2 x^+x) + i Six^+x) - 129 

= Ciox^ 4 - io(a- 2 + x) - 5(.v‘-* + 5.r)«f 8, 
or QOjr'-* + 3o;ir — 4o;i-® - 20j»' + r + r 5.1* - 129 

= 6ojr® +1 o.r^ +1 o.r - 5.r® — 2 5.V + 8. 

Transposing, we find that the terms involving destroy one 
another (otherwise the equation would be a quadratic), and we have 
the result 

30jr —20.r+i5,i'~ io.r + 25;jr= 129 + 8. 

Collecting terms, 4o,r=r3,^, 


Exercise LXIII. 


Solve the following equations :— 


1. 

- . 5 -^‘ A 3 -*^ 2.r 

y-'+. =34. 2 . ^ ^ + 

4 4 3 

I „ X ^ X X' 

3 234'’ 

4 . 

X X X X X 

-+ ;==:.r-7. 6 - - = 

23 234 

- jr ,r X r 

-i. 6. ,'+ - = 'y+5- 

3482 

• 

7. 

X X ^ X X , s.r 

234 6 12 

n 2X ,tr — 2 
■*8. - +- =2X-7. 

5 3 

9. 

2-r , .1' I 

7^ 6'-^-*- 

10 3 __ 7 ^w ]8 

2 2 10 ‘ 

11. 

2J-X 

3 2 

•12. x,r-I_='^3-2.v> -r 
3 5 2 

CO 

2Jr + 7 9jr-8 jr-ii 

7 II 2 ' 

14 f~ 2 .-*‘- 4 _- 5-6 
‘3 5 7 ' 

15. 

3^-4 5 f -6 _ 62:-I4 > 

2 7 ■ 

16 3 -^ + 4 _ 8.r-2- 

■ 2 3 3 


3 
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17. ' 18. 7-’^+5_ 5£r^=8r5:'-. 

^ 'I f A Ji T'*l 


19. 55=.5 + >4-^- 

4 5 12 ^ 2 


31 . 1 + ■ - . 3 ,_ 5 ^ .7 _ 33 

.r 2.r 4.r 12 24 2343 

23 3 ^-i_ 2 fir'L.r_^ 3 _-v -5 i_ 

2 3 4 3 

24. •;-,?=-s3 + ,/3-'^_A_-':+8, 

f> 3 5 \ 5 / 3 

25. -/ - 3^- 5 = 6 : ^-4 - 3-v , 28^ i5 _ 4-r - .3 _ =.r + 7 ^,^^, 


20. 7 + - == 9 "I— ■ 

2X 2X 

f — T I- — 2 r—■? "7 

22. -l- 'V -+ 1— 

2 3 4 3 


^x 4 - 1 ' — 3 2.1' + 7 

7 “ 5 “ 21 ' 


27. 1 ) + 1(5 - 2.r) - \{2 + 5-1') + :',(5 ) = o. 

28. k{x + 7) - (.V _ 7) =.{(;i- + 0) - ^,v _ 9). 


29. ^r+i 5- 

S 7 II 34 

31. .U2.r + 5)+:.(2.j--5)= 1(3.1 4 -i) + ^](3-^‘- i). 


.r4- T . 5 - 2r 2 4- q.r 5 — ,v 

+ ■^- - •^ 4- ^=0. 


32. 3.V ;'_«--5 + i_- 3 .;^,, + ,. 33, .._ 8 -,v_ 5 -Kr 

- 3 4 12844 


34 . M--;i(.r- 7 )-f-;(.r- 3 )= 14^. 35 . K-^'-1 )-(( 2-.v;+-{U'+i)~.v. 

36. 4.r - —^ — ,r 4- 4- 24. (c. E. 1880). 

37 . 7 _ 4 a 2 ig6jj 

335 


38 . .r--—.^ = 5*?-'^ 75 °+r. (m. m. 1883). 

2 '’4 5 4 ^ 

39. ((2i -'-“ -)=.6L (C. E. 1872). 

40 . 5 - 3 £.^. 52 :^ 3 _ 3 -J£. 

4 323 

-^ + 3 '^'—3 '^ + S x-7 , 00 . 

41 . o--- - '= (M. M. 1880). 

8 10 6 ^ ' 
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42. ,s89). 

9 ^3 

3 --V_A' - I , x+ I 3 


43 - -t' - - - - — j 


+ (C. K. 1891). 

5 10 ' ^ 


.. .r - I ,r - 9 3.r - zix - 2) 1 , , 

44 . —.- +----=4 - 1864). 


7 


45 


(s' - —-q’) = ,',(-!-i+ 57 ) + ;' (■' i8<jo).* 


46. 4r + 3^.3.v «r+,9 ^ 

9 108 18 ' 

47 . + (c E. .8S8) 

15 25 55 ' 

40 "I'+S , 1/-T 2\ 2, . 4r-i4 j'+-io , „ ^ 

48 . .^ 4 - ( + 1 - (3 + 2.r)= — --+ . (r. K. 1894). 

• 9 V 2 5/3 3 


158 . Sometimes, it happens, that the L. c. M. of all tlic deno¬ 
minators IS too large to be conveniently employed. In such cases, 
we may see whether two or three of the denominators ha\c a simple 
comino»i multiple, and get rid of their fractions first, ob&crvliJi{j to 
collect terms, and simplify as much as possible, after each step. 

Ex. Solve the equation 

2.r + 3 .r-j2, 3.3^ 4 -1 . , 4 ^ + 3 

~ - T ~ ;i T- 

3 4 12 

Here, the i.. c. M. of all the denominators would be 132 ; but 
as 12 will include three of them, multiplying by it, (having first 
changed 5 t to -VOi '"’C get 

T‘K2.r -f 3) - 4(a- - 12) 4 - 3(3-1'' + 0 = 64 - 3 - 4.r + 3, 

or jf(2.r-+-3)- 4 A'4-48 +Q.r +3 = 644-4^ + 3- 


Hence, transposing and collecting terms, we have 

T f(2.T + 3) - 4A* +c>v - 4^=64 + 3 - 48 - 3 » 

or iT{2ar4-3)+.'r= t6. Now, multiplying by i r, 
J2(2;r4-3)4-ii.v=l76, or 240:4-364-1 !.*■= 176. 
Transposing, 24;*: 4-1 ij:= 176 - 36, 
or 35.t:=^4o and /. 


9 • 
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1 . 

2 . 

3. 

4. 

5 . 

6 . 

7. 

a 

9. 

10 . 

12 . 

13. 

14. 


15. 


16 . 


Exercise LXIV. 

Solve the following equations ;— 


OC 1 
to 

1 

1 

42. 

II 

12 

2 X-- 13 A'~ I 

"9 

X X 

= 8 + 7 '- 5 - 

.r -8 ,r + 4 


5 ■^ ■■4-^ 

---_ 7 _ 

2-r — 3 3.r — 2 

II 

4 i. 

1 


(c. E. (1892). 


12 


5 


8 


JS 4 


5_ r_2) + TjfJT.i^ +1 

7 9 ~ 5 

2X^ I _ f f T 2 

15 16 18 24 ' 

7 .r + 20 3 + 4) 3.r + i 29 - Sx 


16 


10 


20 


•4^-2 4 r-i io.r , . . ^ , o V 

5~+~'7"-9' =5 (^'-- 9 ) + 3 - -2- (M- ‘^ 1 - 1891). 


9,r—10 2 X — 7 _ 2 .r S+x 
iT is"" 3 “ 


28 ^ 7 __ 

33 * ’ '15 M ^4 


2,v + 7 __ 2.r - 7 ^ j S _ 3^+4 
27 15 6 20 ‘ 

. 7 J^- 28 _ 9 - 7 J, 1 

■‘ 7 ^ ^^4 8 T»I2' 

£rJi. (c E. 1883). 

f:i. 3 _fc. 3 .i£± 2 _£r 6 +|. /C.ki866). 

7 3 2 3 8 

?£± 5 + 9 £zJ_ £i :9 + ^-J^ 70 _%^J._ ^ ,33 ) 

23 10 5 15 3 


;ir 

32' 
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*rt 3(^-2^) 2(2<i~,r) a:-a I5(a+x) 

----- . —+= . 

3 - - Y^- 

x-a ?^7 —(^^~.r)_ 3(7//+;t) i 5 rt 4 *i 6 w/ 

ly. '24“'“ 16 80 • 

30 . - {2a - 30} - f\{ 7 a - 5(,r- 2c)\ = J-^{8(a 4- lo^:)- (2r -.v)}. 


169 . 'I'o ensure accuracy in solviu]^ equations whose coefficients 
are decimals, it is advisable to express all the decimals as vulgar 
fractions, and proceed as before ; but it is often found more simple 
to work entirely in decimals. 




Ex. 1 . Solve Tjr-3*35 = 6-4-3-2.r. 

Transposing, 'jx 4 - 3’2;i=6‘4 4 - 3’35. 

Collecting terms, (7 4-3’2).r=975, or 3 ' 9 .r= 975 . 


Ex. 3. Solve •I 5 ;r 4 - 


'V = 975-f-3-9 = 2-5, />., .r=«3.1-. 

•_[35£-'225 -36 ‘(^r- 18 

'6 '2 *9 


Multiplying all the terms by r‘8, we have 
•27.V 4 -'4052; - -675 = 3-24 - -18.r 4 -'sb. 

Transposing, ■ 27 ;i' 4 - ’ 405 .i: 4 --i 8 ;t -=*675 4'3‘244-'36. 
Collecting terms, ’855;i'*= 4-275, 

/. 2- = 4 ’ 275-‘855 = 5 - 


Exercise LXV. 


1 . 

3 . 

- 5 . 

7. 

S. 


Solve the following equations : 
•5;r 4- •6;r - ‘8 = -75^- 4 - '25. 

' 2 X 4 - "OOS;!: = 11 -7 4 * 'oi.r. 
x—i jf - 2 

'•2y 

S-x 


•oiiAr 4 * 


•125 

• 0014 :-- -125 


*6 


•03 


-•145. 


fj- 2 __ £-4_ 

•05 -06^5”^ 


(P. E. 1889). 


3 . 091^ — -0 1 JT = ' 1 4 - •q6x. 

4 . * 4 ^: 4-*3 = 7 + *83-1^. 


6 . 


2 .r -3 

2'5 


ifr 4 

12-5 


= ■24. 


(C. E. 1886). 
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9. 

10 . 

11 . 

12 . 


- — -=o. (c. K. 1883). 

*5 ’05 -005 -OOO? ' 

'02X + '07 X + 2 

• ^ - 9 - 5 . (C. F. 1 866 ). 

•03 9 ^ ^ ^ ' 


5-2.v_ \ 

13 . 5^5 / 

■585.1'-'97 3 1-56 '39.1---78 


j.r — -■'4 ''o 28. (r. K. 1891I 

4 


■65^ + 


■6 




■y 


. (C-. E. 1882). 


160. Approximate Solutions. In findin}« approximate 
values, if the first fijiurc neylec'led is 5 <,)r more than 5 , increase b> 
one the last fig’urc retained (See Arith., Art. 385). 

In solvini; the equation, 7.1=33, 

dividing both sides by 7, .r--4714285. 

-r=5, to the nearest integer, 

= 4 7 correct to one dci'imal place, 

= 471 .two.places, 

= 4714 .three. 

=47143.. 


Exercise LXVI. 


Find approximate values of r in the following equations :— 

1. 7(3.i' + 9^ —b(8;r4-4)~5(6.r-3), correct to the nearest integer. 

2. 5(.r-7) + 63= i 8 .r, correct to two decimal places. 

3 . 9 (a'— i6)= T6(.r+ 4), correct to one decimal place. 

4 . (.r —2)® = (.v— 5 )‘‘* + 7 , correct to three decimal places. 

5. (a' — 4){x + 4) = (x — 9)(.r 4 - 9) -f 13.r, correct to two decimal places, 
g. (.r+3)(jr- 5)-.r*=o, correct to the nearest integer. 

Y. ^ — - 4 - 5 , correct to the nearest integer. 

4 7 

8. 


X-l , 2X-J^ 

6 ^ "7 


I . x-2 

— + -3 


correct to two decimal places. 
- -=Ot correct to two decimal pl&ces. 


9 . 


2 


4 
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10 

11 . 

12 . 


1 

3 

5 

7 , 

• 

8 . 
9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

V- 

18 . 

19 . 

20 . 
21 . 
22 . 


Tlx X — 7 X ~ i 

|(a*— 1) + -^-■ 5“ correct to one decimal place. 

4I - f f I 4 .r-31) = 5 - correct to fwo decimal places. 

“~ + _ =.r, correct to the nearest integer. 


Exercise LXVII. 

Misrellanroiis Kquatiov'i { Easy), ^ 

Solve the following- equations 

4r + 3=8r-9. (c. E. i86t). 2 . 2.r+11 =7v-14. (c. 1862). 


2.r X - [ k.r ~ 7 
315 6 


.r-3 .r-5 


(C. F. 1870). 


75 - §(— - 7 ) - ^\ix - 4) = 5.r - -{(3.T - 2' 

^“ 5 “( 5 -' 0 ''-''+I' = (»'- 5 )(i+.r) 4 - 4 (';-^ (P. E. 1888,;. 

( x -\ rl}(r - 1 )-' X + 5'l(.r- 3) + -o. ( C . f<. !867). 

(6.r + 9y“ + !8r-7/^ = (io,>- + 3)^-7i. ((.. K. 1882). 

I20.t--4f 5.r-2{6.r + 7(.r-8)lj= 16 - 4r3 ( -2{.r-6f.r- i)l{. 

(C. K. 1893). 

( jt - - 1 y.r - 2)'.r - 6 ) = (x - 3 )^ (M. Al. 1881;. 
r[g ■>rx)—p}'--t{q ■\-,x)—pt. (m. M. 1882). 

+ ~.i ■) - \P- = (x ~ h/cf+ u^. (l*. K. 1889). 

^(jr - «} - '/ 2.r - 3^) - ^,((7 - ,1') = o. 

{a-\-b-x)[(i-ij-\-r)-\-i/f-^x){l)-\-x)-cr = o. (n. M. 1892) 

“ = 2.r-7. (c. F. 1863). 


x-h 7-r- 3 


+ ]~0. (C. K. 1 875). 


a — x T.11 ~ X 3rt —.r , „ . 

a -^a 3^1 

7-r + I ^7-Jx_ 5.^ +1 

'5 3 “ 4 ■ 

l7-3'^‘ 4r-^2 . 7rx.M 

- —^.(B. M. 1883). 

-57)-^ fc. F. 1889). 
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4 (a'+i) + K*^” 0-K3''^-7) = 2. (c. e. 1890). 

—2)-2(;r-3o) = 4 (:!tr- 6 )- 7 . (M. M. 1880). 

2^-3 3^-8 4.r+i5 , . 

„ (C.K. ,S 77 ). 


equal to /eio ? 


2A-+S i 7 --V'T / , 

^ (C. K. 1 874). ' 

52^ 3 ' 

2 ~-X A—X , ^ — X „ 

+ ' - - + > ■ + 4 ~ (O- E- 1900). 

3 4 5 6 ' 

.i‘'-*)-'a(A--irt) + |(.v-^r)--=o. (r. L. 1859-65). 

Find the value of .r which makes the two expressions 

( 3 '*‘+ 1 )( 2 -^-7) and 6f.r-3)^-j-7 equal. 

What value of .v will make the expression 

Sx - (4^ - 7 )( 3 -^' - 5 ) f'q Lial to 6 - 3(4.r - 9)(;r - i) ? 

What value of x will make 

2A'-3 4-r-6 6,r+i6 

-}- - cciual to /eio.-^ ' 

5 3 10 ‘ 

What do you deduce about the equation 

(2-1' - 3)(3'^' - 4 ) = (6.V - 5 )r.r 2 ) ? 

What value of a will make the product of 3-8a and 3« + 4 
equal to the pioduct of 6aH-ji and 3-4a ? (b. m. 1891). 
f'ind the approximate value of x in the following; equation 

2-1' — '3 C — jT 

x — -- - — , correct to two de<'inial places. 

•7 ^ ‘35 ' 

Solve the following equations :— 
x-J{x -1). 31 ^ 

"3"’ 3 <^ 5 

3 ;r-fi(i +.r) I -^ -ji) 

4 5 ^ "■ 2V ‘ 

ii;r-i3, i 9 .r + 3 5 ^- 25 t .0 > I 7 a' + 4 

-- -j- _ ^ ^ 2o --^ 

25 7 4 7 21 

■’'r.lii - “ =x- 5 -^~T(to-- 3 -y ) 

■' ’3 ' " 13' 39" 

io-.r_ 4 —f^r I 

3 ~ 'W~ ” " II ■ 

. ilLli{£Z_Ly = 3^d-i 43^ - K3 - ?£) 

lo^ 12 'T ^ +.22. 

4 ^ - - 2) “ [2^ - iix - tV{ 16 - ^(.ar -f 4)))] *= i{x +^). 


= 28^- 
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42. 


43. 

44. 

45. 


x)} « i{$a{ i - ,r) - -V-(«+ 

3x^2 , 4Ji:~ 1 io;r , . x , „ , 

-y-+ “7—“ - = 5 (^- 9 ) + 3 ~^- (M. M. 1891). 


X — - 


X-2 


^ .tr+IO 1 ^ — 2 

= 5 ^-- (M. M. 1883). 

4,5 4 


II '3^=cr-48- 21-24' 

13 "^6 36 


12 


18 


(M. M. 1865). 


IV. SYMBOLICAL EXPRESSION. 


161 . The prinriples of Algebra are largely employed in solving 
problems of various kinds, but the chief difficulty lies in representing 
symbolically^ i. in algebraical form the statements containing 
relations of quantities expressed in ordinary language. This process 
of representation is called Symbolical Expression and we give 
^here.a few instances illustrating its use. 

(1) The excess of 9 over 5 is 4, for 9-5 is 4. 

So the excess of .r over 5 is at - 5, 
and the excess of 9 over x is 9—,r. 

(2) The defect of 7 from 10 is 3, for to —7 is 3. 

So the defect of x from 10 is ft” X. ^ 

(3) The number which is 5 greater than 7 is 12, for 7 + 5 is 12. 

So the number which is 5 greater than x is 4'+ 5. 

(4) The number which is 5 less than 7 is 2, for 7 - 5 is 2. 

So the number which is a less than x \% x — a. 

(5) If 5 is one part of 15, the other part is 10, for 15 — 5 is 10. 

So if X is one part of 15, the other part is 15 - 4'. 

(6) If 5 is one factor of 15, the other factor is 3, for -ll- is 3. 

I c 

So if 4r is one factor of 15, the other factor is ^ . 

X 

(7) 2 X 5 is a number which is double of 5. j 

So 2x4: or 24 ^ is double of x. 

Similarly, 3X is treble of 4rand so on. 

9 oranges at 2 pice each, cosl (9 x 2) pice. 

So 4? oranges at 2 pice each, cost {x x 2) pice or 24 * pice. 


(8) 
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(g) 5 rupees and 9 vinnMS ~ (5 x 16 + 9) annas. 

So ,r rupees andj' annas = (i6j'+>') annas. 

(10) 3 rupees+ 5 annas+ 8 pics = (3 x 192 + 5 x 12 + 8) pies. 

So.r rupees+J' annas+ 5 pies = ( 192a-+ i2j + o-) pies 

(i ij A man who walks 4 miles an hoiu walks (6 X4) miles in 6 hours. 
So he walks ('r X4) or 4,1' miles in .f hours. 

Also he walks 29 miles in V hours. 

V 

So he walks y miles in hours 

4 

(12) If Rs. 20 be equally divided amongst (> men, each man gets Rs V’- 

So if .r Rs.6... ..Rs. 'J . 

o 


... X 


Rs 


V... 



« 


(13) An even number is a numbei which is divisible liy 2. 

if .1- ho any whole number, 

2.r is an even number. 

So if i is any whole number, 

2.r+i and 2.1— i are odd numbeis. 

Ex. 1. W rile down three ronsecutivc numbers, the middle 
one of which is .1. 

Consecutive numbers differ from each other by 1. 

If the middle number is .r, the next yieater number is i greate 
and is thus .1 + t. 

Also the next smaller number is less than x by 1, and is thus 
.1 -1. 


Hence the three numbers are ;r - 1, .r and ,r+ r. 


Ex. 2. The difference of two numbers is x and the less of 
them is 8 ; what is the other ? 

The greater numlier — the smaller number = .;i, 
the greater number - 8 = .r, 

.*. the greater number =.r +8. 

I 

Ex. 3. A man is now x ye^rs of age ; ft) how old will he be 
in 8 years ? (2) how old was he 10 years ago? (3) how old was he 
y years ago? (4) how ol^ will he be s years hence ? * 
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i) 8 years hence his age will be 8 years more than now, ancl 
now his age is x years. 

his age will then =.r years +8 years = (jr + 8 ) years. 

(2) 10 years ago his age Avas 10 years less than now. 

his age then =.v years - lo years =(,v— 10) years. 

(3) J' years ago his age was ;/ years less than now. 

his age then =.r years —p years =(x—_y) years. 

('4) In z years’ time his age will be .7 years more than now. 

Hence his age will then = .t' years 4-r'years =(.v + s') years 

Ex. 4. A man had originally /\’s.20 in his pocket ; he spent 
/?.r. X, lost A^f. |/ and had A’.y. 7 given him. How much has he left ? 

After spending AV. .r, he had A*s. (20-x) left. 

Then after losing he had left A’.^. (20 —.r) - A’jr. A 

(20 —.r-j). 

Then after receiving A\v. .7, he had A’j. (20—r-p) + /v’.r. .7, /. t-. 
* Aj. (20 - X - r + "). 

Ex. 6. A and B commciK e to gamble ; to begin with they had 
respectively A’.r. .^■ and AV, r ; A wins A'.r.io from B ; what has each 
at the end ? 

.At the beginning A had Rs x. 

.\fler winning from B, he has Rs. x Rs.io={x+ic^Rs. ^ 

Also after losing A’.y.io, B has Rs. v Rs.io = {j/ — io)Rs. 

Exercise LXVIII. 

1 . What numbei exceeds x by g ? 

2 . What number exceeds 9 by x ? 

3. What number is less than ,r by 16 

4. What number is less than 16 by x ? 

5 . One part of x is 15 ; what is the other part ? * 

6. One part of 20 is x ; what is the other part ? 

7. liy what must 6 be multiplied to make a r 

8. What number multiplied by x will give 35 ? 

9. What number divided by x will give 20 .? 

10. lly how much does x exceed 7 ? 

11 . The sum of two number** is x and one of them is 25 ; wha 
is the other ?., 
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18. The difference of two numbers is 12 and x is the greater ; 
what is the other ? ' 

13 . The sum of two numbers is x and one of them isj/; what 
is the other ? 

14 . The difference of two numbers is x and the less of them 
s 9 ; what is the other ? 

16. The sum of three numbers is 75. One of them is 
another ; what is the third ? 

16. How many-times is x contained in 80 ? 

17. How many times is x contained in ? 

18. If X oranges cost 9 pies, what is the price of one ? 

19. By how much does 15 exceed y ? 

30 . If a book costs 9 annas, how many can be bought for 
y annas ? How many for z rupees ? 

81. The sum of 15 equal numbers is 75A' ; what is the value of 
each number ? 

22 . If there are 7 numbers each equal to rt, wliat is their* 
product ? 

23. If there are x numbers each equal to w, what is then 
product ? 

24. If X books of equal value cost y Rupees, what does each 
cost ? 

25.4 The sum of two numbers is 3a+5^ and one of them is 
+ 3<^; what is the other ? 

26. I am x years old now ; how old shall I be in 5 years ’ How 
old was I 10 years ago ? 

27. Find a number half as much again as ? 

28. If I walk X miles in 9 hours, how many do I walk in one 
hour ? How long do I take to walk one mile ? 

29. If I can walk x miles in y days, what is my rate per day? 

30 . What is the price in pence of x eggs at six-pence a score ? 

31 . What is the price of x mangoes at 13 annas a dozen ? 

32. If e|fgs sell at x annas a dozen, how much does each egg 
cost ? How many will you get {or y Rupees. 

•■ 33 . If 5 lbs. of sugar cost 12 annas, what will x lbs. cost ? 

34 . How many days must a man work in order to earn 2o 
Rupees at the rate of 5 annas a day ? 

35. If I spend X shillings ‘out of a sum of £7^ how many 

shillings have I left ? * 
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36. If 35 contains x five times, what is the value of x? 

37. What is the cost of x articles at shillings each ? 

38 . A man has x crowns and florins, how many shillings has 
he ? How many pounds ? 

39 . The sum of two numbers is x+j' ; one of them is.r-^; 
what is the other ? 

40 . liy how much does 3x+_y exceed x-j' ? 

41 . What number added to a —3/^ will make a^rib i 

42 . I walk X miles at the rate of y miles an hour ; how many 
hours do I take to do it ? 

43. How far can I walk in p hours at the rate of q miles an 
hour ? How long shall I take to walk qx miles ? 

44 . What is the daily wages in shillings of a man who earns 
15 Rupees in x weeks, working 6 days a week ? (C>ne rupee — 1.9. 6i/.). 

45 . Write down three consecutive numbers of which x is the 

least. , 

46 . Write down three consecutive numbers of which x is the 
j'realest. 

47 . Write down four consecutive numbers of which .r is the 
least. 

48 . Write down five consecutive numbers of which x is the 

middle one. ^ 

49 . The greatest of four consecutive numbers is -t + 3 ; what 
are the others ? 

50 . What is the next odd number after 2X~ 1 ? 

51 . What is the even number next before 2 X ? 

52 . Write down three consecutive even numbers, the middle 
pne of which is 2x. 

53 . A purse contains £a, b shillings, and c pence ; what is the 
total amount of pence in it ? 

54. In 2X years a man will V>e a yeais old, what is*his present 
age? How old w'as hey years ago ? 

55 . In 8 years a boy will be x years old; yvhat is the present 
age of his father if he is twice as old as his son ? 

56 . How many miles can a man walk in 25 minutes if he walks 
X miles in y minutes ? 

f 

57. How long will it take a man to walk x miles if he walks y 

miles in p hours ? » 

58 . A man^travels x miles by boat and y miles by train, how 
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long will the journey take if the train goes 40 miles and the boat h 
miles an hour ? 

59. How far is it fiom A to B if a man, bicycling at the rate 
of 6 miles an hour, does the journey in^ hours ? 

69 . A square has sides x feet long ; what is its area ? 

61 . What is the area in square feet of a room x feet long and 
feet wide ? 

63 . A 7'oonxis X feet long, y feet broad and rr feet high ; whai 
is the total area of the floor and four walls ? 

63 . If-r men do a piece of work in 5 hours, how many men will 
be required to do the same work m j' hours ? 

6i What is the remainder if ,r divided by y gives a quotient : ? 

63 . What is the number which when divided by x gives ,1 
quotient^ and remainder c ? 

68. What IS the quotient if wdien ;risdi\ided by y there is a 
remainder s? ^ » 

67 . A man ha^ x Rupees in his pocket, he pays away 14 annas 
and receives q pies ; express m annas the sum he has left ? 

63 . .4 horse eats a maunds a week. How many days will it 

take him to eat 56 maunds ? How many days will it takeq/ horses 
to eat the same amount ? 

f> 9 . A train travels at the rate of x miles an hour ; how many 
yards does it go per minute ? 

70 . How old is a man now who x years ago was m times as 
old as his son, who is y years old at the present lime ? 

Express the following statements in the form of equations ;— 

71 . When x is divided by q/, the quotient is J2 and the re¬ 
mainder 5. 

73 . A man is .r years old, and his son r years younger. The 
sum of their ages is in years. 

73 . A has £^x and B has / shillings ; after A has won 3 shillings 
from B, each has the same amount. 

71 . llie excess of .r over 50 is/. 

75. The fifth part of x — y is equal to the ninth part of 2jr + 3. 

76 . The product of three consecutive numbers, of which x is 
the middle one, is a^. 

77 . There are x pence in £a, b half-crowns and c shillings. 

78 The area of a room a ft. long and b ft. wide' is x square yds. 
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79 . 'i'he product of x and ^ is five times the excess of a over If. 

80. A i.s X years old, B is lo years older. The sum of their 
ages IS p. 

81. ^ exceeds one-quarter of x by 20. 

83. A boy possesses x marbles and he buys y more on each of 
7 consecutive days. He had finally a marbles. 

83. An army had x men originally, ii lost one quarter of its 
men in an action, y men died of their wounds after the battle and 
600 men deserted. There were a soldiers left. * 

81. 'I'he sjimple interest of a Rupees for p years at 3 per cent. 

IS X. 

85. riic cost of .1' mangoes at y annas a-piece is b Rupees. 


V. EASY PROBLEMS. 

, 162. We. shall now apply the methods explained in the above 

and preceding Seitions lo the solution of many entertaining problems, 
and thus exhibit to the student sjierimens of the prattical use of 
Algebra. 

In treating these problems, however, after having observed the 
methods used in the following examples, the student must be left 
very much to his own ingenuity, as no general rule can be stated 
for their solution. 'I'he only ailvite that can be given is to rei^d over 
carefully and consider well the meaning of the question proposed ; 
then It will always appear that some quantity, at present unknown, 
i.s required to be found from the d'lUi furnished by it : put x to 
represent this quantity, and now set down in algebraical language 
the statement made in the question, using .r whenever this unknown 
quantity is wanted in it. We shall thus (in the problems we are 
.now considering) arrive ;it a simple equation, by means of which the 
value of .r may be found. 

Ex. 1, Find tAvo numbers whose sum is 31 and whose differ¬ 
ence is 5. 

l..e x be the smaller numbei, then -1-5 is the greater 

Their sum is x-\-(x + ^), which is to be equal to 31. 

Hence, 5 = 31 ; 

/. 2-r + 5 = 3i, or 2jr = 3i - 5-=26 ; 

13 and ;r +5 = 18. 

Thus the numbers are 18 and 13. 

Verification. 18-1-13 = 31 and 18-13 = 5. Q- e- 



122 


MATRICULATION ALGEBRA. 


Ex. 2. The sum of two numbers is 20 ; and if three times the 
smaller be added to five times the greater the §um is 84. Find the 
numbers. 

Let X be the greater number, then 20—x is the smaller. 

Five times the greater is and three times the smaller is 3(20-,r). 

Their sum is 5.r + 3(20 — .r), which is to be equal to 84. 

Hence, 5;r+3(20 —2‘) = 84 ; 

/, 5.r + 6o-3jr=.84, or 5.1: —3.1"= 84 —60 ; 

I 

2.r=*24 and .r=i2, and 20“A =s8. 

Thus the numbers are 12 and 8. 

Ex. 3. What number is that to which if 8 be added, one-fourth 
of the sum is equal to 29 ? 

Let X represent the number required. 

Adding 8 to it, wehave.r + S, one-fourth of this is i(;i +8), and 
this is equal to 29. 

Hence, j(.v-f 8) = 29 ; ' 

Multiplying by 4, A'-f 8 = 116, 

.r= 116 —8= 108. 

Thus the required number is 108. 

Ex. 4. What number is that, the double of which exceeds its 
half t^Y ^ ? 

Let .r=the number. 

Then the double of .r is 2.1- and the half of x is \ r. 

Hence, 2x -^x—(3 \ 

Multiplying by 2, 4.r-.v-=i2, or 3.1*= 12. 

Thus the number required is 4. 

Ex. 5. A cask, which held 270 gallons, was filled with a mix¬ 
ture of brandy, wine and water. 'I'here were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of wine 
and brandy together. How many were there of each ? 


Let-f = number of gals, of brandy ; 

then 2:4-30=.wine, 

and 22:4-30= .wine and brandy together. 


22:4-304-30 or 22*4-69=no. of gals, of water ; 
but the whole number of gallons was 270 
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Hence, x + (.r + 30) + (2:1: 4 - 60)« 270. 

/, 4;i:=27o-9o==i8o, /, x=^4S. 
andA' + 3o=75 and 2^1^ + 60=150. 

Thus, the no. of gals, of brandy=45, wine=75 ^.nd water=iSo. 

£x. 6. How old is a man whose age lo years agt)' was 
Lhree-eighths of what it will be in 15 years ? 

Let X be the required age in years. 

- Then 10 years ago, bis age was (.r-10) years and 15 years 
hence his age will be (;r+ 15) years. 

Hence, .r — 10= (.r +15}. 

Multiplying by 8, 8.r'-8o=3.r+ 45 ; 

/, 8.r-3.r=8o + 45, or 5 .r=i 25 ; 

/. A-= 25. 

'riiiis the age of the man is 25 years. 

Ex. 7 . A sum of £50 IS to be divided among A, B and C, so 
that A may have 13 guineas more than B, and C more than A ; 
tletcrmine their shares. 

In questions of this kind it is of essential importance to have all 
ijuantities expressed in the same denomination ; in the present 
instance it will be convenient to express the money in shillings. 

l.et a' = B’s share in slnllinjrs : 

Since 13 guineas = 273 shillings and ; 45 — shillings, 

,r + 273 = A’s share, and (jir + 273)+100 or .r+373 = C’s. 

Hence, (.r + 273)+.v + (A + 373)=» 1000 ; (for ;^5o= iooo.r.). 

• 3,r+ 646= 1000, or 3r= 1000 —646 = 354. 

/, a-=ii 8 and x 1- 273 = 391, and x +373 = 491. 

Thus, A’s share = 39ij. = ;^I9. iis. 

B’s.= ii8.s-. = ;^ 5. I8.S'- 

and C’s.=49 kv. = ;^24. ii.y. 

Ex. 8. Two trains, one of which travels half as fast again as 
the other, start at the same time from two places 300 miles apart, and' 
meet in 5 hours. Find their rates of travelling. 

Suppose the slow train travels x miles an hour, 
th^ the fast. (.r + ^-r) or ... . 
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In 5 hours, the slow train goes 5^' miles 
".fast ti ain goes 5 x ?.x miles. 

But the total distance travelled by both in 5 hours is joo niilc',. 

Hence 5.r + 5 x ^^ = 300 ; 

Multiplying by 2, io.r+ j5.r=6oo, or 251-= 600. 

4'= 24 and .7Ar=." X24 = 36. 

Thus the trains travel 24 and 36 miles ])er hour. 

Ex. 9 . A, B, C divide among themselves 620 apples, A taking 
4 to B'a 3, and 6 to C’.s 5 ; how many did each lake ? 

Let .r=A’s share ; 

Then ^^.r = 3 ’s share and ,;.r = C’s share. 

JI eiu e, ,r + (hv + T!-r == 620 ; 

Multiplying by 12, i2Ji: + c;jr+ io.r=744o ; 

/. 31-1=7440,'And ,1=240, 
and :lx= 180 and i;.r=2oo. 

'fhus the shares of A, B and C are 240, 180 and 200 apple-, 
respectively. 

Alter native Solution. 

We might have avoided fractions by assuming i2;r for A’s share, 
wh*cn we should have had 9.1= B’s, and io.r = C’s. 

Hence, i2,r 4-9.r4-ioa = 620 j whence ,r= 20. 

'riius the shares are 240, i8o and 200, as before. 

163 . It will sometimes be found easier not to put x ecjual to the 
quantity directly retjuired, but to some other quantity involved in the 
question ; by this means the equation is often .simplified. ' 

Ex. 10 - A person bougdit a number of oianges for 3J. gd., anti 
finds that 12 of them cost as much over sd. as 16 of them cost imdei 
2J. 6 d. ; how many oranges were bought ? 

Let .r be the price of an orange in pence ; 

Then 12 oranges cost I2.v pence and 16 oranges cost i6.t' pence. 

Hence, 12.r - 5 = 30 - 16.1* ; (for 2.v. 6 d. = 30//.) 
i2.r4-i6.r = 30+5, or 282r==35 ; /, = 

Thus the price of an orange is i and the number of oranges = 
4 5-^ *4 = 36 ; (for 3^. 9 ^. = 45^0 
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Exercise IiXIX. 

1 . What two nLiinbov.s are those, whose sum is 48 and difference 

2 . Wliat number is that, to which if 7 be added, twice the sum 
'll be equal to 32 

3. .^t an election where 979 votes were j?iven, the successful 
."ididato had a majority of 47 ; what were the numbers for each ? 

^ 4. The sum of the ag’es of two brothei^ is 40, an^ one of them 

- 13 vears older than the other ; find their aj;es. 

5 . What number is that nhich exceeds its sixth part by 10.^ 

6. The diffeieru'e of tuo numbcis is 54, and their sum is 88, 
W luu arc the numliers ? 

7 . The sum of two numbers is 100, and the ijreater exceeds 
■'mcc times the less by 4. Finvi the numbers. 

8. J'hrec times a certain number exceeds 50 by as inu< h as its 
iiiitl) 4 c falls short t‘T 40. What is the numlier ? 

9 Divide Ks. 140 amont; A, B, and C, so that A may have 
n e as much its B, and B three times as much as C. 

10 . Find a inimher su«'li that its half, third, and fourth parts 
■ ii.ill be toL'cthcr tpeater than il-i li'th part by too. 

11 . Divide 130 into two [javts, so that one of them shall ])e two- 
■iicds of the olhc'. 

12. d'here is a number such that, if 8 be added to its double, 
d'c sum will be five times its h.ilf h'lnd it. 

13 A bookseller s.'ild 10 ))f^oks at n certain price, and afierwards 
I', more at the same' price, and .U tlie latter time rccei\'ed Ah. 17 8rf. 
Ml tie than at tlie form''!- ■ what was the price per book ? 

14 . Divide 87 mio three jiarts, such tliat the first may exceed 
d'f* second liy 7, and the third by 17. 

15 . Find a number such that if increased liy 10, it will ])econie 
• times a-i i^reat as the third part of the original number. 

16 . Find a number sucli that, if 10 lie taken from its double, 
■tnd 20 from the double c3f the remainder, there may be 40 left. 

17 . Find a number whose half is as much less than 100 as its 
'louble is greater than 99. 

18 . Find a number .such that, when diminished by 3, one fourth 
of the remainder may be greater by 2 than one-fifth of tlie original 
luimher. 

19 . The sum of two numbnrs is 35 and their difference cxcccids 
mie-fifth of the siri'nVler number by 2. Find the numbers 
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20 . Find, two consecutive numbers, such that one-half and 
one-fifth of the first taken together are equal to one-third and one- 
fourth of the second taken together. 

31 . A is twice as old as B ; twenty-two years ago he was three 
times as old. Required A’s present age. 

22 . A and B began to play with equal sums ; A won Rs. 30, 
and then 7 times A’s money was equal to 13 times B’s : what had 
each at first ? 

33 . A spbiit Re. I. 4a. in oranges, and says, that 3 of them cost 
as much under 8^«., as 9 of them cost over ; how many did he 

24 . A market woman being asked liovv many eggs she had, 
replied, if 1 had as many more, half as many more, and one egg 
and a half, 1 should have 104 eggs ; how many had she ? 

25 . A and B play together for a stake of Rs. 5 ; if A win, lit 
will have thrice as much as B ; but if lie lose, he will have only twic e 
as much. Wliat has each at first ? 

26 . A is twice as old as B, and seven years ago their united 
ages amounted to as many years as now represent the age of A. 
Find the ages of A and B respectively. 

27 . T'he sum of the ages of two persons is now 46 years, and 
the difference of their agefr 10 years ago was 12 years. Find the 
present age of each. 

28 . A father is 30, and his son 2 years old. In how many yeai'- 
wiU the father be eight times as old as his son ? 

29 . How much money have I m my purse when a fourth and a 
fifth of it together make a guinea ? 

30 . T wo boys have 240 marbles between them ; one arrange^ 
his in heaps of six, and the other in heap.s of nine ; the whole niimbci 
of heaps thus got is 36. How many marbles has each boy ? 

31 . Divide Rs, O40 among three persons, so that the first i;na> 
have three times as much as .the second, and the third, one-third h-- 
much as the first and second together. 

32 . Two sums of money are together equal to £'j4- 12s. ^ and 
there are as many pounds in the one as shillings in the other. What 
are the sums ? (C. e, 1885 and a. k. 1895). 

33 . ' Divide Rs. 1000 among A, B, and C, so that B shall ha 
Rs. 100 more than A, and A four times as much as C. 

34 . A had Rs. 20 more than B, and after each has spent Rs. 

A has five times as much as B. What had A and B at first ? 

35 . A house and garden^cost Rs. 10,000, and ten times the price 
of the house was equal to fifty times the price of the garden. Find 
the price of each. 
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36 . The sum of ^£7. 3s, 6d is made up of a* number of half- 
sovereigns, three times as many florins, twice as many shillings, and 
five times as many six-pences. Find how many coins there are in all. 

37 . A person buys four horses, for the second of which he gives 
Rs. 120 more than for the first, for the third Rs. 60 more than for 
the second, and for the fourth Rs, 20 more than for the third The 
paid for all was Rs. 2300. How much did each cost ? 

38 . If I subtract from the double of my present age, the treble 
of my age six years ago, the result is my present dge. What is my 
present age ? (a. e. 1893). 

39. A is twice as old as B and 4 years older than C. The sum 
of the ages of A, B and C is 96 years. Find B’s age. (c. E. 1866). 

40 . I bought 25 yards of cloth for Rs. 223. 8«. ; for a part 1 
paid Ks.8. 8ri, a yard, and for the rest Rs.9. 8a:. a yard ; how' many 
yards of each were there I'c. E. 1859). 

41 . A labourer is engaged for 30 days, on condition that he 
ret^eives 2.r. 6//., per each day he works, and Jose.s i.r. for each day 
he i.s idle : he receives £2. 7s. in all. How many days he works and 
how' many days is he idle ? , (C. E. 1869, it. M. 1893). 

42 . A sum of Rs.63. 4a. was paid in Rupees and two anna 

pieces. The total number of coins b^g 100, how’ many of each 

kind were used? i M. Ai. 1890). 

43. A post IS a fourth of its length in the mud, a third of its 
length in the water and 10 feet above the water ? What il its 
length ? (c. E. 1863), 

44 . A person bought a picture at a certain price and paid the 

.same price for the frame . if the frame had cost £i less and the 

picture 15V. more, tJie price of the frame would have been only half 
lhat of the picture. Find the cost of the pictui^. (C, 1''.. i860.) 

. 45 . From two towns 561 miles apart, two men start, one from 

each, at the same time, w'ith a design to meet ; one goes 24 and the 
other 27 miles a day : in how many days will they meet? (c. K. 1879). 

46 . A, who travels 3^ miles an hour, starts 2^ hours before 
B who goes the same road at 4^ miles an hour ; when w'ill he over¬ 
take A ? (a. e. 1889). 

47 . A father’s age is 40 and his son’s 8 ; in how many years 

will the father’s age be triple of the son’s ? . 

48 . What was the total amount of a person’s debts, who when 
he had paid a half, and then a third, and then a twelfth of them,* 
had still Rs. 15. 1 2a. to pay ? 

49 . A and B have together Rs. 8 , A and C have Rs. 10, B and 
C have Rs. 12. \Vhat have they each ? 
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50 . A and B. compared their monthly ■ incomes and found that 
A^s income was to that of B as 7 to 9, and that the third of A’s 
income was Rs. 30 greater than the difference of their incomes. 
F'ind what each received (c. E. 1871;. 

51 . A person bought 166 mangoes for 10 Rupees ; some he 
bought at the rate of 18 per Rupee, and the rest at 15 per Rupee. 
How many did he huy of each sort ? (M. M. 1889). 

52. A person bought 20 yards of doth for to guineas, for part 

of which he gav%. ii.v. a yard, and for the rest js. C)d. a yard. 

How many yards of each did he buy ? 

63 Two coaches start at the same time from Calcutta and 
Kajmahal. a distance of 200 rndtis, travelling one at 9.J miles an 
hour, the other at 01 ; where will they meet, and in what time from 
starting 

54. A w’orlrman is engaged for 28 days at A'c. i. per day, 
but instead of receiving anything, is to jiay Sa. per day. on all days 
unon which he is idle : he receives aliog’cther /\*s.26. 4^r. ; for how 
ny idle days did he pay? 

65 . A cistern is fillocl m 20 min by 3 pipes, one of w'hich 
conveys jo gallons more and another 5 g.illons Ic-^s than the third 
per minute. 'I’lie cistern holds 820 gallons. How much flows 
through each pipe in a minute? ? 

56 . A ga'/rison of 1500 men was victualled for 36 days ; after 
[6 days it was reinforced, and then the provisions w'cre exhausted 
in i2*days. Find the number of men in the reinforcement. 

<'1;. M. 1870), 

57 . A starts upon a walk at the rate of 4 miles an hour, and 
after 13 mini^es B start at the rate of miles an hour ; when and 
where will he overtake A ? 

58 . I low’ much tea at A\y.2. 4^. per Ih. must be mixed with 
30 Ihs. at /v.y.3. per fb., that the mixture may be sold at /fj.2. J2n. 
per It).? 

59. A bill of ;^r. ror. is paid with 13 coins, partly in half- 
crowms ....id pailly in florins. IIow' many coins were there of each ? 

63 . Divide a yard into two parts such that half of one part 

w'ith 22 inches may be double the other part. 

» 

61 . A is now 12 years older than B ; twelve years ago he was 
«»wice as old as B then was. How old is A now and how many 
years ago is it since he was three times as old as B then was ? 

y 

6 ?. A, B and C have A’.y.66 divided among them in such a way, 
that for every Rs.t, which A receives, B receives Rs 2, and the share 
of C is A’cA more than the difference of the shares of A and B. 
Find the share of each. 
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63 - The sum of three consecutiv^e numbers is 1.59 ; 6nd them. 

64 . A, travellint^^ half as fiist again as B, and starting 9 miles 
behind him, catches him up in 6 hours ; find their rales of travelling. 

65 . In a cricket match A made 35 -tuns, C half gis many as B, 
and D one-third as many B, and B’s score was just as much below 
A’s as C’s above B'.s. Kind the scores of B, C and D. 

66 . A man walks one-half of a journey at the rate of 4 miles 
an hour bicycles one third at 12 miles an hum and rides the 
remainder on horseback at 9 miles an hour, completing the journey 
iM 6 hours and 10 minutes. Find the lengtli of the journey. 

67 . A starts at noon to travel from P to Q at the rate of 6 miles 
an hour, and B starts at r i‘. M. to trav'el from Q to P at the rate of 
5 miles an hour. If they meet at 4-30 P. M., find the distance from 
P to Q. 

68. I bought .1 certain number of ajjples at 4 a penny, and 
three-fifths of that number at 3 a penny ; by selling them at i6 for 
five pence I gamed 4^/ ; how many apples did I buy ? 

69 . How mhny sheep must a person buy at fj each that, alt . 
paying one slnlling a score for folding them at night, he may gain 

ifw. by selling them at .4^ each ? ^ 

70 . A person meeting a company of beggars gave 4 pice to 
each, and had 4a left ; he found th.at he should have required 34?. 
moi'c tf) enable him to give the l^eggar.s 6 pice each ; how i^any 
heggar.s were there ? 

71 - d’he nuincr. tor of a fraction is 4 less than the denominator ; 
if to be subtracted from the numerator, or if 30 be added to the 
denominator, the re.sulting fractions are eijual. Find the original 
fraction. 

^ 7 ‘ 3 . Two men in\est A'.r. 1000 in a boat. 'I'heir claim of the 

profit is proportionate to the capital invested bj each. They make 
.1 profit of A’.r.5o, of which one gets A'.r. 5 more than the other. What 
did each contribute ? 

73 . Five-sixths of the fish in a pond weigh i .seer eacli, ten 
weigh 8 seers each, and the remainder 16 seers each, the total weight 
being 40 maunds. Find the number. 

74 . Find two numbers, whose sum is 72, such that their produrf^ 
increased by the square of the smaller number is 864. 

75. A and B can perform a task in 30 days, working together.’ 

After II days, however, B is called away, and A finished it by him¬ 
self 28 days after. How long would it take A to do the whole of the 
work by himself I \ 9 


M.A.—9. 
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VI. USE OF SQUABED PAPEB. 

164. The following Solutions will serve as specimens of the 
methods to be employed in using squared paper. The paper is 
ruled with faspit horizontal and vertical lines which divide the sheet 
into a number of equal small squares. The most convenient paper 
for beginners is that ruled to show inches and tenths of an inch. 

Ex. 1. A man tr.avels 9 miles west, then ii miles south, and 
finally 4 miles east ; how far from the starting point, to the nearest 
mile, is he at the finish ? » 



Fig. I. 

On squared paper, take each side of a square to represent one 
mile, and O the starting point. Then 

qw. west brings him from O to A, 

V 11;//. south.■... A to B, 

and 4///. east.B to C. 

Join OC. It is required to find the length of OC. (Fig. 1.) 

With centre O and radius OC desciibc an arc cutting OW, the 
horizontal line through O, at D. The reqd. distance =sOC = OD = 
12 miles, to the nearest mile, as shewn in Fig. 1. / 









USE OF SQUARED PAPER. 


I 3 I 

Ex 2 . Two vertical postsS, 6 ft, and 9 ft. high; are 4 ft. apart ; 
hnd the length of the straight line joining their upper ends. 



On squared paper, take 3 bides of a square to represent one foot. 
Then mark the pomts A and B 12 sides of a square apart, also the 
point C 18 sides of a square vertically above A, and the point D 27 
Mdes of a square vertically above B. Join CD. It is required to 
find the length of CD. (Fig. 2). 

With centre C and radius CD describe an arc of a circle cutt¬ 
ing the horizontal line through C at E. 

Then CD = CE= 15 sides of a square, as shewn in Fig. 2. 


Hence Cr^= 5 ft. 
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Ex 3 . A ladder with its foot at a horizontal distance of 20 ft. 
from a vertical wall, just reaches a point on the wall 15 ft. from the 
ground ; find the lenj^ih of the ladder. 



ho 

( 1 * 


Take a side of a sqiian* to repiescnt one fool. (Fig. 3.) 

Let A be the foot of the ladder. Take a point B 20 sides of a 
square in a horizontal line from A, so that B is the foot of the wall 
Mark the point C 15 sides of a square vertically above B. 

Join AC. It is required to find tlie length of AC. 

With centre A and radius AC describe an arc cutting the 
horizontal line through A at D. 

Then ACa«AD = 25 sides of a square, as shewn in Fig. 3. 

Hence AC = 25 ft. * * 
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Ex 4. On a base of 3 inches, describe a triangle whose other 
^ldes are 4 inches and inches long : find the altitude of the triangle 
to the nearest tenth of an inch. 

Let 5 sides of a square represent one inch. 



Fig. 4. 


• Take two points A and B 15 sides of a square apart. With 
‘ enlre A and radius 20 sides of a square desc ribe an arc ; also with 
< entre B and radius 22j sides of a square describe an arc cutting 
the former arc in C. Join AB, AC, BC. Then ACB is tjie required 
triangle. From C draw CE perpendicular to AB. It is required to 
find the length of CE. (Fig. 4) 

With centre E and radius EC describe an arc cutting the 
horizontal line through AB at D. 

Then CE = ED= 19;} sides of a square, as shewn in Fig. 4. 

Hence QEt=(i9i x2-^-10) in.-3‘9 in. 

\ * 
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£!s 5 . A travels east at 12 miles an hour, and B, starting 
at the same time from the same place, travels north-east at 20 miles 
an hour. Find, to the nearest mile, their distance apart at the 
end of one hour. 

Take one-tenth of an inch to represent one mile. 



Fig- 5 - 


Lei O be the starting point. Along the horizontal line through 
O take OA=i-2 inches (representing 12 miles) and OB =2 inchCi. 
(representing 20 miles). With centre O and radius OB describe an 
arc cutting the diagonal of the square on OB at D. Then OD=: 
inches (representing 20 miles in the north-east direction). Join AD 
It is required to find the length of AD. (Fig. 5) 

With centre A and radius AD describe an arc cutting the 
horizontal line through O at E. 

Then AD = AE = r4 inches, as shewn in Fig. 5. 

Hence AD= 14 miles. - 
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Ex. 6. Multiply 2*3 by 3*5 by means of squared paper. 
Let OA be the unit (5 sides of a square). (Kig". 6). 



vd 

£ 


Take 08 = 2*3 and = Join AB and through C draw CD 
parallel to AB meeting the horizontal line through O at D. 

OA OC . 

C!^“OD’ *■ 


Since 


OA xOD=OB xOC = 2‘3 X3'5. 
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Hence, unitxOD represents the required product. 

By measurement, we find OD = 8a\, units, as shewn in Fig. 6. 
Hence the reqd. product = 8’o5. 


Exercise LXX. 

1. A man travels 12 miles due cast, then 15 miles north, then 
20 miles west anrf finally 22 miles south. Find to the nearest half- 
mile hi.s distance at the finish from the slatting point. 

2 . Two veitical posts, 24 ft. and 39 ft. high, are 20 ft. apart. 
Find the length of the straight line joining their upper ends. 

3 . A ship steaming at the rale of 8 miles an hour due east, and 
drifting due north with a current is found to be 17 miles from its 
starting point in 2 hours. Find the rate at which the current flows. 

4. I'wo sides of a right-angled triangle rontaining the right 
angle are 2'4 ft. and 3*2 ft. Find, without actual measurement, the 
length of the third side. 

5 . A ladder 40 fi. long being placed at the opposite side of a 
street 24 ft. wide, just roache.s the lop of a house ; how high 
is the house ? 

6 . A room is 3‘6 feet long and 27 feet broad. Reejuired the 
length of a line tlrawm duigonally through it. 

7. A ball urlls 6 ft. east, then JO ft. north, then 2 ft. west and 
lastly 6 ft. in a direct line towards its starling point. How far is it 
then from its starting point? 

8 . A tower is 96 feet high, and a ladder 100 feet long slopes 
to the lop of it ; how far is the foot of the ladder from the bottom 
of the wall ? 

9 . A man walks 4 miles east, then 6 miles north-east; how 
far is he then from his starting point ? 

10. A man walks 37 miles south, and then in a direction due 
west, until he is 5 miles m a straight line from his starting point. 
Find, without actual measurement, the distance he walked in a 
westerly direction, to the nearest tenth of a mile. 

- 11 . A man rides 27 miles east, and then 3’4 miles north ; how 

far is he then from his starting point, to the nearest half-mile ? 

12 . The height of a wall was 31 ft., and the breadth of a ditch 
surrounding it was 24 ft. : what must be the length of a ladder that 
will reach from the edge of the difeh to the top of the wall ? 
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13 . A room is 5’6 ft. long and 3-4 ft. wide ; find the distance 
lietween two opposite corners, as accurately as you can. 

14 . A straight wire joins the top ends of two vertical posts, 
17 ft. and 24 ft. high respectively, 35 feet apart. Find the length 
of the wire to the nearest foot, without actual measurement. 

15 . A man walks 8 miles west, 6'8 miles north, and then 
straight towards his starting point until he is two miles from it. 
How far has he walked ? 

16 . A cow tethered to a post can graze over a circle of 40 feet 
jradius. The shortest distance from the post to a straight hedge is 
25 feet. Over what length of hedge can the cow graze ? 

17 . A man walks 2 0 miles west, then miles north, and 
then 2 miles south-east- How far is he then from his starling point.? 

18 - Multiply the following by means of squared paper : — 

(i) 3-6 by 2*4. (ii) 4-5 by 3-6. (iii) 3*4 by 47. 

19 . Divide the following by means of squared paper :— 

(1) 075 3 ‘ 9 . (ii) by 5-3. (iii) 15-98 by 47- 

20 . A travels west at 12 miles an hour, and B, starting at the 
same lime from the same place, travels north-west at 20 miles an 
hour. Find, to the nearest mile, llieir distance apart at the end of 
2 hours. 

21. f)raw two circles of radii 3 in. and 3:,' in., with centres 
4^ in apart. Find the length of the line joining their points of 
intersection. 

22 . A man, having walked a certain distance in a north-easterly 
direction, finds that he is 30 miles east of his starting point; how 
far has he walked ? 

• 23. A man walks 5 miles east, then 6 miles north. He then 

vvalks due south-west until he is due north of bis starting point. 
How far is he then from home.? and how far has he walked ? 

24 . A man walks due east from a town P which* lies 6 miles 
north of a town Q. How far from Q is he when he has walked 
>H miles ? 

25 . A and B are two places 9 miles apart, B lying due east of 
A. One man walks at 3 miles an hour from A towards north-east, - 
another man, starting at the same lime, walks north-west from B at 
4A miles a hour. Find their distance apart to the nearest tenth of 
a mile in one hour. 
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INVOLUTION AND EVOLUTION. 

I. INVOTaUTION. 

165 . Involution is the name given to the operation by which 
we find the powers of quantities ; but all cases of Involution are^ 
merely examples of multiplication, where the factors are all the same. 

166 . The following remarks are evident from the Rule of Sii^ns. 

(i) Since any number of like signs, whether all 4- or all 

will give + in Multiplication, it follows that any power oi 

a quantity is positive, whether that quantity be taken positively or 
negatively. 

Thus, (+«)“ and (-«)-are each =and (ip.r+.v-)'* is the 
same as 1 - (i - ,r or ( - i +x - .r-)'’. 

(ii) No even power of any quantity can be negative. 

(iii) Any odd power of a quantity will have the same sij>n as the 
quantity itself. 

c 

167 . Jiy the Rules of Multiplication, we have 

(a-)^ cC- X X a ^ 

(- c^f = ( - X ( ~ «■*) = 

(- X (- n*) X (- ^ 

Hence, any power of a power of a quantity is obtained by multit 
plying together the indices of the two powers. 


168. To obtain any power of a simple expression we have the 
following Rule. 

Buie. Multiply the index of every factor in the expression by 
the nuinbir denoting the powerand give the proper sign to the result 


Elx. 1 , (2,r®_y®)® = 2 ^x'^y^ =s= ^x^y*. 


Ex. 2. 
Ex. 3. 


( — 2xy^s^'f= — 2Vy’3’®= 



^13 , ^fa 
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Exercise LXXI. 

Write down the square of each of the following 


1. 

zab^. 

2. 


3. 

4aW, 

4. 

- 5-i^V*- 

5. 

4/ ■ 

6. 

4c“‘ 

7. 

s«- 
7(jV ’ 

8. 

Sa^b'^c^ 

5a*A' 


Write down 

the 

cube of each of the following : 

— 


9 . 


10. 


11. 

- saW. 

12. 

- 

13. 

2x'^ 

~‘ab^c'' 

14. 

•s 

3-1 ^ 

4ys~ 

15. 

bhd^ 

‘ 

16. 

I 


Write down 

the 

value of each 

of the following : 

:— 


17- 


18 


19. 

ii-r- 

20. 

(-A) 

21. 

(- x-^y*y\ 

22. 

(- 

23. 

(- 2abh^f\ 

24. 

(- 2a^y. 


169 . We have alret'idy luul occasion to notice the square and 
cube of a binomial See Arts. 91 and 100. 

Thus, (i) (rt+ f>) 3 + 

(ii) {a — -• 2rf + b^. 

(iii) = 

(iv) {a - by = tv‘ - 3<t‘‘b + - b-’=a^ ~ dab(a -b)- /A 

'I'he student may, for exercise, obtain the fourth, fifth, &(., 
powers of a + A It will lie found that 

(a + by = a* + 4ta^h +6rf 'b^ + ^ab^ +fA, 

•and {a + by = + ba'^b + + i QaW + 5ab *+ b‘\ 

170 . Since = =(«'*)•’’, it follows that the square of the cube 

of any quantity is the same as the cube of the square. 

Similarly, («’*/ = = 

\{a — by\^—{ii — bf"\{a~bff\ and so on. 

Hence, we may shorten the operation of finding the 4th power of 
a quantity by squaring its square ; and similarly, to find the 6tii,'* 
8th, &c., powers, wc may square the 3rd, 4th, &c. So also to find the' 
cube, or 3rd power, wc may take the product of the ist and 2nd, z>.. Of 
the quantity itself and its square ; to find the 5th, we may take that 
of the square and cube; to find the 7th, of the cube and 4th ; 
and so on. . * 
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Thus, wc shall have - 

{a + ?>)* = + zab + b^f =4 4a6'‘ 4- 

{it 4- hY =(fT“ ^zab^ b‘^){a^ 4- '^a'^b 4- ^ab^ 4- b '^) 

= 4 - 4- 10a“/>^ 4-5af/ 4- 5''. 

and {a 4- 6 '>‘^ == ;<'r 4* 4- lab'^ 4- b"^)'^ 

— ii'^ 4- 6aV> 4- 15aV/- 4 - 20a‘7>'^ 4- 15a-/>'‘ -f 6a/> ’ 4 - 

In like manner, the expansion of a-b ttiay be obtained. 

l^utliiig —^ for b in the alcove results, wc ha\c 
{u — by^ -• — 4a’5 4- 6a^//‘^ — 4a5^ -P />* t .S/ojis alternutt'ly 4 -, - )■ 

{a — />)'' = ab — 5a*5 4 - lOaV/'-' — 4- hah^ - h'\ 

and {a - bf^ a« - Wh + I5a*b'^ - 20a/ 5^4- 15a-// - ea^^ 4- //’. 


171 . The above results should be l onimitted to memory and 
applied m the solution of similar Exa'mpies. The expansions of 
higher pOA'crs are generally best obtained by the Binomial Theorem 
without the labour of actual multiplication. 


Ex. Expand (2.r~ 3)1 


{'2.x- 3)'* = (2A-)'* -4.3.(2.t)" 4 -6. 

= 16 - 96.1-^ 4-216,r‘'' 


3 '^.( 2 .r)-- 4 . 3 ^( 2 - 0 -H 3 ^ 
- 2 i6a'4 -8 i. 


|72. We have already noticed in .Xrt. 93 , how to find the square 
of any trinomial expression. We now proceed to find the cube of the 
trinomial a 4 -^ 4 -r. 

{a+b + rf = {a + {b + cW 

= a- 4- 3 a-{b + c) + 3a{b + cy (b 4- < )^ Art. 1 00 . 

-- or' 4* ;^a^{b + c) 4- 3a{P + 2 bc + c^) 4- 1 ^'’ 4- ib'^c+^bc^ 4- e‘\ 
= yiHb 4- c) 4- 3^®vV 4- a) 4- 3 c\a 4- 4- 6abc. * 

or (a 4- ^ 4- cf — {(< 1 :4- <5) 4- c\^ 

= (rt 4" 4“ d” 4* 3(^ 4" 4" ^”^5 Art. 100 . 

= a-' 4- 3 ab{a 4- <^) 4- // 4- 3 {a + by^c 4- 3 {a + b)£^ + 

— a' 4- 4- 4- 3 (« 4- b)\ab 4- (« 4- b)c 4- c^) 

= (v' 4--4 /■ 4- 3{a + b){ a 4 - c){b 4- c). 

Thus, (a 4- 5 4- cf = a® 4- // 4- f*^ 4- 3<v\b 4 - c) 4 - 3b\c 4- et) 4- 3c\a 4- b ) 

4-6a6c.(i) 

= a® 4 - // 4- e® 4- 3{/* 4- c){c 4- a){a 4 - 6 ).(ii) 

an important formula, which should be committed to memory. 
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Ex. Expand (i - 3 .r + 

(I - 3^ + = i3 + (- 3jr)s + ( 3 , 1 --')’' -j. 3 . _ 3 ^ 2 ( „ 3.r)2(3.r2 + i) 

+ 3 ( 3 -^’‘)"( t - 3 ''^') + 6.1(- 
= I - 2 y.r^ + 2 7.r'' - cj,^'+g.t'^ + 8 i;r* + 2 y.r+ 2 y.r* 
-8i.t''-54.r’ <■ 

= I — 9.T + 36 x‘^ - 8 i.r^ + loS.i"*— 8 1 .r’^ + 27 t‘'. 

Exercise LXXII. 

Write doun the expansions of :— 

1. (.r + 2)'. 2. (.1-2)'*. 3. (.v + 3)^ 4. (i + 2,r)^ 

6. (2a-])“. 6. (3-1+ 0*- 7- (2.r-^«)^ 8. (3x + 2ay'>. 

9. U<i-3df. '10. {ax-y^y. 11. {ax + x-/K 12. {lab-b'^f. 

13. {a-b + cf. 14. \a-b-cf. 15. (i-i+x^f. 16. ( 1 +.v+.r‘'‘)\ 

17. {a + bx + cx'^f. 18. (r-2 a' + .i-)'', 19. (i - 2 x+ 

20. {a- 2 b + L)\ 21. (r-r-.r‘''r 22. (i 4 - 3 .v + 2 .'ir''^)\ 

Kind the value of 

23 (2 + 3 .r + 4 . 1 -“)'^' + (2 - 3 . 1'+4 '24. C f - -V + I + 2 ' + .r-)"- 

25. (2 + 3.H-4.r-f-(2-3.r + 4.i‘'’'r- 26. (i+-r)^(i 

173 . The folIo\vin ;4 result is worthy of notice, as it exhibits the 
form of the stiuare of any Multinomial. * 

(rt -t-d + CT/f+tltr.)^ = ('?‘‘= + 2«(^+r + //‘ 4 *&r.) + (/> +r +//+&c.)“. Art. 91. 

Again, in like mannei, 

(b + c + /i+S:c.)'^ — b‘^ + 2b(c' ■hd+Sic.) 4 (i';4'^+&c.}“, 

(i:4-^+&c.)^ = i:“ + 2 t:(// 4 -&:c.) 4 *(// 4 -\'c.)‘'*, and so on. 

{it + 4 e + f? 4" &C.)^ ~ (t“ 4'2^t(/> 4" c* -4 4^ &C.) 

4-/>-4-25(c-4-rf4-&c.) 

+ c;-4'2c(ff 4-&C.) 

4" il"' 4' &C. 

Titus, we see that the square of any multinomial may be formed 
by setting down the square of each te>m and then the product of tke^ 
double of each term by the sum of all the terms that folloio it. 

Ex. 1. (I + 2 x 4 34 ^)^ =1^4^ 2 -r)“ 4 ( 3 -r-)^ 4 2. i (2.f 43.v’^)4 2 . 2 .r( 3 .i‘®) 

I 4 4X^ 4 gap 4 4 .r 4 6-r''* 41 2x^ 

= I 4 4.Ti41 ojr* 412A-''4 9ar^ 
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Ex. A. (i ~6j»r + i2.r®~8jrV=:i® + 2.i(-6,r + i2.i'®-8;ir*) 

+ (- 6.r)“ + 2( - 6:ir)(i - 8^:^) 

+ (12,r2)2 + 2.12;r ®(-* 8 x ^) 

+ (-8.r^)« 

= 1 ~ 12A' + 24;r^ - 1 6 -r 3 + 36A'® - 144 r"* + g 6 x*‘ +144.Y* - i <) 2 x^ ^ 64x^ 

= I - i. 2 ,r + 60^® - 1 60.V® 4 - 240 .r'‘ - 192.r“ + 642:“. 

Ex. 3. FincJ the coefficient of x* in (1 -2X + 3X^-4X^ + S^*)'- 
Evidently, of the square quantities, we must take which only 

contains ; of the products, we must take 2.1.5A'* and 2.(- 2.t) (-4a:®),, 
which are the only terms involving x*. 

Hence coefficient reqd. = 9+ 10+16 = 35. 

Exercise LXXIII. 

Find the c.xprinsions of - 

1 . —2ax — a^x'^)^. 2 . {2(1^ — a — . 3 . {i)r — 2ab-\-'^f>^T- 

4 . (I - .r + .r^ “ 0^^. 6. (.r^ - 2.r“ 4- 3,r + 4)®. 6 . (i +‘2x - 3.t® + 4Jr^)^. 

7. (i+;r)“. 8 . (i + 2 .rj‘'. 9 . (a-.v)^ 

10. (if — 20fb + 2ab‘^ 11, ( J — 2A' + 3-t’” — 2-1'-'’ + X*f. 

12 . (a** - 2rt^r+ aif'^ - 2iix^ +,r‘*)®. 13 . {i + 4;i' + 6.r'‘* + 4a:" + a'*)®. 

14 . Find the coefficient of .r^ iji (2 - 3.r + 4.r® — 5 a'^)“. 

15 . Vind the coefficient of x^' in (1 -2A'+3.r- —4,r’+5A'^)“. 

II. EVOLUTION. 

174 . Evolution is the name given to the operation by which 
we find the roots of quantities. It is the inverse of Involution. ^ 

175 . It follows from . 4 rt. 166, that 

(i) Any even root of X posi/w^ quantity may be either positive 
.or negative^ i.c.^ will have a double sign ±. 

(ii) There can be no even root of a negative quantity. 

(iii) Ahy odd root of a quantity will have the same sign as the 
,ti.:antity itself. 

1 * 76 . To obtain any root of a simple expression, we have the 
following Rule. 

Bijile. Divide the index oj every fm tor in the expression by the 
index o^f the proposed root and give, the proper sign io^the result. 



EVOLUTION. 


M 3 


Ex. 1. ^7.ab\ 

Ex. 2. ^{-= y(- 2 ®,ry‘) = - 2 xy\ 


Ex. 3. 


v(^’)-y(f)- 


Aa 


Ex. 4. 


4 / /625ay \ w' /_ . 5<^r 
\/\8r.r*/ “1'^ 


177 . If, however, the index of the quantity c&nnot be exactly 
divided by that of the root (as ej{. in the 5th root of a®, where the 
'’2 cannot be divided by 5), then we cannot find the root of it; but can 
only indicate that the root is to be extracted^ by writing down the 
quantity, and the si^n before it, with the index of the root in 
question ; as %a^. Such quantities are called Surds or Irra* 
tional quantities. 


Exercise LXXIV. 


Find the square roots of the following ;— 


1. 

25 ;i-y:r‘‘. 

2. 

3 . I44<:^*^“<:^ 

5. 

49.r>‘5^2. 

6. iooa^b^H^‘\ 

7. 9 aW. 

9. 

(-)ci^xy 

25 ^® 

64 cyb^’ 

2 

\6aVA ' 


Extract the cube roots of the following ; — 

13. 

Bxy. 

14. - 27 a^P. 

15. 8.1-®^ 

17. 

_Bay 

27 

18. 

125 ^“ 

l«/« it 

343^ 


4. 4«‘V;V“ 

8 . 

19 


16. - 04 aVA 


20 . 


64a^'b- 
.r» • 


* Write down the values of each of the following ; — 

21 . V(a*xy). 22 . 23 . ^r(, 28 a* 0 - 24 . 


25. 

/ / 

/ \ 62 SaW/* 


27. '■ 

V 

1 (^^0 

28. 

/ / V 

/ \ “ / ■ 

«</ K ^)' 

30. 1 
\ 

/ m - 


178. To find the square root of a compound expression. 

We kno7V that the square of a+i^ is + + ; let us see then 

how from + we might deduce its square root + ^. 
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Arranging the terms in descending a^ + 2ad + d^ta + d 

powers of a, we see that the first term \ 

is and its square root is rt, which we 2 a + d \2ad + d‘^ 

set down as the first term of the root on 
the right. Subtract from the whole 
expression, and bring down the 

remainder 2ab-¥b'^. If we now divide 2 ab by 212, we get +b^ the 
other term in the root ; lastly, if we add this b to the 2tf, multiply 
the 2a + b^ thus formed, by //, and subtract the product 2 ab-\-b^, there 
is no remainder.* 

N'ow we may follow this plan m any other case, and if we finef 
no remainder, the root will be exactly obtained. 

Ex. 1. Find the scjuare root of + 6.ijy 

9.r^ + 6 .iy S-v +y 
9.1 V, 

Ox+jy I 

y Gxv + v^ 


Ex. 3. 


Find the square root of 56rt^ + 4<y^-. 


i6a^ - \a — ']b 

i6«- V 


bVi: — Tb 


) 


- yHib + t\^)b- 

- 56^/^+ 49/'“ 


179 . If the root consist of mote than two terms, a similai 
process will enable us to find it, as in the following Example ; where 
it will be seen that the divisor at .any step is obtained by doubling the 
expression already found in the root, 01 (which .amounts to the ’same 
thing and is more convenient in practice) by lUnihling the last tern, 
of the precedhig divisory and then annexing the new term of the root 


Ex. 3. Find the sciiiare root of r6.r^-24A-‘' + 25.r'‘-2o;r’’ + io,f ‘ 

-4A'+-1. 


The expression is arranged accoiding to the descending powei.^ 
of X. 




1 — 24x^' + 2 5.1'^ — 20.1'" +1 ox'^ — 4.r + 1 / 4-r” — + 2X — 1 

'i 6 i« V 


-24x'^ + 2p:^ 


mm ^ I 

l- 

y - 24,1'*’ + gx^ 
^X^ — 6,r^ + 2;r 116.ir* -- 

y 

Sy* - 6 x^ + 4.1' 


20x^ + lo.r’^ 
i2;r-'’+ 4.1“ 

8 .1-^+ 6.r2 


4-^+1 




EVOLUTION. 


In the above work, having obtained two terras in rdot, 
4 .r® — 3 ;r® we have a remainder 

I (>x'^ — 2ox^ +1 ox^ - 4x + r. 

I 

Double the terms of the root already obtained and place the^ 
result - 6x\ as the first part of the divisor. Divide the first, 
term of the remainder, by 8 .r^, the first term of the divisor ; we thu.s 
l:ret+ 2 ;r, which we annex both to the root and divisor. Now multiply 
the complete divisor by 2x and su||^act. There is still a remainder 

-Sx^+6x^-4X + j. ^ 

' ♦ 

Proceed as before, and we find-i as the last term in the root 
and there is no remainder. Thus the root is found. 

180 . It should be noticed as in Art. 175 that all even roots have 
i^otiblc sig7is. 

Thus, the square root of + + mav be -(rt+ii), that is 

-a — b^ as w^ell as a-Vb : and, in fact, the first term in the root, which 
we found by taking the square root of a**, might have been-« as well 
.is+t?, and by using this w'e should have obtained also-iJ. 

So in Art. 178 , Ex. 1 , the root may also be - 3 . 1 '-.y ; in Art. 179 , 

Ex. 3, — + 3 ^:’' — 2 ,r + r ; and in all these cases we,^should 

get the two roots by giving a double sign to the first term in the root. 

Exercise LXXV. 

Find the square roots of;— 

1. 4;r2+4,i:;y+y-. % 25a-^-3on'd+9^l -3. 25.r'* + 30Ji:”y + 9^t'y“. 

4. ^ga^b^-^ii^a^b+a^. 6. i6.ty+ 4o;r)'^ir + 25 y%®. 

*6. + 7 . i+4;ir+io.t‘'‘+i2A-*+9.r^ 

8 . g-V* Hh 12.r® + 2 2jr’’ 12.r -H 9. 9 . 4 et* — 1 2a^ + 2 - 24c? +16. 

10 . +1 2 ab + 4^“ 4- ('iiic +4^ r+ c\ 

11. ,r* — Sx^jf + 24 .f®j/^ — ^ixf^ + 16 y • 

12. 16 .r^ — 1 6abx^ + [ 6b'^X“ + 4aH'^ — ZaP + 4^'*- 

13 . x^ - 4 ;r^ +1 ojr^ - 2o,t'^ + 2 - 24X + 16. 

14. + 8 .r« - 2 ;r» + 16 ;r® - 8 :r + 1 . (c. E. r 867 ). 

15. x^ — 2 ax^-¥Sa^x^ — 4 et^x+ 4 a^. (m. M. 1885 ). 

16. 4;r^ + Zax^ + 40 ^+ 1 + 1 baPx + 1 ()b‘^. (C. K. 1870 ). 
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17. 1 - 4.r +10-r'^ - 20.v‘'^ + 2S-r* 24X'^ + 16.1“. (a. e. i 893). 

18 . ^a^ — 6ad-i-Soac + 6,i{i+d~- io/}C-2d{i+2$c^ + iocii-\‘^. 

19. - 4x^j' + 8,f - J o,fV® 4- — 4xy ’ 

20 . 1 - 6,r 4- 1 5 x‘-^ ~ 2 ox^ + r 5 -r'* — 6 a*' 4 - 

21 . 4x^-i2x‘'-i-i3.r*-22x^ + 2^x- — 8 .v + i 6 . (C. e. 1893). 

22. .r® - 12 r^’ 4- Oox* - 16o,r'’ 4- 240^'“ - 192.1' 4- 64- (a. k. 1891), 

23 . x'^(x'^‘ + y^‘ + i:^'^)-r 2 x(r + s:)(vi^TiliX“)+y'^s‘i (^f. ■)i. 1890). 

24 . 4- 2/r/.v + (2p‘r + 4- 2(/!is 4- '/r)x'^ 4- (?■(/ v + r'^lv^ 4- 2;xv'' 4- i *’ 

25 - 4-1 2a 4 - Srt'’’ 4 -1— 11 a* - 4^" 4- 4t?“. 


26. 4 - 2(y 4 4 ( 3/-‘ 4 2y.T 4 4 2(/ 4 j''" 4 iao'“ 4 4 i'^ 

4 2 /^ 5 '^ 4 s-^ (C. E. 1888). 


181. fhc square 7'oof of fractional expressions 

Rule. I’rocecd c\acUy as in Arts, 178 and 179 


V 


Ex. 1. Kind the square root of 2.r"- ',\r“444"'* - 2.1 44, 


Arrange the expression according lo the descending poweis ol 
thus 


41*42.1-- 

4 .r* 


3 . 


- 2 A- 44 ^-t^+’-i '-2 


4 v ^4 



4.r “ 4 X - 


2 1 - 8.r‘-J 
J~ 8.r“ 


2x44 

2 .r 44 


182. As the fourth power of a quantity is the scjuare of it!^ 
square (Art. 170)5 so the fourth root of a quantity is the sijuare root 
of its square root, and may therefore be found by the preceding Rule. 
Similarly, the eighth root may be found by extracting the square root 
of the fourth root, and so on. 

Thus, if it be required to find the fourth root of a* + 4a^x + 6a\v'^ 
44 aAr"' 4 -A the .square root will be found to be ^r 42 rtAr 4 .r^, and the 
square roftt of this to be a+x, which is therefore the fourth root of 
the given expression. 

183. Sometimes we meet with algebraical expressions whose 
square root cannot be found exactly. In such cases an approximation 
to the root can only be obtained to any degree of accuracy. 



EVOLUTION. 


1-47 


3x. Kind to four terms the square root of i +x. 




+ (Si C, 

i6 


2 + 


) 


.V + 


X 


,-2 


2+.T 


X- 




‘> 

X‘ 


x‘‘ X • A-- 

4 “ 8 + 64 


r*'' 

2+X- + 

4 


r’ Lr' 

16 J 8 ~ ( 


64 


.v'- 


.U' T" 

8 "^16 64^256 
64 64 256 

'i’hub the square root of i +-.i- to four terms ).s f + Vi 
there is a rcniaincler — ,,4 r'*+ 


Exercise LXXVI. 

Find the square roots of :— 


,1- 9 

1 • 4 - ., + 2. 
9 X- 


2 . i-r+ '^Y+«- 

j/" j"* 


3. 


2Sa^ 

()d^ 


-2 + 


zSii- 


4 . + (M.M. 1886). 

5* 9 .tr*- 2 .r*/ 4 -- 4 ;-.r^_>'‘^- 2 .rj'^ + 9 _iA (c.E. 1874 ). 

6. 1 - .ly ~ V T'V + -'V j/*^ 4- (\1. M. 1889). 

7. j.r* - 4- i^'-r^ - f-/Ku' + 

8. .v*-2;r'^~ —4-\-4 4'3- 

X pi 

9 . 9^''-^- 24.1; +19-^.4-^2. (c.E. 1890). 

10. Jir‘^4-4.r4-104'—4-^^2. (M.M. 1880 ). 

X X 

n x^ 2X , 2^1 , , o V 

• "5■ 4 " 3 ■ 4 *—ii • (n.M. 1890). 

a*‘ a X 
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X* , . t , oo \ 

*' + 4 ^' '' *“ ’ ““ — '* • 18^9)’ 

4 3 9 3 

4 ?“* _ ■*' 4. 9 ^ 4, 4. 

S’ ^ I 5 >'ir*^ 16.7* 5 sr® '’’25V-’ * 


^. 4;'* {x- y^\ , 


'Extract th^ fourth roots of the following : - 
X5. I ~ 4 x+ 6 x^-~ 4 x'^+x‘^. 16 . rf^-8rt'‘ + 2,j|p’- 32rt +Tf> 

1 ,7?*, 1 6 ( 3 !^ — () 6 a^d + 2 i 6 a^d'^ —216ab^ +81^ 

18 . I - 4,T + I o.r’^ - 16.r^ +19.1''* — i Gx^' + 1 o tr** - 4.r' + .r^. 

Extract the eigbthrroots of the following ;— 

19. x ^ — 1 Gx "^ + 11 2 x ^ — 4484 ’'* + 1120.V* - r 792-r^ +1793.r® - 1024+ 2 56. 

20 ;'' + 28aOA2 _ 56 ^r .^3 + yQ,^A^^ _ ^ 2g,j2^o _ 

Find the square root of each of the following to four terms : -- 
21. 1 “ 24 '. 22. a^+x'^. (c.K. 1877). 

23 . - b. 24 . t - .r - r*-^. (t.. K. 1885). 


184. Square Boots by Inapoetion. When an Algebraical 
expression can be put into the form of a square of a binomial, it^ 
stf-iare root can be obtained by inspection alone. 

^ Ex. 1. Find the square root of 4 - - 2ab + 2ac - 2b(\ 

Arrange in powers of a, and the expression 

— 2a{h — c)+//*' -~2br+c'^=— 2 a{b — c) + (b —.ic)'-', 
={a-{b-r))\ 

Hence the squaie voQt~a — {b-c) = n-~b-i-c. ^ 

i/Ex. 2 . Find the square root of 
(C.F,. 1866). 

The given expression = 

( I X 2 

X ^+-2 = X^ ~ 2 + 
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Exercise LXXTII. 

Kind (dy inspection) the square rout of the following :• 

1. C.E. 1907 ). 

2. 4 - 4 c'+ 2 ^ + c^-^r +—. (c.E. 1876 ). 

4 

3 * ^2+-. + 3 + ^+“^ • (A.E. 1890). I 


4. 




. . , ... (n.M. 1893 ). 

.r" .r 4 


5 . jyV“ —2.v-rr’- + (li.M. 1892). 

6. .sr^- 4 .r" 4 - 6 .r“- 4 ;r 4 - 1 . (M.M. j88o). 

7 . ~ “f *'*)• (c.E. 1888). 

8. ii ^’> rb ^- Vc ^-\- d ^~ 2 a { b - c -\- d )~ 2 . b { c - d )- 2 cd . (C.Ji. 1868}. 

9. (C.K. 1867). 

10. {o^ +3* + r^)(.r'^ +y+5’“) — {bz - cy'f — {cx - as'f ~- {ay - bx^. 

(c. K. 1878). 

11 . {a^bf{{a~b)^-2{a--¥b'^)) + 2{tP-\-b% (b. ai. 1887). 

* 12 . ^ 4{(a^ - b^)cd+ ab{c^ - +{(««- iP){c'^ - tP) - 4abcd\l 

13 . 3(3a‘'*—+ + 3d^) + 3 ‘'*(a + 4^)''*. (M.M. 1898). , 

14 . + 2(2^ — r)«^ + 4d^d^ + 3«^(:‘‘^ 4 - 4^^^^'■* — 4<i-bc+c* — 2ac'. 




)• 


185. To find the cube root of a compound expression. 

Let us consider the expression 6 «® + 3 a‘^^+ 3a^-+(5^ which we 

know to be the cube of a + t?, and see how we may get the root from it. 

1 

Arranging the terms in descending powers of «, we see that the 
first term is of which the cube root is <*, and this w’e set down as 
the first term of the root. Subtract tfi from the given expression and 
the remainder is 

3 «‘^^+ 34 jd*+^ or ( 3 a- + 3rf^ + ^^) x^. 

, Now dividing the first term of this r^iainder by 3 ^ 1 ® i. e. by' 
three times the square of the term already found, we get the other 
term in the root. Having fouml we can complete the divisor thus ; 



150 


MATRICULATION ALGELRA. 


To three limes add the new term in the root, and thus we 
get We then multiply this i[uantity by and add the product 

to 3rt^, i. c. to three times the square of the root already found. 


The work may be arranged as follows in three columns ;— 


3/f ■ + "^ab + b*^ 


a” + \-b" t a-^-b 

__ 

yi“b + yut- + 3 ® 


I'ufsuing the same (ourse in any other rase, if there be no 
remainder, we conclude that we have fibtamed tlu; exact cube root. 
This process may be cxiendcd so as to find the cube root of any 
multinomial expression consisting of more than four terms. 


Ex. 1 . Find the cube lOot of 8.rM-12a'-V + +J''". 

8j'- t-1+ 6.ri'- +/’’/ (2.i' yy 
8 .r^ " V 

6 .t+/ 121- ' i2.r-y + f),n''-‘+y 

+ 6.rr + F- 

12.r’* + fuj' + y- 1 2x’{]' + Oxy~ + v’’’ 


Ex, 2 , Find the cube root of j‘^-3.r'-3.r'*-f'i2A'-8. 

a '• - 3.1'' - 3a:’ + 11.1 '■ + ( ).r*< ~ 12,r - 8 - ,r 


3.1^ - r 


3 - 1 * 


•% b 




y-r"*- yv'^+x^ I 
,1-^' I 

3.r- - 3.r - 2 .3.1-^ - 32:’ + 3 a-'-^ 


2.1 


~ -yri^- 3 .v‘-f ii.t' 


- 3.1''’ + 3^* —A®. 

I - 6.r'‘ + 1 2'.r'‘ + 6x^ - i 2 a - 8 
-6.r“ + 6A- + 4 ! 

I^2,2^ - 6.r^ + 12A-'’ 4 -6,r® -12^-8 


186 . Cube Eoots by Inspection. When an expression, 
which is arranged in descending ])o\ser5 of some lellcr, consisl.s of 
four terms and is a peifecl cube, its cube root will be the .ilgcbraical 
.sum of the cube roots of llie first and last terms. 

Ex. 1 . Find the cube root of i^yix-^ + 2'2yt’x ~ I2^a'. 

Observing that ^(27.1'’)+ y(- i25^’') = 3.r- 5^1, wo have the gi\en 
Exp. = (3Ar)3 _ 3.3;t-.5a(3.v - 5,*) - - sa)\ 

the cube roots=3.r-5^. 

187 . The above process can toasily be e.xtended to the 
in which the cube root consists of more than two terms. 


case 
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Ex. 2 . Find the cube root of 5a®- 3aH' - 

Here,-i^.r''^'^“ and = -a^. Also — divided by three 

times the square of x\ i. c. 3,v*, gives -ax. 

Hence, the cube root, if ihrrc be one =v®-fU — a* 

On verification, we find that the cube of —cr is equal to 

the gi\en expression. 


1 . 

3. 

5 

6 . 

7. 

8 . ' 
9. 

10 . 


11 . 

12 . 

13. 


14. 


16. 



18. 

19 

?/J. 

/22 


23 . 

24 


ExerciBG LXXVIII. 


Find by inspection or otherwise tlie i ul)e root of :— 


.1'^ + 6.r®r + 1 2.rv^+ 8 r-l 2. ae - <r)d^ + 27<? - 27. 

+ 12 . 1 " + 48 . 1 ' 4- 04 . 4. - }()ti~b + 54 t^^^ - 27 /'^’. 

ir + 24 tz~b + I ()2air -\- 51 2b". 

8 r" - 84.r‘^_i' 4- :(j4 n'“ - 343,1 
///’’ — r 2Jfi-n \ 4- 48;////".i" - 
- 1 ^n'h 4-75'r//' 1" - 12 
d' 4 - Oa*’ 4 - 14 ' 4 -1 -f 6 a 4 - i. 

- 12.r'’ 4 - 54-1'^ - 112.1 ^ 4 -1o 8 .t ® - qS.r 4- 8 . 


.r''4-fu'-4-2t.r'’4-44r^4-63.r-4-54.ar4-27. (c’.k. 1866) 

of' — 4- — ya^b^ 4- — 3 'td' 4- b^. 

4- 48.fb’ 4- 6o.rb'- - 8or^v" - qo.r^_r^ 4- io8.rj''' - 27,v‘’. 
x^ — 3.1 4- 6x'‘ - I o i ” 4-12.1 - 12.r'‘ 4-1 o.*:® - 6,V' 4- S-v — 1. 


.r® 4- 3.'r“/>' + /’) 4- 3 ^ 4- 2oh 4- 4- \ce' 4- "S^b 4- 3a/^*^ 4 


■ '*“+> 6+'5 


a® b _ 2 a 
(v' 2 >b 

a® — < 5 ® 4 - c® ~ 'it[d^b — d^c — ab^ - ad — 4 - bd] - 6a^t, 

I - 6,r 4- 21 .r® - V^-’ H m ..r* - i ‘j^od 4- 21 Q.r-- 204.1 ^ 4 144.r‘* - 64.V” 
(1 43.VV -.t'( 34 .i-)'. 21. .iV‘-‘ 43 y’)‘'+/)“''■ 

b\(.v' 4 Ir' - <"} 4 3/’‘‘('a - CY 4 - ai ]{a -- c). (at. f. \. 1887). 


Find the sixth root of the follow ini; expressions — 

1 4 1 2.r 4 6o,r® 4 1 60.1 ® 4 240.1 4 1 ^ 2 x' 4 (H-d. 

.r" - 12<M ■ 4 fiorr.i ^ - 16oa®.i® 4 240a*.t‘‘* - 192a".r 4 64^*’. 
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CHAPTER VII. 

. MEASURES AND MULTIPLES. 


I. HIGHEST COMMON PACTOB. 

t 

). ^VVnjcnoiie quantity divides another without restnainder, it 
js said to ladasure it, and is called a measure of it. / 

Thus, 3, tf, dy 3a, ady a\ &c., are all measures of y.i^b. 


^ 189. A Common Measure of two or more quantities is one 

M'hich divides each of them without lemainder. 

I Thus, a, by 3a, 3/J, aby yiby are all common measures of 3a-^ 
jttnd xyibc, 

' 190. The Greatest Common Moasuro of two or more 

Expressions is the expression of highest or greatest dimensions or 
degree which divides each of them without remainder. 

Thus, ^ab is \\\^ greatest common measure of 3a‘^ and i^abc. 

i 191. The term Greatest Common Measure (briefly c ai.) 
is not very appropriate in Algebra, for the terms greater and /ess 
are seldom applicable to those algebraical expressions in which 
definite numerical values have not been assigned to the various 
letters which occur. It would be better to speak of the Highest 
Common Factor (briefly H. c. i'.), or of the Highest Common 
Divider (briefly H. C. J).). 

i 192. To find, by inspeciiony the H. c. K. of two or more simple 
lexpressions. 

4 

1 Buie. Find by Arithmetic, t/ie H. C. i-'. of the numerical co 6 ^ 
fpeients ; after this number write the lowest powers of the letters 
common to all the expressions, 

' Ex. 1 , Find the n. c. I*', of gadV® and i2aWc*. 

m _ 

Here, the H. c. K. of 9 and 12 is 3. The letters common to both 
•^expressions are a, b, and c. 'I'he lowest power of a is a ; the lowest 
power of b is b\ and the lowest power of c is c^. 

Hence the required n. c. !■. == ^ab^c'\ 

^ Ex« 2 . Find the h. c. f. of gabh^x‘% I2c^bc^y'^ and 

Here, the H. c. v. of 9, 12 and 15 is 3. The letters common to 
all' the expressions are a, b and c, and the indices of their lowest 
powers are respectively i, 1 and 2. 

^ Hence, the required H. C. F.» yah^. 



HIGHEST COMMON EaCTOK, 


153 


1 . 

4. 

7, 

9. 

11 . 

13. 

15. 


Fi 


Exercise LXXIX. 
e K. of : — 


and aH, 2. «.rV^ and x-j^s, 3. 3x* and I 2 .r“^.- 
4aH'^ and-6aP- 5. - 1 and 6. and 

i2aH^ax\d 8- Sa^V’'/'* and 


SaXf and loab'^x^. 
\2a^i^c and 

iox'^j/^ 3 ^ 15-vVV^ and 2ox^z^. 

77 ^y^s% i 43 .ryV', 


10. aW, aW and uW’. 

13. 15 / 2 ‘V/', boa^bh^ and 25 a^c*. 

14 . i2xy^T\ and 24 

and iix^y^z*. 


193. Witli the aid of the preccdinj4 Article, we may sometimes ' 
find by inspection the li. c. F. of two or more compound expressions, 
if it happens to be easy to separate them into their component factors. ' 

Ex. 1. Find the H c. F. of berb'^ — ^a^b and 3a-t‘ + 5aVv, 
baHr - 8^'*^*= 2ii^b{'^b - 4a''*), 
and 2 tx-c^ 4 -^irbc — d^c^ 2 c 4 -^b). 

Hence, a-, which is lhe,H. c. f. of 20^ and aV is the reqd. H.C.F. ’ 
Ex. 2 . Find the H. c. F. of biPx\d^—x-) and 4a”x{a+x'f. i 

6 n^x\(i^ — A-) ~ 2a‘‘^-i'.3.r(n: + t')(rt — i*), 
and 4a^x{a+x)- — 2 d^v.2ci[a + .t'). 

H. t. F*= 2 a~x{a +-f). 

Ex. 3 . Find the ii.C.f. of - ^ax^ 4 - 2 X*) and* a- 4 a®,r, 

a\a-x'-^ — 3a.r'’ + 2,1"’) = d\v*^{d- - ^ax + 2x") = - x){a ~ 2x). 

and x‘^(a‘^ - 4(^x-) = d^x\a^ — 4-r®) = +■ 2x){a - 2x). i 

. .*. H. c. 1. —22')* 

Ex. 4. Find the ii. c. f. of a-(a+i)®, x'\d^~\) and 2 x{d'~‘a- 2 ), 
x{a+ ]}“ ~ L(fi+ iX^H-1), 

X'^{u“ ~ i) — x,x{a+ i)(« - i), 
and 2xin- -a-2) = 2 .x[a + i)(<i; - 2). 

F.==.i*(tf+ 1). 

Exercise IiXXX. 

Find the h. c. f. of :— 

9 

1 . ‘^^y 4 'bxy'^ and zxy-g.-i^y'^. . 2. 3^^r* —2/i-.r and a-x*- zabx 5 

3. 3 rfS+2a“i5 - 5^5- and zd'b + 2 fll^^ / ' 
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4 . a-+ and <7^ - a/>. 5. (ytr — and 

6 . and - IP. 7 . cr'^xP and (^7 Jrxf. 

8. 4.r"(a 4-a')" and i o(t7‘“’A'— 9- .c^’(c7" —-t‘'^)*\and + 

10 . {(Vb - ._ ^2y^ II r.r.r-’ - 1) and S(x- - 3.1' + 2}. 

12. (a'“ + xf and r^f.i - - x — 2) 13 . 4(.r" + 77^) and 6 (,r- * - 277 .r - 371'“). 

14 . 6 x^v - 12.r“+ 3 ly" and 477.1"“ +■ 4^7rv ■{-4(f"x. 

16 . x^'+x - r 2 and .r- — 2 x ~ 3. 

16 . -r-^ + ^xy +■ ''j'- and t - — xy - 1 2 v‘\ 

17. 77 ‘-* — 2 / 7 T - 3.1-and 7 ^--t-377J + 2 V-. 18 - 12 (.r-4-j'-'y-and 8 (. 7 '"‘^ — !'■*> 

19 . cr(x’+ I 2 .r 4-1 [} and irx''— i \ ,rx— ' 277'. 

20 . ()(frx'^ — 4) and i |'r -t- 4 \ 

31 . f7“4-577 + 4, f7‘-’ + 2i7-l-', and //“ + 7 ( 71 2. 

22. r--~ y'\ and .i"“ t 3.i;r-h2_i'- 

23 .r” — y’, x' and .i-’ - 7.1 i' +-6r* 

24 . 7t" -2tf — 3, <7“-r- (t and (?- --7(7+12 

25 . (7»-i, 77“ - r and (7- :-77-2 

26 . a’-^-l-ZP -(■■' + 277 /(, (7“ - 4 2 hc and (7- yhc - r. 


194. 15 ui if llu' U. i . r. of two ( oinnound 0-\pre.s^ionL. be a lOtn- 
<2.\pression, U cannot '.:cnta;dly I")'- tbus oasd\ found by inspec¬ 
tion, Vnil may alway-i lie olitaiiv'd by a niediod wc are now about to 
explain, the jiroof of whirli wdl be ;4uen hc;reaftc:r. 

195. .Vn alpobiairal expres'uon is .said to Ix' of .so many 
dimensions as is indn'.iled liv the bi'jliest index of its letter of 

^ o 

referciirc. 

Thus i'-* — 7 .v +TO i.s of dimensions, r'-l-i of three. 

If it also invoh e other letters, it is said to be of so many dimensions 
in'each of them, aerordine to the highest indu es of each. If the 
dimensions c)f carli term aie the .yf 7 // 7 (-. thf' expressKjn is said to be 
"ilomogenGOue, and so many dirnen.sions as is indieated by the V77//7 
((f the indices in each term. 

Thus,tr*;^-4-3.r'y“ + r-y" is of four dimensions in .r. and tlirc ’ in y. 
It is ahso hofnoi^cucous and of Jii" dimensions. 

196. To (ind the 11. c. v of two c:ompound expiessions which 
cai.mot readily be resol\ed into tlieir prime factors. 

'H.I1I0. An‘(tn^e the expre'i'iinns acco'i'dine; to poivers of some 
ionitnott- letter.^ and divide the one of hii^hee d'otendxms by the other : 
or if the hij^hest index happen to be the some in eaih, take cither of 



HIGEST COMMON B'ACTOR. 


155 


thcnt for dividend. Take as in Arifkmcfic^ ihe remainder after 
this division for dndsor, and the prcccdinir divisor for dividend., ana 
so on until there is no remainder. The fast divisor 'it'ill be the M. c. r. 
required. 


Ex. 1 . Find the 11. c. k. of .t- —7.1 -}-io and 4.^'- 25,r“ + 20.i +25. 

a'- - 7j' + I o j 4.r® - 2 5 + 2o,r + 2 5 / 4.r + 3 
J 4-v'’ - 2 8.1'^ + 40 V y 


3ar“-20t- + 25 
3r'-* - ?i.r +3c» 


.1' — 




X 


ir. (’ Kr= , - 


- 7 . 1 '+ loi .r 

- 5 -^' 

- 2.r+ 10 

- 2 r + 1 o 


'I'ho ahcjve u-fjik innj' Ijc ^hown in sliorl; tlm'S — 




- 7-^ + ‘ o 

*t _ 

.1- - 5.1- 

- 2 X-\‘ 10 

- 2 I + j O 


4T^ - 2 j.r- + 2o.r -{-351 4.1 
41'^ —2 8.1'-+ 40.1 ; 

3.1'“-20r +25 I 3 
3T“- 2cr 3-30 

■\r-5' i 


M. ( . ! .—.V 




197 . If the ;3non c vniu.ssions l)a\e both or either tSi 1 hem, in. 
an}' rase, omflc faeiors, a'; in Art. r(,)2, these he struck «iiit, 

and the Rii’e appheti lO She resiiltinj4 expreiision.-.. 'I'lien the ir. C. »- 
of these, l)cin4 found as above., will be the same as that of the ^fiveii 
ones ; except it slic ild Inippeu that we have So strike fa' tors out of 
both of them, and that these factots thcm.selves have a foinmon factor. 
In thi.s case the n. tj. i. tound, as above, of tlie resultini' expres¬ 
sions, must lie muhijihcc^i’iy this rormnon factor, m order to produce 
that of the jtiveii expression-.. 

,So also, whenever we lom-ct a remainder, ac^cordinj.^ lo thc^,. 
Rule, into a divisor, we may strike out of it any simple factor it ma\' 
contain. Here, however, there 's no restriction, as in the former case ; 
because no part of such a .simple factor am be (.ominon also to tlie 
new dividend, which, bein|i^ the same as the former divisor, will be 
already clear of simple fu'Ctors. It i-. only with the first pair, 01 
i^iven e.vpressions^ that wc shall have to attend to this. 

I 

.A-nd, if, moreover, the first term of any such remainder is 
negative, we may, for the sake of neatness, before taking it as a new 
divisor, change the signs of all its terms, which is ec|uivalent lo 
dividing it by —i. This can only afiect the i^igns of the ff. c. i-. 
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Ex. 2. Find the u. c. k. of 

2x’' — +12 + 2.1' and — 6 x^ + 3.r. 

We have ® - 8.r^ + i 2 x^ - 8a“ + 3.r= 2 x(x* - 4 x^ + 6 x^ - 4 a' + 1), 

and 3^'*’ - 6.v® + 3-v= qx(x* - 2x^ + i). 


Also 2x and 3.1' have a common factor x. l^femoving^ the simple 
factors 2x and 3.r, and reservin'^ their common factor .r, we continue 
as in Art. nj2. 



2 X ' 

I 

i 


-2X'- +1 

3 + x'^ 

— 4x^ + 6.r® — 4^: + r 
X* - 2X^ P 4-1 

2-1^ ~3A*^ +] 

— 4,rl ' 4 .r" + 8.r- — 4x 

24'^ — 4A® + 2X 

— 2X + I 

^ — 2A' + 1 


_l-3 _ 2.r I 

H. C. F. reqd 




.v(.r‘-*- 2 ;t- 4 -l). 


198,, If now, havin}^ first attended to the directions of the above 
Art., we find at any step of our jj’ocess, that the first term of the 
dividehd is not (’xac/Zv divisible by the first of the divisor, then, in 
order to avoid fractions in the quotient, we may multiply the whole 
dividend by such a simpli^^^ictor, as uill make its first term so 
divisible.' 


Ex. 3. Find the H c. i’. of 6 A“y + 4.ry-— 2y^ 

and S.y + 4 xy - 

Cb 

^ We have + 4xy“ — 2^ = 2y{^x“ + 2xy — J/”), 

^ ^ and 8.r" + 4^‘^jF 4-ry'^ = 4r(2.r‘ + xj/ -y^). 

>Jow, noting that 2_y and 4.r contain the common factor 2 and 
keeping it for the reqd. H. c. F., we proceed with the remaining expres- 
fiions^^s follows. 


2Ar- 

2 . 1 '- +XJ/ —y^ 
2.r- 4- 2xy 

3.1® + 2xy —y^ 

2 

~y 

v^’ 
1 1 

1 1 

6.t'“ -f 4 xy - 3 y^ 
6 x‘^ 4 ~ 3 xy - 3 y^ 



y 

■^y+‘ yj;__ 




X+ y 


/, H. C. F. required = 2(a‘+_>'). ' 

i. Find the H. c. F. of 

■ "6-r* + 33A'‘^+ 36.1:-27 and 6 a-* + 3IA‘’ + 33.3;“— 

We have 6^* + 33^^ + 36.r - 27== 3(2^^ +1 ijr® +122:—9). 
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Rejecting 3, we proceed as follows 


X 

2.i“4-IIA'^4-I2.V-9 

6 x^ + 3 Ia'^ + 33 x^ - J9-«^ -- 3 


2A® -f 5 . 1 '® ~ 3 . 1 : 

^ + 33-^” + 36-r‘'* — 27.r 

3 

6.1 - 4- r 5.r — 9 

— 2 x^— 3.T*-*4- 64 —3 


6a:'^ 4-15-1'-9 

— 2.1®-I i,r*^ - 121*4-9 



4 , 8.r- 2o,r — 12 



2.1-24- 5.1-3 


^ .*. H. c. K reqdia»2,r- +5^ - 3, 

Exercise LXXXI. 

Find the h. r. i’. of : 

' 1 , 3;r- + .1”- 2 and 3,1" + 4,r- 4. 2 . C.i - + 7.r - 3 and 1 2^" + i6.f — 3. 

3 . - 2 5 and <;.r- -h 3 r - 20. 4 . 61-4-13.r 4 6 and 8.1 “ •+ 6-r - 9. 

5. 15r“ —a —6 and 9,1-— 3a - 2. 6. 6,T““.r - 2 and 211" • 26 r 54 - 8 ,r 

7. 8r--|-(4.1-15 and 8i’4-301-4-131-30. 

8. 41" 4-3^- 10 and 41' 4 -71" - 

9. 23" f (xi^ 4 - 6 .t 4-2 and 6 i® 4 -(>i^ - 6 .r — 6 . 

10 . 2v* — 103^-r r?!' and 3_v* — f 51''’4-243" — 24. 

11 . r® — 6<'ea'' + 12 i"x — 8a’* and .1 - \<i .r'-*. 

12 . 2-t’ -f Io i '■* f r4.1 4- 6 and i*’’ 4 - r** -h 7.V 4- 39. 

13 . 6a" - 6a - 4- 2a - 2 and 12.1 ” - 15a 4- 3. 

14 • 3ar^ —221 - 15 and j.r'* 4 -1 ” — 541 “ -f 18.1*. 

15 . 3;r^ — 3.1'“ i' 4 -.rv^ —y" and 4a^ ^x-y- 3.13'^. 

16 . .r® — 8.1' 4 - 3 and .i“ 4 - 3.1 '* 4- .r 4 - 3. 17 . -v'* - 5.f - 2 and 21 * + 3.1 * - 8. 

* 18 . 3.T® + - 15a 4- 9 and 3.r‘* 4 - 3^ * - 2 t.i" - 9r. 

19 . A® -4 xy 4 - xy^ +y^ and r* 4 - .I’v - 4 - xy^ -3'*. 

20 . 3a* + a^b — qaV- — and 4a* 4- i.’^b - -f nf^'^ 

21. 5ar^Hh2ar® — 15ar — 6 and — 7a'’*4-4.r^4-2T.v — 12. 

22 . ar®4-6,1** 4 -11.r 4-6 and ar'* 4 - 4 * 27^:4-27. (c. E. i866 dt w. m. 1893.) 

23 . a-3-7a.'^ —8o.f 4-576 and 3.r**-14.r-80. (c, e. 1S82). 

24 . AT®-5a;i:3 4-7a^.r—3a^ and 3.v‘‘‘ —icvEr-f-7aS. (c. e. 1880). 

26 . AT®-8a:'-*- 12.r4* 144 and 32---162:-112. (a. e. 1889). 

26 . A:**4-3Ar** —92:4-5 and AT®—J9A'- 4 30. (c. K. 1859). 

27 . .r*4-4A'® —5 and a-®-3a'4-2. (c e. 1868). 

28 . 2X' - 5.1- - 39 and AT* - 2 i.i -18, 
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29 . A'"’ - A" - 8a- + 1 2 and 3 a‘-* - zx - 8. (a. k. i 892). 

30 . 15 A^ - 4a‘' - 53A- + 30 and i 5 a^ - a" - 3 i.r - i 5. (c. Y. a. i 882) 

31 . 2X* + A'^ - 2or- - j.v +24 and 2A-* 4- 3,1' - 13^'^ - yx +15. 

32 . 3 ^^® + 1 54^“^ - jfi'P - J and i oa‘' - - loa^P + ^oaP. 

33 . .1'* -2A”y + 2 1’)/- ~ y* and x‘' - 2 x^y + 2x'^y- - 3a^^ +y*. 

34. X* + 6 r" +1J.r” + 4r - 4 and x* + 2X^ ~ 5A® - 12.r - 4. 

35. I and 25 a'^ + 5 a"-a'- 1. (i\ K. jSi/)), 

36 . .r’’ - 2ax^ - 5rt“A' - 12^^ and a” - yax- + 13ff'A‘ ~ 4//^ (a. e. i 1891 j. 

37 . 2.r+9A’‘ + 4A-15 and 4.r'^ + 8 a- 4 -3.r + 20. (c. e. 1867). 

38 . 4 A‘’' - - 20rt“A' 4 - 244^'^ and 6 a'^ 4 - 24n!.r‘-^ 4 - ^n^x - (C, E. 1888). 

39 . -3A''*- I 7 .i'“ 4 - I 9 .r 4-11 and 6.r- 25.1-^' lyx^- 22. {C\ E. t872). 

40 : 2 A^ - a” - 9A^ 4 - 1 3.1' - 5 and 7 .r“ - 1 9 a“‘ 4 - t 7 a ~ 5. (Al , .M. r S89). 

41 . .r'’ 4 ’A *4 1 and .r“- 2 A^ 4 -A"-I. (c. E. ]89o). 

42 . 6 a^4- yx’ - 9r 4 - 2 and 8 a-‘’ 4- 6 a ^ - 15,r‘-®4-9r - 2. M. M. 1890':, 

43. A* - 6 a^ 4 - 7 V* 4-0 r - 8 and 2 a " - i 1 a - 4 - i i a' 4- 4. (.M. M. 1 887). 

44 . 2A^ 4 - 3 A'“ 4 - 2 .v-2 and 4A'^~ 2a" 4-2A-I. (c. E. 1876). 

45 . A‘^-9d“A-‘'*4 -io^/ 'a and - 4a’ (r. K. 1873). 

46 . 3A^ - 51 “ 4 - 5.1- - 2 and 2.1'“ - 2 a'’ 4 - 3a^ - a 4 - i . fc. K. 1893). 

47. A'( 6 .r'- 8 j^')-r( 3 A-- 4 y-) and 2 Av( 2 _y-A') 4 - 4 A'^- 2 j/". (f. E. 1883). 

48 . ^a'* - 2A'" - 4A'’’ — 35-1- and a '’ 4 - H.r'* 4 - 23.1" 4 - 32 a- - 11 r. (('. E. ! 894)._ 

49 . .i-'’-3A 4-20 and 5.r‘’-3A®4-64. (11.^.1882). 

50 . A'''-t-i’.A'-f'( and A- + %a-4-t4. ((.. K. 1879). 

61 . 6 A‘* 4 -.A"-r)A'-’- 5 A -2 ;jnd 2A*-}-3 a’’ 4-2A“-7 r-6. (c: E. 1873). 

52 . a'*+a"- 1 ja“- 9 a 4 - 18 and -f*- ioa’’4-35a'-- 50A4-24. fc. K. 1877). 
63 . 2oa‘‘- 3 £ 2 ’'A 4 -iJ‘‘and 64 a^- 3 rt/r 4 * 5 / 5 '*. (c. E. 1891). 

54 . A‘* - 8a'’ 4 -28.r‘'* - 53A 4 -42 and x* 4 - 6.r - 42.1-- 4 - 1 291 — 1 54. 

(]\j. M 1891). 

55. 2.1'^ - 2A-" -H-t" 4 - 3A- - 6 and 4.1-’ - 2 f-4- 3 a - 9. (a. e. 1893). 

S'fe. A* - 2a'' 4 -a - 8.1 4- B and 4 a’’ - i 2 a- 4- 9 r - i. 

67 . 6a* x^y - 2’X'^y'^ 4 - 3A'J''’‘ ->-* and 9A' ’ - 3A’’j' - 2A-y-‘ 4 - 3a_j'’’ ~y\ 

58 . I 2a'’ - 1 2 x^y^ + 1 2Ay - 3 a;/* and i 2 a'> 4 - ^xy - 1— bx'y'^ 4 - 4 Ay*. 

i • ^ 

50 . 3a‘’ 1 oa'’j/ + 22 x 1 )'“ ~ '22xy^ 4 -15/* and 2A-* - yx^ 4 -1 bx^'^ - i yxy^ 

+ I2J/*. (m. M. 1882). 

60 , 7A* - loaA” 4 - - 4a\v + 4rt* and Sa* - t yix^ 4 - 5rt‘-*A“ - 3a’’A 4 - 3a*. 

■ (B.M. 1884). 
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61 . 3Ar''’-and 4.1^ + ! i.i w 81. (C.K. 1865-66 r.K. i8fp & 

A.K. 1898), 

62 . 4r'' - aoQar'^ -f 1 5 and 15.r" -* 209 + 4. (m . ir. a . 1891 ). 

63 . .r3-i-3,t* + 46A'''-1-89.1'"-}-.'27.1 4 -164 and .r®-f-3.1'''-f 46^'^ -F 89.1''-f 

I32;r"-f 16911'-f 205. (C.L. 1895). 

64 . What value other than zero must he j^ixen to a in order that 

and ,i“-i-.r-£C may liave a con^mon factor, and 
what lb their H.c. I', when /r has tins value ? 

65 . Find the Xalue of j'which will make thee\in'ession.s2(y-‘-l->').i- 

-I- (11/ - 2;,v f 4 and 2( jj/" + (11 r" - 2_v)-r'‘* -h + 5;').v 

-f 51'- I have a common mcasuie other tlian iinitjc 


199 . To find the of more than t wo expressiorib wdiirh 

^ annot easily be resoKed into their ]nime factors. 

Rule. A'/;?// the ii.c.i-. i\f any l\oo of i'o'ni. rhcn the of 

(his ansnoer and the thi7\i^ and so on. I'he last \\X..\'. luUl k the 
requhrd 

Ex. Find the i) c.F. of i"-- r*4-3.L-f-5, .r''~ 5.! "-t-u v - i 5 and 
2.1-' — 7.V- F r6,r - 1 5. 

r>y the usual ]jrocess, it will be found that the 11.< .f. of .v'’-.r- 
+ 3-v + 5 and .1 ^ - 5.1- + 11.1 - 15 =-,t - - 2.v + 5. 

ITocecdm^ as befoio. it wnll be found that tiie H.c.i'. of f- -2.rF5 
ind 2.1-'^ - 7.i ‘ - 16.r — 15 =■ .1 “ - 2.i' + 5. 

li.C.K. of the three expressions = 21+5, 


Exercise LXXXII. 

, Find the H.c. r. of- 

1. X' - 4Jr’-^ -h 9,1 - 1 o, A' + 2.1 *’ - ye + 20 and .x" + 5.1 - - 9.1 -f 35. 

2. .V* + 2JI-- + 1, .1 ’’ + .r"* - x~ - 1 and - i. (c. K. 1869). • 

3. 2o.r‘* + .r- - 1, 2 5 i'‘‘ + 5.r" - .r - 1 and 2 5,1 - 1 o.i" 4 i. 

4 : — 2jr‘-^ - 19A' + 20, + 2-1'- - 23,1 - ()0 and .1 ^ - 4F' - 52.1 -i- 48. 

5 . 3^'” - 1 4X‘ + 16.r, x-‘ - 7.1 - + l6.r -- i 2 and 5.r^ — j ox'‘‘ + yx — 14. 

Vl 

6. ‘ 8;r^ +14r + 3, 2o.r® + 9.1" — 3.^-1 and 12.1'^ -- 5.t^ + 2,1: + i. 

7. 3.7’* - + yx - 2, .r^ - 4;i'“ 4 5,r - 2 and 2.v^ - 4.r-4 3.V - t. 

8. .r® 4- 4 ;r'’ 4 2 x^ 4 6.i' - 9, x‘^ — .a ® 4 6 x - 9 and a ^ 4 2.r® - 5.F-’ - 

6.1-49. (li.M. 1886). 
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200. In order to prove the Rule given above, it will be necessary 
to shew first the truth of the following statements. 

{t) If P be a measttre or factor of A, it wilt be a measure or 
factor of m^. 

For let a denote the miotient when A is divided by P ; then 
A=s«P ; therefore mk^mctP^ so that P is factor or measure 
of mA. 

K 

(2) If P be a common measure or factor of A and B, it will also 
be a factor of the sum or difference of any mnltifles of A and B, as 
mtK-hnB. 

For let P be contained / times in A, and q times in B ; then 
A—; 5 P and B = 5?P, and w/A twB —w/Pdtw^^P—(wr/±w^)P ; hence 
P is contained mp-lnq times in wzAa «B, and therefore P is a factor 
of ///Adb«B. 

201 . Vo prove the Rule for findin^t^ the h.c.v. of two compound 
A lj:^ebraical expressions. 

First., let the two given expressions, denoted I)y A and B, have ( 
neither of them any simple factor. 

Let A be that which is not of lower 
dimensions than the other; and suppose A 
divided by B, with quotient p and remainder 

B by C, with quotient g and remainder 
D, and C by D, with quotient r and no 
remainder. 

Thus, we have the following results .— 

A«®^B+C, B^^C + D, C — rO. 

Then, by Art. 200, all the common factors of A and B are alst^ 
factors of A -/B or C, and are therefore common factors of B swid 
C ; and, conversely, all the common factors of B and C are also 
factors of /B + C or A and are therefore common factors of A and 
B. Hence it is plain that B and C have precisely the same common 
factors as A and B. 

In’like manner, it may be shewn that C and D have the. same 
common factors as B and C, and therefore the sa?nc as A and B. 

And so we might proceed if there were more remainders, the 
quantities A, B, C, D, &c., getting lower and lower, yet stiji being 
such that A and B, B and C, C and D, &c., have the same qommon 
factors. 

But, here, since D divides C without remainder, then D is itself 
the greatest expression that divides both C a’».d D, (for no quantitv 


B)A(/ 

pB 

C)B(^ 

qC 

D ) C (r 
rD . , 
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higher than D will divide D), that is, D is the greatest of the common 
factors of C and D, and therefore is the Highest Common Factor o*” 

A and B. 

202 Next^ let A and 5 have simple factors, and let A=saA^ 
where a denotes the product of <t// the simple factors in Ay 
and h of those in B, and A, B are the resulting expressions, when 
these simple factors are struck out : then A, B, having neither of them 
any simple factor, will have no factor in common with a or Now 
A or a A is made up only of the factors in a and A, and B or d B 
only of those in d and B. Hence, if a be prime ft) by (that is, if a 
have no factor in common ivith b\ the only factors which A can have 
m common with B must be those which A may have in common with 
B, thnt is, the H. c. K. of A and B will be the same as that of A and 
B. But, if a and b have any common factor, then this will also be 
common to A and By besides what may be common to A and B, 
that is, the ir. c. f. of A and B will be obtained by multiplying the 
H. c. F. of A and B by the common factor of a and b. 

Hence, this case also is reduced to finding the n. c. f. of two 
e\pigssions A and B, which have no simple factors. And, of course, 
the abo\e reasoning holds if either a or b he unity, that is, if one 
<9nly of the given expressions have a simple factor to bo struck out. 

203 . Having shewn that we may strike any simple factors out 
of the original expressions, we shall now shew that we may strike 
them also out of any of the remainders. 

l-et then A, B, represent expressions having no simple factors, 
(either the original expressions A, B, if they have no simple factor, 
or else A, B, reduced, as above) ; and let us apply the Rule to A, B 
dividing A by B, and obtain the first remainder C : then we know 
that the H. v. f. of A and B is the same as that of B and C. Suppo.se 
now that C=rC, where c is a simple factor, and C a compound 
expression, having no simple factor. Then C is made up of the 
factors in c and C; and B (having no simple factor) can have no factor 
m common with r, and therefore can have none in common with 
C but such as it may have in common with C ; that is, the H. c. F. 
of B and C is the same as that of B and C. And, of course, the same 
reasoning holds with the other remainders. ^ 

204 . Lastljfy if, at any step (supposing simple factors struck out) 
the first term of the dividend should not be exactly divisible by 
^he first of the divisor, as, for instance, in the case of A and B, 
we may multiply the dividend A by any simple factor a*y which will 
make it so divisible : for, since the divisor B has no simple factor, 
it can have no factor in common with a'y nor therefore any in com¬ 
mon with the dividend a'A, but what it may have in common with 
A, that is, the H.C.F. of A and B will be the same as that of a'A 
and B. 

M.A. — 11 
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205 . Kz'cry common factor of hvo expressions is a factor of 
t/ieir ii.c.F. 

Let A and B be the two expressions, and D their KC.i-. Let 
d be any common factor of A and B, so that 

^ = md and B=«</. 

Then C=A-pB=md-pn(i-^{m-pn)d \ v 

also B = B—q0^nd—q[ni—pn')d={ji — niq-\-pgn)d\S ' 
and therefore is a factor of D. 

Also, since 6 cannot contain a factor which is not in common 
with A and B, (for then it will not divide them exactly), therefore D 
contains all the common factors of A and B and nothinJ^• more. 

206 . To prove the Rule for finding the K.c.l'". of jnorc than 
/zoo expressions. 

Let A, B and C he the three expressions, and suppose the 
fi.e.r. of A and B to be D ; then the H.C.i'. of D and C will be the 
n.c.i. of A, B and C. 

For, since D contains all the factors common to A and B, 
and nothing more (Art. 205), therefore all the common factors of 
D and C must contain all the factors common to A, B and C, 
and nothing more. Mence the h.cm'. of D and C is the same 
the H.C.F. of A, B and C. 

In the same manner, whatever be the number of expressions, 
theim ii.C.K. will be determined by a continuation of this process. 

Or we may obtain the H.c.r. of A, B, C, and D, by finding X 
the ii.c.K. of A and B, and Y the H.C'.v. of C and D ; then the tr cm 
of X and Y will be that required : and so in other cases. 

207 . Nomsnelatur©. We have already noticed in Art. 101 
that the term (i. C. M. is not appropriate in .Algebra. The reason for 
this will appear from the following consideration. 

The H. c. r. of 3.r^ + 7^ —6 and 10 is 3.^-2; but if we 

put A = 3, these quantities become 42 and 56, whose c;. c M. is 14, 
w'hereas the numerical value of 3A' —2 would be 7. The fact is that 
3.r‘-^ + 7-r--6 = (3A--2)(;r + 3), and 3.r‘-*+13-r-io-^(3.r - 2)(.r + 5); and 
here, besides the common factor 3 a- 2, the two factors -r + 3 and x+ 5, 
which algebraically have no common factor, will have the common 
factor 2, w'henever we give v the value of any odd number. 

208 . The principle e.xplained in Art. 200 can often be employed 
to shorten the work of finding the H. c. F. 

Ex. 1. Find the ii.C. f. of .r® + 6.r" - 8.r — 7 and + 8a'- + ioa* + 2 r . 
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The common factor must be a factor of 
3(.T^ + 6 x^ - 8-r - 7) + (.r^ + 8,1:® + io.r + 21), 
of 4;ir’* + 26A'^-I4r, or 2.r(2;r®+I3.V —7), 
of 2,r(2,r --1 )(,r + 7). 

Now 2.r is not a common factor, nor is 2.v— t, as is evident. 

;r + 7 must be the H. t. F'. if there is one. 

Ex. S 3 . Find the it.c.k. of a.r’- 5.r 4-6 and 4.T^ + y“-’ i2.r + 4 
The common factor must be a factor of * 

4 .r« + - 1 2 .r+4 - 2(2.1 s _ 5.^- + 6), 

i.c. of .V- —2.r —8, or (.r 4-2)(:r —4). 

Now ,r-4 IS not a common factor, for 4 will not divide exact!) 
both 6 and 4. 

x + 2 must be the H. c. f. if there is one. 

II. LOWEST COMMON MULTIPLE. 

209 . When one quantity containa another, as a divisor without 
remainder, it is said to be a Multiple of it ; and a Common 
Multiple of two or more quantities is one that contains each of 
them without remainder. 

Thus, is a Common .\fnltifilc of 2.r-, ;^xy, 6.r^, ('tc., and any 
(|uantity is a 7 nult 7 p[c of any of its measures. 

210 . The Lowest Common Multiple (briefly L. c. m 4 ‘>f 
two or more expressions is the lowest expression that can be formed, 
so as thus to contain each of them. 

Thus, ()X^y is the I.. c. M. of 2^'“, 3rjt' and 6.r^. 

211 . The term I.oast C(wimon Multiple^ as Lircatest Common 
Measure is objected to in Algebra, as being inappropriate, for reasons 
similar to those said in Art. T91. It would be better to speak of 
fewest Cotnmon Multiple^ and we shall use Ibis expression. 

212 . To find, by inspection^ the i.. C. M. of two or more simple 

expressions. , 

Rule. Find by Arithmetic, the 1.. c. m, of the numerical coc- 
(ficienis j after this nu 7 }tbcr ix>riie the hiykest po'we 7 's of all the letters 
that Occur in the j^iven expressions. 

Ex. 1 . F'ind the r.. C. M. of ^a^b'^c" and Gad'‘c*. 

Here, the L. c. m. of the numerical coefficients 4 and 6 is 12.. 
The letters which occur are a, b, and c. The highest power of a 
is of ^ is < 5 ^ and of c is c*. 

the L. C. M. required = 


• • 
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Ex. 2 . F'ind the L. c. m. of and \'^d^bc^. 

Here, the L. c. m. of the numerical coefficients is 36. The letters 
which occur are a, by c and d ; and the indices of their highest powers 
are respectively 3, 3, 3 and 2. 

Hence the required 1- c. 

Exercise LXXXIII. 

Find the L. t.:. M. of :— 

1. ^d“bc 2. and i2Ay‘. 

3 . and 4 . 20Aji':r, and loay^jy^. 

5 . db^, b^c and dtV**. 6. and Ubc“. 

7. 6«/u'^ and 3a"<:.r. 8 . 8a\ and i2a~b\ 

9. Si**/', lodb", loaWy ^ab* and b^. 

10. g.r^, 6 aXy 36.r’', 3«jr®, 5 oa“;r and 24^^. 

11 . I2db'^(*x\ i^dbc^xy- and yyab^'c^x'y. 

12 . g\aWc\v^ and j 

213 . With the aid of the preceding Article, we may sometinie.s 
find by inspection the L. C’. m. of two or more compound expressions, 
if it happens to be easy to separate them into their component 
factors. 

Ex. 1 . Find the 1-. c. lU. of d^h-\-ab“ and — 

W e ha\ e ^ «= ah{a + h')^ 

and - dd = d-b\d- aW{a + b){a - b). ' 

Here, the highest power of a is d\ of b is b\ of a + b is a + b and 
of a-b is a-b. ^ 

Hence the L. C. M.^d^b^{a + b){a — b)=>d^b'^{d^ — b'^). 

Ex. 2 . Find the L. c. m. of 2d{(i+x\ 4ri.v(rt-.r) and (ix\a-\‘x). 

, Here, the L. c. M. of the simple factors 3 a®, 4av and is i2a®,r‘“ ; 
^hat of the compound factors is {a+x)(a-x)—d-x-. 

Hence, reqd. t,. ('. M. = j2d^x^(d‘-x% 

Ex. 3. Find the L. c. M. of 3(A'®+4jr-5), 6(.t® 4-2;i'-15) and 
x^ - 4.r + 3' 

We have 3 {''‘'*+ 4 ^- 5 )“ 3 (^- iX-^ + SX 

6(x^ + 2X -15)== 2.3(jr - 3)(jr + 5), 
and x^ -^x + 3 « 1 ){x - 3). 
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Select the highest power of each factor, 

L. C. M. « 2 . 3 {;r-i)(;r~ 3 )(.r + 5) = 6(.r^+.r'--17-V+15). 

Exercise LXXXIV. 

Kind the L. c. M. of 

1 . axy 2LX\d a{xy-y’^). 2. ab y ad sxid ab ~ ad. 

3. and 3 (a^ - 4 . 4(rt*-* —a) anS 6 (a‘^ + «)- 

6, + b^ and a + b. 6. - -V - 20 and .f" 4*-v — 12. 

7. .^--3.1-4 and 12. 8. i, i and a*-i. 

9. 6 (.r‘‘* 4 -.iy/), 8 (;r/—y-) and io(.r“-^), 

10. ya”~arb\ I2(ad“ + /i”) and 

11 . 0 (.r-_j/ 4 -,ri'-), 9(.r^ —.r/-) and 4(y+.ry^). 

12 . x ‘+-f - 30, .f" - .r — 30 and .r- — 11 .r + 30. 

13 . <i'‘b — nb"\ d‘ y-ab^ 2b^ and a" ~ab — 2b'^. 

14 . x'^ - [ 2x + 35, x^ - Jox + 21 and .r- - 8.v + 15. 

15 . a‘^ + 5^*4-4, — a+i and 4 *i. 

16 . xr, .r- r andy-A-y (c e. 1866 and km. 1893.) 

17 . - .ir-, a- 4- .r 4- 2and a“ — 41--. 

18 . x" - 9, a" - 27, .V - 3 and x“ + 3,r 4- 9. 

19 . (3^^;‘'‘ - 3 rt<^j-, i - ab*) and 24(a^3^ — ^"). 

20 . 18(.£ f - b^\ 24(a ~ bf{a^ + b^) and z6{d^ - b-f. 

21 . 5.i'(.r“ + 2.r 4-1), i oa‘-^(a:- - i), and 15^v 4-1 )(.r‘'* -- 2a- 4-1;. 

22 2(Ar—2)^, 2.r- —8, .r^4’2A: and 2.t-®-4.r, (c. E. 1871). 

23. x^ + n^j x^ — a^, x^+ax+a“ and x^+a^. (a. K, 1889). 

24. ,r2 - I, + 1 , {x - I)“, (at 4-1)“, x"' - i and x^ 4-1. (c, E. 1885 ). 

25. 6 a'^ —a:-i, 3.r‘'*4'7Ar4-2 and 2 a‘^ 4-3.ir - 2. (c. K. 1869). 

26 . fv^ 4- ^ab 4 - $b\ - «V> — ab^ 4- and 4- - 6<^®. (i;. M. 1885). 

27. x^+x^y+xy^+y and x^ — x^y+xy—y. (C. E. 1870J. 

28 . I 4 - 4 v 4 - 4 a‘-^ - i6,r* and 1 4 - 2 A'- 8 .r’- i6jr^ (r. E 1874& i*. E. 1888). 

29 . <)x^ - 28a® 4 - 3, 27a'' - 12A® 4- 1 , 27A* 4 * 6.V® - T and x* - 6.r® 4 - 9. 

(C. E. 1886). 

30. .r® - 3.r® 4- 3 -a - i, - -r 4-1 and .r^ — 2 a® 4’ 2.r — i , (M. M. 1890). 

31 . .A® — 4a®, .r® 4- 4 - 4ei®.T‘ 4* 8(2® and a® — 2ax^ 4*— 8«®. 

32 . A® - (a 4- b)x 4- ab^ a® + 3<ia ^yib — b* and a® — {2a 4* b)x — ah — sa®. 
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21ft. To find the i. c. m. of two compound expressions which 
(annot easily be resolved into factors 

Let A and B represent the two expressions, and D their li. c. k. 
found according to the Rule of Art. 196, Since each of the expres¬ 
sions A and B is exactly divisible by D, let them be divided by D 
and let n and b denote the quotients respectively. Then 

A=rtD and B = /;D. 


Now it IS clear that a and b have no common factor. Therefore 
the lowest expression which contains a and h is ab^ and therefore the 
lowest expression which contains and (I'D is which is conse- 

ijuently the l. c. m. required of A and B. 


'rhus, the L. c. \\. = abD = 


X bD 
D 


AxB 

“ b 


Hence, we obtain the following Rule ; — 

Rule. Divide the product of the iivo expressions by their M.( .K. ; 
or, which is more simple in practice^ divide either of them by fheir 
H.t’.F. and multiply the ijiiotient by the other. » 


rttc c-- . r . pioducl 

215 . Since m. of two e\pressions= - , 

* H.C.F. 

Ii.C.M. xH.C.F. = Product of the two expressions 

Ex 1 . Find the J.. c. ,m. of -x-2 and 3.1 ^- joa- - jx -4. 

« 

The H.f F. of the two expressions will be found to be ;^x'^ + '2.r+ j. 

By division, we shall find that 

(9.r^ - A' - 2 ) -.- (3.r^ -I- 2.1' -I- 1) = 3.1- - 2, 

and (3;r'’ - lox -- jx - 4) (3jr=^ -i- 2.ar + i)=.r - 4. 

c. M. required = ( 3 .v-- 2 ) (a'- 4 ) (3.r“-l-2.;r+1). 

t 

216 . To find the 1.. c. .M. of three or more expressions which 
cannot easily be resolved into factors. 

Let A, B and C be the proposed expressions, and let M be the 
1.. c. M. of A and B ; then the I. c. M. of M and C will be the 
L. (. M. of A, B and C. 

For, since Wl is the l. c. m. of A and B, therefore M contains all 
the factors that occur in A and B, raised each to the highest power 
it has in any of them, and nothing more. Hence the L. c. M, of 
IVl and C must contain all the factors in A, B and C, raised each 
to the highest power it has in any of them and nothing more, and is 
therefore the l. c. m. of A, B and C. , 

.Sim ilarly, for four or more expressions. ^ 
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Hence, we obtain the following Rule :— 

Rule. Find the l.c.m. of any two of the expressions^ and then 
the L.C.M. of this ansiver and the thud and so on. '/'he last result so 
obtained will be the required L.C.M. 

Ex. 2 . Find the l. c. m. of 2r“+.rj'-6i/“, +8.t>' + 4y“ and 

6F“ — 5,rj/ — 

First, tind the L. c. M. of 2v~ + xy-6y“ and 31*-+ 4_v-. 

Their h. c. i'.=-r + 2j'. 

Hence, their L. c. M.=(2,t' —3^(3^+2j/)(-r + 2j/j 

- (-yx”' + 7 x‘“y -- i0.rv“ - 12 lA 

Next, to find the 1.. c. m. of this expression and 6,r“— yry — Oj/'-. 

riieii H. . r. = 6.r“ — —6y. 

/, 1 .. c. M. iequired = 6.r^ + 7A'‘y — i6.rF“— 

This question may also be easily worked out by resolving the 
expressions' into factors. Thus, 

2.r^ +.VJ' - 6 f — { 2 x — 3 y){x + 2 y\ 

31 ■•* + 8-17 + Ay’ = (3-^ + “ + 27), 

and ()x'^ - 5.17 - =(3.r + 2y)i2x - 3;/). 

Hence, the i.. c. m. required = (2.i'-37)(3.r + 27)(.v +2r). 


Exernise LXXXV. 

Kind the l. c. m. of; -- 

1. 3a:* - x" + 3;r — i and 4.r* - x^ + 4.^ - t • 

2 . x" 4 - 9,r- + 23^-4-15 and x^ 4 -1 o.v^ 4- 33 -t' 4 - 36. 

3 . ti"^ 4 - 2(1“b - ab^ ~ zb^ and a:‘ - zc^b — ab'^ 4- 2F. 

4 . 3.r^—ioa,f4-7«‘^ and .v'* —5rta^^ + 7<*-a' —3^^ (c. E. 1880). 

5 . 6x^ + 7x^ - (jx 4 - 2 and 8.r* 4 - 6.v^ — 1 5x^ 4 - 9a' - 2. (m! m. i890). 

6. 6:ir* 4 - 7X^ - 27x‘‘‘ +17.r - 3 and 4 -172^^ 4 - 27.1'-* 4- 7.J^ ~ 6. 

(m. m. 1888). 

7 . -r" — ^x^ 4- + 4-^ — 4 and 4 --v^ - 6.r“ - 4,r + 8. (C. K. 1868). 

8 . x^ — 6 ;r“4 -1 i.r — 6 , x^ — gx^ 4 - 26;r — 24 and — 8;r“ 4* 1 9X — 12. 

9 .r* 4 - 7 Jr^ 4 -16, .*^ 4 - 3 .r 4-4 and ,r^ 4 - 3 A' —4. (b. M. 1892). 

10. -r^ — 7y-“-80.^4-576, 3jt:‘-*—,14.1; —80 and 3:1;®4-17^-90. (c. e. 1S82). 

11. .v*4-7.r*4-8'^-16, .r''—13^: +12 and 3^^4-13-1^^-16. 
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12 . x^- — 2 x^ — 1 gx + 20, + 2,r* — 2 3.r - 6o an d a * + - 4.1 - 5 + 48. 

(n. iM. 1891). 

13 . x^+x* - 4x^' + 2X^ + 6 x - 9, ,1* - ,r'*+ 6 x - 9 and 

x*+ 2 x^^Sx^-~ 6 x-k‘g. (i!. M. 1886). 

14 . The H, c. i‘. of two expressions is .r—i, and their L. c. M. is 

x^ + + CiX^+x ® — 6.r — 6. One of the expressions is 4 *a'“ -- 2. 

Find the other. 

15 . The H. c. F.*of two expressions is a—i and their I., c. M. is 

rt® — 4 /i‘> 4 - 6 (a!* —4a^+2a—I. One of the expressions is /7'*-3r7* 
-t-2a^+a-~ j. Find the other. 


217 . Every common multiple of two 01 more expressions is a 
multiple of their L. c. M. 

Let w be any common multiple of the expressions A and B, and 
M their T,. c. M. ; and let contain M (if possible) r times with re¬ 
mainder ji, which will of course be less than the dixisor 1V| ; hence \\e 
should have 

/// = rM +s, and, .v = w/ —rM ; 

but since A and B measure both m and M, they would also measure 
w-rM, or s (Art. 200); /. c’. s, which is less than M, would be a 
common multiple of A and B, contrary to our supposition that M was. 
their L. c. M. Hence m will contain M with /t(? remainder, and wilb 
ther€rore be a multiple of M. 

III. REMAINDER THEOREM. 

218 . If px^ + qx + r is \divideii by x — a until the remainder is 
independent of x^ that re 7 nainder ivill be per +qa 4 - r. 

First Method, Performing the actual division, 

x-a\px^->rqxJr-ripx 4 r{pa-\'q) 

Jpx^ — fax V 

{pajtq)x^r 

’ + q)a 

Pa^-^-qa^-r 

This proves the theorem. 

. Here, we observe that the remainder is of the same form as the 
dividend with a in the place of x. 

Second Method. Let Q denote the quotient, and R the remainder, 
which is independent of .r, when px^^-qX'^r is divided by x — a. 
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Then px“ -^-qx -\rr—{x - a) ...(1) 

Since the above is identically true, and R does not contain .r, ii 
remains the same, whatever value we assign to x. 

Let x=a. Then the equation (i) becomes 

pd ^+yrf 4- r = R, for (.r - rt)Q = (a - a)Q « o. 

This proves the theorem. 

(i) When 3.r^-5,r + 7 is divided by x-2^ 
the remainder=3 x 2^-5x2 + 7 
= 12 -10+7 = 9. 

(ii) When 5;r-—9r + 6 is divided by .r + 4, 
the remainder == 5( — 4)“ — 9( — 4) + f 
= 80 + 36 + 6=- T 22. 

219. // px"'-r (/x‘‘+ nv + s is divided by x-a until the reuuundef 

I'y independent^ of x^ that remainder v>ill be 

+r/a" +ru+'>. 

hirst Method, Performing the actual division, 

.r — /* \px^ + q.x- + r.v + .s i px'-^ + (pa + </).i + ( pa" + (/a + >') 

Jpx^-pax'^ V, 

{pa-\rq)x“ +r.r 

(pa + (fjx -‘-{pay q)a v 

( />tf“+r/« + r).r + ,v 

( pd^ ■\-tja-\- r)x — {pd" + qa ->t-r)(i 

+ qa- + ra + .v- 

This proves the llieoreni. 

• As before, the remainder is of the same form as the dividend 
with a in the place of .r. 

Second Method. Let Q denote the quotient and R the remain¬ 
der, which is independent of .r, when p.\‘^ + qx‘^ + rx-\*s is di\ ided 
by x-a. 

Then px^ + qx^ + + j= (,r - 6*) x Q + R. (i) 

Since the above is identically true, and R does not contain x, it 
remains the same, whatever value wc assign to x. 

Let Then the equation (i) becomes 

pd^ + qa^ + fti + jr = R, for (.r* - rt)Q = (a -n)Q=> o. 

This proves the theorem. 
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I'i) When 2.i"’ + 7-t‘ -9.r+2 is divided by .r —2, 
the reinainder = 2x2^+ 7x2"- 9x2 + 2 
= 16 + 28-18 + 2 = 28. 

220 . 1 j any expression in x vanishes identically lohen x = a, then 
a>ill the expression be exactly divisible by x — a. 

Thus, when 31'-’+ 7- 2.t'+ 12 is divided by .v + 3, 
the remai\icler = 3(-3)’ + 7(-3)2_2(-3) + 12 
= —81 +63+6 + 12 = 0. 

3 -^'^+ 7 - 1 “ - 2.L' + 12 is exac tly divisible by .1+3. 

Ex. 1 . For what \alueofcf is .r- —(/c + 5)a"+ 14 divisible by a - 2 
without remainder ? 

When the division is peiforrned the remainder, (Art. 218) 

= 2‘-^ - (ci + 5)'x 2 + 14 = 18 - 2(a + 5). 

the required value of a is obtained by equating this remainder 
to zero, in which case ' * 

i8-2(rt + 5) = o; .*. 2(f« + 5)«i8; 

.*. c^ + 5 = 9; and ^1 = 4. 

Ex. 2 . For what value of a is 3.1" - 7.1'^ - + 9 divisible by a - 3 

without remainder? 

* We ha\ e 3 x 3^ - 7 x 3- - 3/1: + 9 = o, (Art. 219} 

81-63-3c? + 9 = o ; 27-3^ = 0; 

3rt=27 ; and .*. a=ij. 

Exercise LXXXVI. 

Without actual division, tind the remainder when 

1. .1'" — 7a' + 12 is divided by x~ 5. 

2. 4A- + 7.r+1 5 IS divided by .1 +3. 

3. 8.r" + 13-1' - 5 is divided by x - 2. 

4. 2jr” — 13.r“ +17.r — 16 is di\ idecl by x - 5. 

5 . 4A•'* - 5Ar“ +1 i.r - 19 is divided by .v + 9. 

‘ 6 . 2.r’’-.ir'-*+3Ar- ii is divided by 2ar-3. 

7. 7.v^ - 242:^ + 58A' “ 25 is divided by yx — 3. 

8. 4X *- 33^:^+8.r - 5 is divided by x + 3. 

. 9. 4x* — 3A'** + 8 is divided by x^ - 3. 
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10. Kor what value of a is -ax + 120 divisible by t - 15 without 

remainder ? 

11 . For what value of (f is ,r® + 24;r" + ^ divisible by a'^+J 2 wiihoiit 

remainder? 

12 . For what value of ri! is .1 ”-+ 6 )a'-+ + 5)a' 4-30 divisible by 

—a without remainder? 

Withotrt actual division show that the following^ expressions are 
exactly divisible . - 

13 . 2.r- + 3.r - 2 by .r + 2. 14 . 5 - 7.1 - 6 by .1 -- 2 

15. 3 a'-*- 8<2 + 4 by 3^-2. 16 . -»"-3r -2 by r+i. 

17 . 3a-^ - 2d-h — 1 yib- + 1 ob‘" by a - zb. 

18 . 12,v* - 1 /.r' + 21.1' - 31 .r + 14 by 3.1, ~ 2. 

Find for what value of « the following are exactly ilivisible : — 

19. x^ + 3.r‘'- ax + 35 by .v + 7. 

20. r’ - 4.r“ + 6 a‘ — a by .r - 2. 

21 i-4-7^1+40 and a--a-20 have a (oinmon tactor, find the 

possible values of p. 

22 If r-f-rt be the H C.l’. of A'“+^/ and x--\-p'x-\-q\ shew that 

{/)-p')a-q-q’. ^ 

23 . If r'-' + ^a + J and i'+1 have a common mcasuie of 

the form a'+rt, shew that 

{p-\f-q{p- i)+i - o. 

24 . If .1' + ^ be the H c.r. oix'^axub and .i^ + c.r + ^t, theii J.. C. M 

• w i 11 be + c)x“ + acx. 

25 . Find the relation between b and t, so that .r' + i^a and 

a” + +/» may have a common divisor. (r.K. 1891). 

26 . If // be the n.c i>. and / the L c M. of two quantities x and j/, and 

if r + y=//+/, prove that .r’+y = + (p.k. 1891), 

27 . Find the condition that x^ + ip + q)x + a may be divisible by 

x-\-p+q. (p.k. 1895). 

88. If x-\rp be the H.c F. of ax--\-bx-{-c and cx" + bx + a, prove that 
either t2 + t: = i 5 or «2 + ^ + (i = o 
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REVISION PAPERS 11 . 

Paper I. 

1 . Divide the product of — i2y+\C) and f6 by 

/--i6. (!i. M. 1872). 

' 2 . Resolve into elementary fartor.‘; :— 

(1)8.1-^4-729;/^. (h. M. 1890). (ii) .v* 4 - 324 . (i!. M. 1895). 

(Ill) 56r‘-*^S-5A-r-99j^. (u. M. 1895). 

3 . Simplify 

(/> + r~a)ir + a~ h){a 4-^ O 4-(tf 4-^4- c){(i^ 4- b~ 4- c‘^ - 2 bc - zai ~ lab) 

4 . If/^ 4 -( 5 = I, prove that —d 2 )‘-* = iT® 4 -<^® —(i?. M. 1889). 

5. Simplify 24Di)ll.r-^(Ar-2)HA---(‘(.r-1=1)1 ; and 

trart the result from (-^'“+ 7 -^ 4 -i2)(A-2-.r-6) 

3 

I 

6. Shew that (4.1'^ - 5 Ar 4 * 7 )®“'(5a'^ 4-14^4-2)*'* is divisible by .r- 4 'vV 
4-1, and find the quotient. (lu. m. 1893,'. 

7 . F'ind the (;. i'. m. of 

6.r* - 4.r^ - i i.r” - 3.1-^- 3.1- - 1 and 4.r‘’ -f- 2 v-' - ] Hat*4- 3.1' - 5. 

(.M. M. 1893). 

Extract the square root of 

‘lin + 2^. V"' ® 4“ q.r'*"' — 30T’">'”*“^ 4- 25y-*”''- ^ 

(m. isr, 1893). 

9 - Solve the following equations ; — 

... .r4-lo ,, . ($x-2)(2x- \) „ 

(0 V -v( 3 'i“ 4 ) i-“- 

(ii) U-i'- 3 )+K-i'- 8 ) + x(-^- 4 )- 2 ^V (C. K. 1900- 

10 - A boy bought a number of oranges for 2 Rupees. Mad he 
bought 8 more for the same money, he would have paid 4 pies le.s.s 
for each. How many did he buy? (.At. M. 1893). 


Paper II. 

1- l^ivide the product of «^(A'® 4 -i} 4 -(rt® 4 -/^®Xr and a:^ 4 -i by that 
of .r 4 -i andax+b. (m. m. 1894). 

2. Multiply -f® 4- ( 3 ^ - 2 ^)a: - b^ib by .r*+ (2^ - 3^).r - 6ab. 

(.M. M. 1899). 
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< 3 . Find the H. c. k. of pi:^-2x^+2x^ + S and .i®-7.1:2 +12.1-10. 
(M M. 1898). 

4. Extract the square root of 

d\a+ 4 ^)^ + 3{3a'^-2a/^ + d^-){a'^ + 3d'^). (m. m. 1898). 

5 . Solve the equations 

(i) •^,(.i'-4) + 4(2,r-7)-■-(r + 5.r) = 4(i-A-). (\i. m. 1897). 

(ii) s( 2 r~ 3 )+^( 3 :«^ + 8 )= 5 a- + K+i--19)- (^V M. 1899). 

6 . Simplify 2(^7' +A'^) - [{x+y){xjf-x- -jy'^) - {2(r+_7 + j 3 ') x 

(+ ::.r + xy - x-^ -y^ - - (.i' - y + xy +.?^“ )n- 

(m. M. 1894). 

7 - Find the 1.. m of x-n, .r-—rf-, x"~a\ (.F+rt'^)’*. 

(m. m, 1894). 

8 . Shew that (4.1:2 - 8v — i )^ - (2.r“ - 5.r+ 7)‘ jj, (Tj^j^ible b\' 
21“— 3^'-8 ; and express the quotient as the product of two factors, 

M M. 1895). ' 

9. If a, c lie three quantities whose sum is zero, show that 
/f‘* + (5^+C*=2(<’)’2/;"+<^-c'“+c2rt2) fM. M. 1892}. 

10. The numbei of months in the a^e of a man, on his bntli 
'lay in the yeai 1875, evar tly half of the number denoting the 
\car in which he was born. In wliat year was he born ? i t. K 1898). 

m 

Paper III. 

1 . Divide i)' — 3(.r‘--i )2 + i ],y — 3 i-' 4 -1. (m. m. 1898;. 

2. ResoKe into factors :— 

(i) ib-r'-i. (M. M. 1897). (ii) .'i'^ + 4 .t :2 + 4r. (\. k 1895;. 

(iii) (2jr2 - 5.r + 3)('2a:2- 5.1'+ 4)- 2. 

3. Find the H. f. K. of 

hx* + 2x^ + I c)X' + 8^-+ 21 and 4,r‘‘ - 2.r® + 10.1“ + jr+ 1 5. 

(M. ,\t. 1896). 

4 . Find the L. c. M. of 

x^~(t\ x^ + a^x'-^ +a^ and x^-nx + a^. (m. m. 1896). 

5 . Extract the square root of 

x\x — a)“ 4 ‘ 4 a^x^ 4 ra\ 2 x-\ra)“~- 2 a^x'\x-\-a). (M. M. 1894). 

■ 6. If x'^=ab-¥bc-¥ cuy show that {a^ 4 -x^){b'^ 4 rx^){£^yx-) is a 
perfect square. (M. M. 1889). 
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7 . Divide the difference of — bxb^){x a b) and 
{x^ —ax+fi“){x — a + b) hy a —b. (\T. M. 1872). 

8* Find what term is wantinji to make the followings expression 
a complete square :— 

ah'* + — 4(<«.v'^ + Sb)(a — ^Vr (m. M. 1 875). 

9 Soh'e the equations : — 

(i) 3 r+>_ 3 { 6 _,.)= 5 -r-t_-'^-^ 

4 7 3 

... 2 x 4 ’a x~b "'yix + ia-b)'^ 
h - « = ■ - aT- 


10 . 'Phe gro5.s income of a certain man was j/^40 more in the 
second of two particular years than in the first, but in consequence 
of the income-tax rising^ from in the £ to bd. in the £ in the 
second year his net income after paying the tax was unaltered Fin<l 
his income in each year (n. M 18911. 


Paper IV. 

1 Fiom a{b’^c'f 4’b{( 4’aY-\-r{a4-b)^, subtract 

{a •+ b){a — c){b-c)’4- [b -f- c){a — b)(a-c)- (a 4- r){a -- b){b - c). 

(m m. [893' 

•-'2 Multiply together the expressions i-hax +ha{a~ i)v~ 4 
! a{a - i){a-2)x^ and i+bx+hb(b-i)x-4’',b(b - i){b-2)x^ as far as 
the term involving x^ and resolve into factors the coefficient of .r® in 
the product, (n. M 1897). 

3. Find what quantity not involving higher powers of x beyond 

the second should be added to r’’-3r" - 5 ,r^ 4 - 4 .r^ 4 -« to 

make it e.xactly divisible by .r'’ 4 ' 2 .v- 1 (n. M 1897). 

4. Resolve into factors ;— 

(i) x*-iix^y^+y*’ (is- m. 1897). 

5. 'Find the expression of lowest dimensions which is exactly 
divisible by a^b - b{b — ac^ — a(a — bf and {a + c)V — b'^c. (n. M. 1890) 

6- Find k when {x — a){x — yi){x-^ra){x 4 -^a)k is a perfect 
■Square. (B. M. 1890). 

'* 7. O 'w’Gn ax4’by = 7n^ bx-ay=n^ a^4-b^=i ; 

she w that a - 4 -^^ = +/«”. (b.m. 1890). 
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8 Extract the square root of 

(i) (2.r+i)(2x' + 3)(2jr+5)(2,r + 7)+i6. (n.M. 1890). 

(ii) r“ + 2,i*+4r"+.v-+ ('’'I-M- »^95)- 

X . 1 ‘" X 

9. Solve the equation 

• t5,r+r3 - •B75 a'4-'375 - ■o625ji-== o (i>,k. 1897}. 

10. Two men leave two places A and B, di.stant tf miles fnjin 

each other, and travel and miles a day respectively in the same 
straight line AB. What is their distance apait at the end of / days, 
and after what time will they come together? 1895). 


Paper V 


1 h'md the difference between (1 4-.r)^ + (H-r)'-;;-4-(i+.1 )y-+j/' 
and 3a'(A'+i)+jJ''(>'+i) + 2a‘_>'+r, and show by what expression this 
diftorence must be multiplied that the product max’ be r*—.r^ 

(a.k i8<>9). 

2 Simplify (cr —+ + + — (A J<:. lOor). 

3 f^md the H (.1) of a-4.I''-A-+ 2.1 + 2 and i‘-.v-- 2A' + 2 
and find such a value of a as will make both the expressions vanish. 

1899) 

4 Kind the I- c At of 4a'- ——(9r'+.7-^), 

91'- 4 4i:j-(4a‘^ + , 7 -) and r" - 12^9'- + 91'-) (n.M. 1896;. 


5 - Kesolve into factors :— 

(i) 4.r-— 99/-^-6.1 — 9j' (li.Ai. 1902). (11) A* —.ry4-j6y 

(iii) a-'* - lar^ 49 (>' ) 5 • 2 ( i - i)''' - {^nx - a)-' 

6 Finil the square root of 
(i) ('/"A •’ 4- 6 (il/x* — 2acx^‘ 4 - — ('tbex + l ■ 


1902). 

“’(9 "34-) 

7 Find the cube root of 

(ii) a-' 4-~- l2a-2- ^ + 544:+ ri2. (n.M. 1893). 
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a 


Solve the equation 
i‘05;r+lo , r35,r-2 rj-v-iS 
50 ^ 10 


U£zl 

IS 


«1-854, (n.M. 1902). 


9. Shew that if a number of two digits is four times the sum 
of its digits, the number formed by interchanging the digits is seven 
times their sum. (n.M. 1889). 


10 . A number has three digits which increase by r from left to 
right. The qi^otient of the number divided by the sum of the digits 
15 26. W'liat is the numlier ? (a.k. 1901). 


Paper VI. 

1 - If a number is equal to the sum of two perfect scjuares, i>he\\ 
]>y an algebraical relation that the square of the number is itself the 
sum of two other perfect squares. (u.M. 1896). 

in) Express (34)“ as the sum of two perfect square.s. (r. m. t8«/;|. 

2 . Resolve into factois .— 

(i) .r^+6:r—187. (u.M, 1901)- (u) a'''-5.v^ + 4. 

(iii) + + —/i:)-. ^ \-K- 1899). 

3. h'lnd the i.. c. M. of 4r'' — 20,1® + 1 ".v - 4, 2 r * - i 5^' + 3i,r - »2 

and 4.r ’ - 16 r‘^ + 13.1' - 3. (n.M. 1902). 

« 4. Divide {n + 1 y-x” + u/ + 1 ).r® + a'-'in — 1 ).i - a^' b> (a + 1 ).r - <r. 

and find the value of the quotient when n— and r= —21 

^'m.m 1899' 

5 - Extract the square lOot of 

(1) (rt-+3^")-++ —3/0 + 33^^'^^*'^- (I'-M 1899). 

(ii) n%v^' + 2.r'’ + 1) + 2ab{x-' +.r* +.r) 4 -4 2^*'' +A'®). i 

(P.E. 1895; 

6. Find an expression containing no higher power of x than 
the first, which added to .r^ + fi.r"* 4-13jr® 4-6.r 4-1 will make it ;i 
complete square. (11.M. 189O <S: I’.K. 1899). 

T. Exhibit (x-^ + y^)(a^ + b") as the sum of two squares. 

(P.K. 1894' 

8. Find the t:. c. M. of 

X* + Sx^ — 36A'® 4- 5or+48 and .i'* 4 -a*” — 12.r- - 2 a- 4- 80. 

(IJ.M. 1900'' 

9 Solve the equation :— 

^.r-{ 3 ;r 4 - 6 --K-v 4 -io)}«- 2 ;| - ii( 9 -tVi^)^ (k-m. 1901). 
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10 . A certain number of two digits is equal to seven times the 
sum of the digits. If the digit in the units’ place be decreased by 
3 and that in the tens’ place by i, and the number thus found be 
.divided by the sum of its digits, the quotient is lo. Find the 
number, (ii. M. 1896). 


Paper VII. 


1 - Substitute y-hj for x in - .r’* + 2.^* - 3 and arrange the 
result. (IJ. M. 1868). • 

2 . Divide -x)+a^i(a — 6){x+y) + d\i +y) by ~x) + 6(i+y). 
Ai. 1898). 

3. Find the h. c. f. of 6 .r‘’ + 35 ;r* +59-r"+19;^“-i7,r--6 and 
^xr’-5jr*-4i.r^ + 7i.v“-37.i'+6. (11. m. 1897). 

4. Extract the square root of 

(i) ■{• 4b{itx-\-b)+^^[^ . (n. M. 1890). 

.. -1' 'V 

(ii) {a + /}){a + 6 + c){a + ^ + 2c){a + d + y) + c*. (n.M. 1897). 

5 . Find the cube root of 


(i) + + -44. (ij.M. 1902) 

I'iij 8 + 36.1-i-42-v'‘^-9,1- ' — 21.v* + 9ar’'' — .r“. (ii.M. 1901). 


6. Mesolve into factors 

( 1 ) r 2 y‘^+.f- 35 . fn. M. 1900 ). (ii) 8 .r-+ 6 .r- 27 . (a. k. 1896 ;. 
(lii) 8 u 2 ;* + 645‘^. (c. k. 1898 ;. (iv) .r^- 3 £* 2 .v + 2 a^ 

7. 'IVansform (.r‘'*+j^ + .S'^ + 2 .irj')^ —2 (a:+j')V“ into the sum of two 
perfect stjuares. (m. m. 1879). 

8 . Find the value of {ma — nb){mb — nc){mc — na) + {na — tnb) x 
inb~-jnc){ii( — ma\ when (i — b=o. (m. M. 1883). 

f 

9. Solve the equation :— 


^-1 

( 2.r 

s] 

, , 19 14- 

4' 

[3 ~ 

i 8 j 

' 12 '144 3 


10 . A person bought a certain number of eggs, half of them at 
2 a penny and half at 3 a penny. He sold them again at 5 for 2d.- 
and lost a penny by the transaction. What was the number of 
eggs ? (c. E. 1900). 


M.A.—^2 
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Paper VIII. 


1 . Simplify {r~ v + s){x + v-s)-{x + v +• 5 )(.f -j -.c-) - ^Xjys. 

(a. K. 1891). 

2 . rind the H. c. K. of 6x* — 2r’ + + 9 a - 4 and gx* + Soat^ - 9 : 

and find such a valuf; of x as will make both these expressions 
vanish, (li. M. 1895)- 


3. Find the square root of 
(i) . 1 '“ - <{i ‘ + n-r’' + - 2 .r + . (i;. \l. j 901 ). 


r..) n + 


4-1'^ ga 


*> nr < 

ga^ 0^ 4 .r 


+ - :a+ - 


gd^x‘ 


b*‘ 


+ ^^ + 2. (m \j. 1892V 


4 . Find the r; c. M. and T, c. M. of 32*+i7j.-** + 27.r^+ 7.r--(i 
and 6.r* + 7.v"' -27.1'® + 17.v-3. (m. m. 1888). 


6. Find the cube root of 81 * - 121 H-tS.r’’ - 37.1*' + 36.r® - 9,1 * + 
541'^ —27.r'-^ — 27. (B. M. 1876-96). 

6. A ladder with its foot al a hoiiyontal di.‘>lance of 20 ft. from 
.1 vertical wall, just reaches a point on the wall 36 ft. from tiu, 
ground ; find, by means of squared paper, to the nearest tenth of a 
foot, the length of the ladder. 


7. Divide + 8 ^V* by 4 -/»£■. (c. K. 1899}. 

8 . Show by means of a formula that (nx+dj'-^c.-:)^ + {iX - br 
is divisible by (£?-l-^:)(2:4-£r). (rj. iM. 1887). 


9. S..Ke(i) = Z 

3 56 


lii) 


r - 5 2:* + 6 -.1 + f 

7 3 6 


.1'^ — 2 


— X + 2O. 


10 . Find the value of x which will make the expression x^ -8r" 
F1 iAr^ + 7'»^'-1789 exactly divisible by + T. rB. P. K. 1887). ‘ 


CHAPTER VIII. 

KLEM ENT ARY FK ACTl ON S. 

221 . Algebraical Fractions are for the most part precisely 
similar both in their nature and treatment to common Arithmetical 
Fractions. We shall have therefore to repeal much of what has been 
said in Arithmetic ; but the Rules which were there shewn to be true 
only in the particular examples given, will here, by the use of tetters, 
which stand for any quantities, be proved to be true in all cases. 
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222 . A Fraction is a quantity which repi'esents a part or parts 
of a unit or whole. 

It consists of two members, the numerator and denominator, 
the former placed over the latter with a line between them. Now we 
have already agreed (Art. 13) that such an expression shall denote 
that the upper quantity is divided by the lower ; and, in accordance 
with this, It will be seen presently that a fraction does also express 
the quotient of the numerator divided by the denominator. 

223. The numerator and denominator are the terms of the 
fraction. The denominator shews into how many* equal parts the 
unit is divided, and the numerator the number taken of such parts. 

'I'hus, means that the unit is divided into equal parts, a oi 
which are taken. 

224 . Every integral quantity may be considered as a fraction 
whose denominator is 1 ; thus a is ^. 

225 . To multiply a fraction by an integer, we may either 
multiply the numerator or divide the denominator by it ; and con- 
7 fersc/f, to divide a fraction by any integer, we may either divide the 
numerator or multiply the denominator by it 

Thus, ^Xjr= ^ ; for in each of the fractions the unit is 

b b :bb 

divided into b eciual parts, and x times as many of them are taken in 

the latter as in the former ; hence the latter fraction is x times “ftre 

^ , . ax a , , . .ax a 

formei, that is, x.v : and, by similar rea.soning^, ^ -s-.r=~ . 


a 


a 


a 


a 


.Again, ; for in each of the fractions v, , , 

b bx b bx 


the same 


yumber of parts is taken, but each of the parts in the latter is - th of 
each in the former, since the unit in the latter case Is divided into x 
limes as many parts as in the former ; hence the latter fraction is ^th 

» JT 

of the former, that is, -f = “: and, similarly, “ ^ 

^ bx b ^ bx b 


226. If any quantity be both multiplied and divided by the 
same quantity, its value will, of course, remain unaltered. Hence, if 
the numerator and denominator of a fraction be both multiplied or 
divided by the same quantity, its value will remain unaltered. 


Thus, 


ax 

bx 


—; ■= &c. and 
ab 





&c. 
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227 . Since a=~ (Art. 224), and, therefore, a divided by -5- 

~ (Art. 225), it follows, as stated in (Art. 222), that a fraction re¬ 
presents the quotient of the numerator by the denominator. 

In fact, we may get ~th of a units, (or a^b)^ by taking ^th part 
of each of the a units, and this is the same as a such parts of one unit, 
which is expressed by ^ (Art. 223). Hence it is that, in Arithmetic, f 
of Rs. 3 is the same as 4 of Re. 1, &c. 

228 . To reduce an integer to a fraction with a given denomi¬ 
nator, multiply it by the given denominator, and the product will be 
the numerator of the required fraction. 

Thus, <1, expressed as a fraction with denominator .r, is ^ ; or, 

. , , , . ab~ac 

with denominator is , — . 

b-c 

The truth of this is evident from An. 226. 

229 . The signs of all the terms in both the numerator and 
denominator of a fraction may be changed without altering its value 

b“-iab-d^ . a“-k- 2 ab--b'^ 

^Thus,-..--'o- IS identical with - -5--j— . 

’ a^-yib 

This follows also from Art. 226, as the process is equivalent to 
that of multiplying both numerator and denominator by — i. 

1 -1 r a-b b-a , a-b a~b 

Thus,-=-= - - ;---: and - =- 

’3 — .1' A'—3 A"- 3 f^-c c —a c —a a —c 


I. REDUCTION OP FRACTIONS. 


230. To reduce a fraction to its lowest terms. 

Rule. Divide the numerator and denominator by their h. c. k. 

Ex. 1. Reduce to their lowest terms -i and „ -- . 

2Sa^b^c^ a^xj/ + axy“ 

(i) The H. c. F. of the numerator and denominator is sd^b'^c^. 



REDUCTION OF FRACTIONS, 


l8f 


(ii) The denominator —+7). 

The H. c. F. of this and the numerator clearly is axj. 

• cC^x^y*" d^x^y^-^axy _ axy 

cP‘xy->raxy^'~ axy[(i-\‘y)-^axy~' a-^-y' 

Note. Thii operation of dividing out any common factor is called the 
cancellingr of that factor. 

231 . When the numerator and denominator ca\i, on inspection, 
be resolved into factors, then any common factors can be cancelled 
out and the fraction will thus be reduced to its lowest terms. 


Ex. 2 . Reduce to its lowest terms 


X‘^ + 4 x + 3 
x^ + Sx +-6 


The fraction = on dividing both numerator 

• (-r + 3)(.v + 2j x + 2 ^ 

,iiid denominator by the H. c. F. a' + S- 

' . aP+x^ 

Ex. 3 . Reduce to its lowest terms ^. 

a-'-^x^ 

.p, r . (rt + ;r)(a--aA' + .v“) d‘‘-~ax + x- . 

J he fraction = . =-, on dividing both 

{a+x){a-.v) a-x ^ 

liumeiator and denominator by the It. C. F. ti + .v. , 


Exercise LXXXVII. 


Reduce the following fractions to their lowest terms :— 


1 . 

4. 

7 . 

10 . 

13 . 

16 , 


iSaH-ai 

25 tfWV’ 

2. 

2^aPb^c*d 

35«“^W' 

3. 

I4^a^x^y^s'^ 

MbH- 
21 a^b'^y' 

6. 

49a^’^^6'^ ' 

6. 

33a*b^c^x^y^ ' 

axy + xy^ 

8. 

cx+x^ 

9. 

I im" ■^22mx 

axy 

n^c+a“X ' 

33(m^-4x^) ‘ 

I4jr“ — "jxy 
io«:i: — ^ay ' 

11. 

^a^b — I sd^b^ 
20ab^+ lod^P * 

12. 

6x^— i8xy^ 
6x^y - 1 2 xy- ’ 


14. 


16. 

9,r^_y^ - 15 ;r>'* 

2;«2« + 2mn'‘‘ * 

d^bc+ab‘^c+abi^ ' 

I 2 x‘^y^ — 2ixy^ 


abc + ^bc - sc^ _ 

2oab(if-\‘\%bdf^—\o^f* ' af-^2bx^2ax + bj ’ 
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18 . 

.r®-. I 

19 . 

. 

i» 

1 

1 

m 

20 . 

a®- 


ax+a ■ 


x**’ — 

a*‘ 

21. 

x«-b‘^x 

X* + + b'^ ' 

22. 

X*- 1 
.r«- I * 

23 . 

d^- 

d^'- 

24 

A® — (a — b)x — ab 
.r“- {a + c).r-^ac* 



25 . 

a^- 

26 . 

s 

.r® — 2A' — 3 ’ 

27 . 

A® + 2.1' - 3 
r® + 5jir+6' 

23. 

d 

29 . 

I3ti.ir + 6.r2 

30 . 

6ar + 7ax - yc“ 

31 . 

(2i 


loa^ — C)ax — 9.1" 

6fr®+ r uti +3,r® * 

4d 


— ab ax--bx 
a^-^ab^ax + bx * 

+ 2ab + ~ 

-¥- 2 f,c-C'" 


acx‘^ + {ad — hc)x - bd 

ro "* 


,r^ — 7A'+ lo 

2X‘^ — X — 6 * 


(2a+bf-r 

4 a^'-{b+cr^' 

/y'i 4 . 07 

34 . '. 

3 a +9 


.r'‘+.r^—.r -1 


(c.K. 1867). 36 . (-'«• M. 1886). 

7 .r‘'^“ — 2 :r*+ 4 jK* 


{a + - {bVdf * .r« - ’ 




(,r+i)=^-y • 


232 . If no common factor can be found by inspection, the 
H. c. F. must be obtained by the method of Art. 196. 

“I” X^ 3 X* ^ s 

Ex. 1 , Reduce ’—-s- - - - to its lowest terms. 

.r-- 42 r + 3 

The H. K. of the numerator and denominator is .1 — 1. 

Dividing both numerator and denominator by ;r- r, 

v*+A'‘'^ + 3;r— 5_(ji'<+,r® + 34 r— 5 )- 5 -(;r— i;_..^ + 2.r+5 


.r^- 4 j«r-j -3 


(jr 2 - 4 r + 3 )-(^~i) 


^■-3 


3 ~ 14^“ ““ QA' "f" 

Ex. 2 . Reduce --— - -to its lowest terms. 

2.r*-9Lr^ - 14A + 3 

Here, the H. t:. F. of the numerator and^ denominator i^ 
jr*- 5 .v+i- 

• G,*. = ( 3 ^*- i 4 A-’^~ 9 -^+ ?H (^Jl 5 £i: 0 _ 

’* { 2 X* - gx’* - 14.!i: + 3) 4- (x^ — ^d+l) 2 Ar* + jr + 3 ’ 
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Exercise IiXXXVIII. 

Reduce to their lowest terms :— 


1 . 

3 . 

5 . 

7 . 


12 


-v" - 5.r^ + 7^-3 
+ 2 

.r”+4.r*- 5 ‘ 


2 7 ^* “ 3 3 £y.± 

’ 5.V' 1 Sx'^jf + 11 xjf* — 6 jr' ’ 


>3«-3i 


;r* + ti.r"-rt:U*-a^ ‘ 

- 2 ax^ - i 

4(7— 2ai\'^ - 3ax^ 4 -1 

.1-^ - 4.r + 5 , ^ 

2x''--r 1,1"’- o 


6. 


jt?' + ioa\r 4- 5rt"r 
a^x + 2a® IT* + 2 ax'^ + 

.r’’ -1 


3 x- — 2 x' — x , . 

8. - s .. (C.K. 1869 . 

4 .i'*- 2 .r®- 34 :+t ^ 

4'® —6jr“ —370:4-210 , , 

10. ~r--—-'^^^ 5 /- 

.1"* 4 - \ x ^ - 4 7.r - 2 ro ^ 


^ ^ 2.r® 4 - ax- + 4 a\v - 7a® , o, . 


12 . 

14 . 

15 . 

16 . 
X8. 


io.r' 4 -i 9 .r ®-9 . ^ 

--— y. (c.E. 1870- 

25.14-i 9 ,r 4-6 ^ 


13 . 


J..I ^ ^ 

,r® 4 - 3 f" 4 - 5 -r 4 -.' 


2,ir’ 4-1 00.1- - 4ii'x - 48a' 


20'*-0:* —90-*+130^-5 , o V 

—- y ——i(c.E. 1870). 

7 .i 4 - 190:® +17,1' - 5 

2.V* 4-1 cr' 4- 410;® 4-99.r - 45 


20'^-7.r“~ 52.1*4-21 

x” — 4o*’‘4-9A*— 10 
.r® 4* 20*® - 30' 4- 20 ' 


17 . 

19 . 


.r* — 2X- — 2 50;® -4 260 4-120 
or* —40:®— 190:®+ 460:+120 

a''4-1 ia4-12 , . 

a'^ 4 -iia®- 54 ' 


233 . If the numerator be of lower dimensions than the deno¬ 
minator, the fraction may be considered in the light of a proper 
fraction in Arithmetic ; if greater, in that of an improper 
fraotioo;; 

234 . To reduce an improper fraction to a mixed fraction. 

Buie. Divide the numerator by the denominator., as far as 
the division is possible.^ and annex to the quotient ttie remainder for 
numerator and the divisor for denominator tn the form of a fraction. 
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— « 25a . a 

Ex. 1 8 =3« + g 


Ex, 8. 


■« 3x^ + 2x^+i . -7A--I9 . 7 ^ 4-19 

Ex. 3 . 2 —r" =3^' + S+-r —r" =3-^+5 —5 - -r 

X^ — X + 4 ^ r® — 4 r 4 - /I — .r + ^ 


— jr + 4 


A-'-.r + 4 


235. To reduce a mixed fraction to an improper fraction. 

Rule. Multiply the integral part by the denominator; to this 
product add the *iumerator and under this result Uf'ite the deno- 
minator. 

Ex 1 -.a (>ad-{Aab-¥Z) 2 ab -3 

^ 2 b 2 b 2 b 

Ex, 2, ;.=+.v+. +-=_= (5!±f+±K^.- 


X- I 


X— J 


a’’- 1+2 A^+I 
r— I x—\ 


236- Sometimes it is convenient to express a single fraction 
as a group of fractions. 

4rt"^ + 6a^d*-IJ^_ 4rtV; 6^^ _ ij^" 

\2a^- ~~ \2a^lP i2aH'*' i2a^~ 

» ^ I ^ 

■yb^ 2 4 ^“ 


Exercise LXXXIX. 


Reduce the following to mixed fractions : — 

26a' ft 8^^+ 5^ « d ^- b '^ . 3a2 + 6a' + 5. 


d^-ax+x'^ 

a-\-x 

i6(3.r2 + i) 
4 x~ I 


6. ’^^+5 . 

-’■-3 

Q X^- 2A*- 

AT^-^ +I ■ 


A' + 4 

lod^ -17 ax +10.1 - 
^a-x 

x^- 6 x+ 14 


W» » V« o . * *W« u-• 

4 A--I jir*-jr+i A'*- 3 ,r +4 

Reduce the following to improper fractions ;— 

-- 6 xy — 2 -ft , a-b - 3 ^( 3 —.*^) 

11. 4X -— , 12. I + , ,. 13 . x^ - 3x - -- — ' 

3 y a+b A-3 


H. x-s- 


zv- 15 
~x -3 


10 . . a-'-ay-i-y^ 

16. x-‘a+y+ -i' 

x+a 


15. a^-2ax + 4x^ -- - 

a+2.r 

17 . 
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237 . To reduce fractions to a common denominator. 

Hule. Multiply the numerator of each fraction by all the 
licnotninators except its own, for the new numerator correspondin}^ 
to that fraction, and all the denominators together for the common 
denominator. 

The truth of this Rule is obvious ; since, the numerator and 
denominator of each fraction being both multiplied by the same 
quantities, viz,.^ the denominators of the other fra^iTions, its value 
will not be altered, though all the fractions will now appear with the 
same denominator. 


£x. 


Reduce 


(t 

b^ 


h 

c 


\to a common denominator.- 
d 


I’or the numerators, ay.c'x.d—acd 

by.by. d=b^d 
cybxc =bc^ 
[•‘or the denominator, b ycyd=bcd ; 


and the required fractions are 
acd b‘‘d bc^ 
bed' bed'’ bed' 


238 . If, however, the original denominators of the fractions 
ha\e, any of them, common factors, this process will not give ihem 
iheir lowest common denominator, which, as in Arithmetic, will 
be found by forming the i.. c. m. of the given denominators ; and 
the numerator corresponding to any one of the given fractions will 
l)c obtained, b> multiplying its numerator by that quotient, xvhich is 
obtained by dividing the 1 .. v. M. by its denominator. 


Ex. 1 Reduce ^ ^ , — to their lowest common 

2 bx Gabxy ^acx 

denominator. 

Here, the i.. c. m. of the denominators is tabexv. 

• .TM z t * ct 3a~cy 

Ihen,&7fcrv-2fe = 3«.j; .. 


6 abcxy -^ 6 abxy = e \ , 


6 abxy 6 abcxy 


b 2b^y 

(>abcxy-^yicx=2by \ - = 7 . ■ 

^ ^ / ’ • • babexy 

Hence the required fractions are ^ 


_ 2b-y 

babexy ’ babexy ’ babexy 


Ex. 2 . Reduce 




xy 




2 (a + ^)’ 


to their least com 


inon denominator. 
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'I'he L, M. of the denominators = — 

Then, i 2 {a^ - d'‘^)~>r 2 {n + d) = 6 a-d) ; 

_ 3^^ 6{a-d)_ iBx“(a—d) 

* * 3"{a + ~ 2 [a +^) ^ 6(a - />) ~ 12(V“ -6^)' 

i 2{a--d^)-i-3(a~&) = 4(a + d); 

. -»7 ^ . •''1^7 4{a-¥h)^ Ax yja + <») 

3f/r — /^) 3(rt — 4(tf + d) 12(a® — i^)' 

. 2j'' 2y^ 3 6j/* 

• • 4 'J-b'^)'" 4{a^-~b^) ^3" ' 

Exercise XC. 

Reduce the following fractions to their lowest common ileno- 
ininator. 


1. 

y - 9 

a' b^ c' 2 at 

r 

’ 3ac ’ 

4 bc * 

3. 

•> 

j 

5«’ 

b 3‘ 
3.1’ a.\ 

A. 

2 x^y 3.r^ 4r' sxy‘ 

i 


R 


a —.1' 


3tf" ’ 4«V;’ 5^1^“’ 6^" 



9- 

ri — .r 

’ <r+r 


3 a ~b 5rt ~b 2 a-b 


7 

A'- 




4.1'“ ’ 2.r® ’ 8.r 


1 • 


•• 

a“ — 

b'^ 

8. 

xy 

3(a + /5)’ b{d^-b’^)' 

9 V 

4 n\a 

: + .r)’ 

- 

' 


1 A 

j ax 3 a 

-4i . 

5 . 




lU. 

.r - T * (x - j ’ .r 4-1 * 

(.r+0“ ’ 

.r- — 

1 




II. ADDITION OR SUBTRACTION OF FRACTIONS. 
23d. J o add or subtract fractions. 

Rule. Reduce Ike fractions to a common dcnoininatoi’^ and add 
or subtract the numerators for a neuf numerator^ retaining the 
^common denominator. 

r V z 

Ex. 1. -Add together - , and ~ . 

® a b c 

Here, the common denominator is abc. 

, •'* 1 .y 1 + *L^yj!r 

* * b'^ c~ abc 



ADDITION OR SUBTRACTION OF FRACTIONS. 


iH 7 


JBx. 2. Add tof^ether —- and . 

7 8 

^ 7.4 4. 5 _“- 7 /* __ 24a-32 35 - 49a 

7 8 56, ■ 56" 

24 ^^ 7 32 + 35 .- 49 ^^ 3 - 2 5 jf^ 

S6 "” 56 

Ex. 3 . From ^"7 ^ take'"-'^-?. 

6 5 

3fi - 5 ^ a + 2_ 1 5 <* - 25 _ 6a + ! 2 __ i^a - 25 - (6<^i’ 4 -12) 
6 5 50 30 “ 30 


15tf - 2 5 — 6a — 12 9a — 37 

30 “ 30 


Ex. 4 . .Add 


I +A- 
I + i;r + ,1*2 


to -- 


I ~x 


I —x + r 


a • 


Here, the 1.. r. o. =(i +-t + a^)(i —.r+.r“^=i +.i;“+.a'^ 

Hen. e the Exp. = (' + 

^ i+.r^+.r* 

(H-.v’) + (i_-.r^)__ 2 

I +x^ + x'^ I + .r“4-.i-^ ‘ 


Ex. 5. t rom . „ take-:— 7 > . 

T 4 - r + i — jr 4 .r*- 

Here, the l,. d. = (i 4 -i^+-t-®)(i-.r + .r‘-*)= r 4 -.i'- 4 ;t^^ 

Hence the Exp..<! -*Xr.+x+£^) 

_ (1 4.r**) —I — x ^)_ I ^x ' — 1 4 .^^ _ 
i4a''-^4A'* ~ 


I 4.r^4-'«^' 


2.i"‘ 

r 4 .v‘‘* 4 -r'‘ ' 


_ _ i- 1 , 1 ^ a“4^® a — d 

Ex. 6 . Hind the value of .0— -- , 42 . 

— b^ a 4 ^ 

H ere, the L. c. n. — a^ — h'^. 

u .1, T? («» 435 )~(a -^)2 4 2(aa-<J“) 
Hence the E.xp. — -^ 17 ^- “ 


a“ 4 — (a® — lab 4 4 2a^ — 2^*_ 2(a® 4 a^ - 

^ oSTr^S ■ - - 
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Exercise XCI. 

Reduce the following to a single fraction :- 


- X .1- 

1. -+ + . ■ 

234 

j -v + I 2-r - I 

*4 “ — •" I 

3 4 


2 . 

2.T 3.r 4A' 


3 ^ 'L~ 5 

5 .r Cu- 


3 . 9. + B'- 

yx I2V 4^ 

« 5.r^-2 sx'^-x 


3 « -- 26 ^ s a - "j b Sa + 2b 

Sa lOrt 25« 


3 /^- 4 ^ za-b-c \^a 
O' - - - — . 4 - 

2312 


9 . yr^y^vzA?._^x-y-. 

2 12 3 

j 2 ( 1 ^ 4- 5a^ ^ _ 4^* “ 3^^ 


- -v a + .V ^ 4tf “ + .r'’- 

/M' 4rt:,V^ 




2 b 2 (a + b)' 


13 . 

rt ^ «:4-^ 

14 . 

a b 

a-yb^ a ~ b' 

15 . 

d b 

a-b a+b' 

16 . 

0 

a“ 

— , - rt. 

a — b 

17. 

<x^-yb' (i — b 
ci--b'‘-^ a-yb' 

18 . 

a^^b'^ a — b 
— b^ a 4- b 


a~b ^ ab 
a-^b^ a^ — b'^' 

20. 

2x^ — 2 xy 4 -j/- 
A'^ — xy 

-•' .21. * - ' 
x-y « —7 

22. 

I 4- SAT I - 5A- 
1 - 5-1- I 4- SAT ‘ 

23 . 

a iad- bc)x 
c clc’ + dx) 

24 . 

X a — X 

(i^ ^ a{a 4-- A’; ’ 


A- a+.v 

rt® — .r)' 


26. *+ -- - =’- - 

X X~l X+2 


X - 1 X -r -t-1 


28. --^-. 4 . - 4 . -/I-. 

2(ti-.r) 2(rt4-.f) ^a^-x- 


ot — bc-a b~c , V nft 

— 7 “ 4" 4 - . ■ . (h.m. 1864.) 30. 

ab ca be 


. . 1_ 

2a ^b"^ 2(1 — b 4^"'* - b'^ 

_i_ 4#2 4/ 


2(.r-i) 2(.r4-i) X- 

^ (^34- 1 )- ^.r=‘ 4 -i ' 


_ 34 a_(a^-b^Jx ^-b^)x'- 

x^-yi x-yx+jy' b "W ^ b\b-^ax)' 


^ .r^. 4 .y+;,: 2 -yi 


I ;r (i - A^)***"(I - A-)^ ■ 


36. 
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37 . 

3" 1 ^ 

2 ax 

a+AT^a^x 


39. 

x^ +_y^ x'-^ 

_ ..-f— 

xjf xj/+_y^ x^+xrj' 

41. 

X— l 


(x + 2)(x + 5 ) 

(^' + 5 )(x- 


00 2a . a^ + Sa 

WO* - - *!• T- I ir- ^ 

a —4 a + 4 a^—io 

10 --- - X - Jlzl _4* ...L 

*”• n^+ 6 -' d^-ad + lf^ a+ 6 ' 
x + S 

(.V- i)(.r + 2 ) ■ 


240. Sonieiinies the denominators of the fractions have to be 
resolved into factors either by inspection or by the method of finding 
the u. c. M. 


Ex. 1. 


Simplify 


3^-2 . 2 .r + 3 

A'-‘-5 ;i: + 6 x^-;^x 4-2 


5 -*+ 2 
A-’*- 4 .r + , 


The first Denr. = (,r-2)(;r-3) ; the second = (Ar--i)(;r ~2) ; and 
the third = (.v- OCr-3); of these the L. c T). — (x- i)(jr--2)(;ir-3). 


Hence the 


Exp. = 


(-1 


3 -^ "^ I _21 + 3 . 
-2X.T-3) (.r-iX-f-2) 


5-1+2 

(.r-'i)(:r-3) 


(3.1' - 2)(,v - I) + (2:r + 3)(.t- - 3) - (5-1- + 2)(;r - 2) 
{x - I X-i - 2){x - 3) 

(3-^'' - 5;^ + 2).+l2'r“ - 3^9)- ( 5^-^ - ^^-4) 

(x-i)(x-2)(x-3) 


--3 

f.i - iX-r- 2 X.f-- 3 ) ‘ 


241. Sometimes it would be convenient to combine two of the 
frai tions together, instead of finding the L, c. M. of all the denomina¬ 
tors at a time. 




Ex. 2. Simplify - — 


2 21a: + 6 

^3.1-2'^3.r + 2 gx'‘‘ + 4 

The L. c. I), of the first two = 92^- 4. 


Hence the first two terms = -' 


5(3.r + 2) + 2(3;i:-2) 21 a'+ 6 


9^"-4 


9 -^''^ - 4 


Therefore the whole expression 

__:^ijL'+6^2ijr + 6_ _* \ 

'”9A'2-4 9.r® + 4 ~ '\9a-‘'^-4 9;t:‘‘* + 4/ 

V V. + 4) - - 4) _ 8(21 .ar+ 6) 24( yx + 2) 

^ '8ix*-‘i6 814:*-16 8iar*-i6 
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EjX. 3. Simplify “4- - -J -—. 

lire Exp.- J + 2 ^, 

(re-arranging the terms.) 

_ 5 * ‘ ~ \ ^ 

— 4 “ \ i } a*-~ 4 a* - j 

V<J!'‘~4 <7^-1/ !'«*- iy77^-4‘^, Tl**-- 5rt* 4-4 ' 

342. Sometimes the work may he >.implified hy first rerUu ing 
he fractions to their lowest terms. 

Ex. 4. .Simpiif) 

2(2- .Vv, 3^7 4■2/^ 

,,,, , r ■ (it - d)(a~2d) , 

I he first fraction --—^ = « - a 

tl - 20 

\ 

■ri 1 (3«-1-2/>)(277 - 3i^) 

I he second.= ., rrTyx^-j,/,, 

2 n — y> 

, {2a-b){yt + 2b) , 

377 4-3^ 

Hence the expression —((7-/7) +(3a 4-2 ^)-( 277-(^)=»2((7 4-. 

243. By applying the princ iple of Art. 229, fractions may often 
be changed to simpler form for addition 01 subtrjiction. 

Ex. 6. Simplify —--4- . 

' a—b b—a 

Since b-a— — ia — t), the above fractions may be written thus : • 
a b a — b 
n-b a — b a- b 

ui_ fl 2 b —a . b — 2 tt '\x{.a — b') 

^ .v-b x->rb b^-x^ 

Since ^*--r-= therefore we have 

the Exp. = " f + 4- 

^ x+b^ .r^-b^ 

.r® - 
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(2d,r - ax + 2b- - ah) {bx - 2ax - + zab) + ^ax - 

* - 

_ ah + b^ _ b(a+b) 

”*4 f'o ' 0~’ Fo • 

- 0^ X- - 


Exercise XCII. 


1 . 


P'md the values of:— 

‘ A. -'■^“5 .r‘^-6.v-7 1 .r-^- 

■ • ' '-.r + 2)’' ■ .v-r*^ .r'^+.Tj+y r“~V- 


3.r + 2 (3.r + 2)S' (3.1 


x'^ - 7'i + 12 jt* - .r — T2 * 


4 4 . ^ 2,r - 5 2X'^ - I J 

-r* -i- r ^ r‘- - .r ~ .r’ + i 


5 
7 . * 

8 


I 2 ,1' 

V - I ^ X .r® - yc + 2 




;»r-a ^ 2 


vr - zaf .r® - 5<i;r + 6rt“ ,r - 3<i 

1 _ yi 

9rt'‘ — yxb + 27 + b^' 


x-\ x^z r^+2.1-3 


9 -^'+4 „ '*^-5 

r*-3.r-28 + 2.r - 35 


. ( 2 rt - 5 ^y-^ - 40!^ . (3^ - 2 /^)- - 4 ^* 

lU. ; - T - - - — , . 

4^/ — sb zn - 40 


11 . 

13 . 

45 . 


[ I a 

■+ ----t 4 


2{a—x) ' 2 {a 4 -x) ' a^ + .r* 


1 

a+ 6 

14. 

2 + a 

a“ + 4 

. 

8 x 

'-^".16. 

I +x^ 

I - 

i+x 


12 , 

.r+3' x^—y- x^+y- 

3 I « - -*■ 

8(1-.r)'^ 8(1-i-j:) 4(i4-.v-) 


2^a 


r.« + 


a 


ir» jr-3^r . -r4-4« (;r4-4«X'^'"3«) «o 

1 «. 4- —- — . lO- q + ■■ 7" — 

tr ~ 4a x + 3a x^- ax — 12a* a* — i a + j 1 — a 


lA 1 -^ + 1 2;t’*+.T + l3 , oz 

19 . -+ q-=-.-' CC- i860;. 

.r + 3 ;r*-3;»; + 9 .r* + 37 

2ft lo-t - II .r''^-2^ + 5 . 

3^.r‘ - I) 3(x^ +x 4 -~i~) (.r’* - i )(;c +1) ‘ 
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22 . 
23 . 

25 . 

26 . 

27 . 

28 . 

29 . 

30 . 


31 . 


32 . 


33 . 


34 . 

35 . 


36 . 



38. 

39. 


.r-2 x-4 2{x-3) 

, I / . - \ . “t \ "t* 


lx - I ){x - 3) (;ir - 3){x i-”5) (.r - i )( 5 - x) 

y — x X — 2y 3a{x — y) 


a—jy y+a y^ — d^ 


24. - - L 3 

.r — 1 2 + 2A* 2X^ + 2 


3 

.f“ — 31' — 28 .3^'' + A' — 1 2 X' — IOA + 2 1 

1 1 _ a + 3l> j\b' 

a — b 2{n*+ b) 2(a^ + b'^) a* — h* ‘ 

II 2 

+ 2<2^ — 3ti^+ 3b'^-\-ioab ' *^97/i- 

d^ + ac a-c 2c , , 

{a+c)c a^-c^' (C. K. 1869). 


.r + v x — v x'^ + v^ , V 

^ -2 (c. K. 1862). 

A —y x + y a“ — j/“ 


11 I X 3 , „ V 

+ + ■—;-5 + , -.. . (B. M. 1893) 

X A--I A + 1 A--I a(a^-i) 

-.T 


X+y _ X __ A-^' 


y 


^-(c. K. 1863). 

A +y x-y —y' 


b a + b <x~+b~ . y . 

a+b 'IF'^ 2b\a-b)' ^ 

1+7-, . (C. K 1871). 

b a + b ab-o-^ a‘-b“ ^ 


iy-sY'^ 


b a + b ab 

x—y A —.c: 

x-z^ X —y (a -y){x-z) 

a+c , b+c 
\x — a)(b — ^ (x~b){a-b) 

_ Ft3y ^ ^ +^.y 


. (c. K. 1879). 

. (C. K. i860). 


X+y 


4 i^'+y){x + 2 y} {x+y){x + 3 y) 4 (-A + 2 j/)(a + 3 j) 


. (c. K. 1866) 


1 1 

2 X 


1 A —5 I A--6 

— -H 0 . O- (c. K. 1864). 

— I A^ — 7 A + 10 2 A-^ - 9A* +18 


a+x 


a — x 


2 X‘^ 


d^+ax+x'^ d^ — ax+x^^a^+d^x^+x*' * 89 ^)- 

Aa\ti+x)t ^\aFc)'^ ^Ca^+~F)- **^^*^’ 
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*93 




«; : - 

<t+x 

X-{-2 


_ _3£^ _ , 

ax- 

cp—x^ 

a^+x^ * 

;-2 

2 .r* —, 

■x+x^ 

I —x^ + 


42 . 


. I 3.jr 4;j;S __ 

j H-i i-^x'*' i+x^- 1 +x* I +.1'“ • 


I 


11 y--(£r-,r)2 

«• /-. .AS—. xQ—:.* +/“r; -xft ..s • (L. K. ihoo;. 


(s+xY — y^ (.r+y* —.s-2 + 

-;::.+(c.e, .894). 


(2-?’ - 3/)“ - - (3 ^- ^ . 9^ - 


(2.v' + 3y)“-165:'-* (3^ + 45)® —4.r® (45 + 2:1:)^ —9 v'-^ ' ‘ 9 )• 


47 . 

48 . 

49. 


tz® ~ — i? 4- 2bc b'^ — + 2ca^ — b^- + 2ab * 


i“~ + 


‘ 4 . 4.1 

- I ‘ ” T'^ *T* 


a —2b a — b a a-^b^a + 2b‘ 

2 .r + 9 i- X 


.1 ■'’ + 7a' +12 + 5 r + 6 ,1:^ + 3^' 4- 2 

50 . .A^.rJh.. _ 3(«-^) 

2a^ - 11 + 12 4 — ^ab - 2>b^ 2 a‘^ — ’jab — ^i^ 


III. MULTIPLICATION OP PBACTIONS. 

244 . T b multiply one fraction by another. 

Buie. Multiply the numerators together for a neiu numerator^ 
•ind the denominators for a neiu denominator, * 


Suppose that we have to multiply 


a 

b 


by 


c 

d‘ 


Let and ^=4^ ; et=bx,, c—dy and ac^^bdxy \ 

hence, (dividing each of these equals by bd\ we get 

ac . a c 

g^-xy, butxj-^x^; 
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, ac_a'x.t product of nu merators 
* ’ bcT' by-d product of denominators) ’ 
whence the truth of the Rule is manifest. 

Similarly, we may proceed for any number of fractions. 


245 . It is always advisable, before multiplying out the factor'* 
for the new numerator and denominator, to >566 if some of them do- 
exist in the numerator and denominator, in which case they 
may be struck out, and the result will he mote simple. 


Ex. 1 . 
Ex 2 
Ex. 3 . 


a 

cx a X L'x 

ac y X ac 


hx 

d bx yd bdy .r bd' 




5<2.r yy{x -f.rj 

_ sn 

30 '' 


30’ x-'t(r+j’) 

' :v‘ 

^hv 

a _ ^-a ^ 

a" — ax ^bv y 

0 + 


r) 

Zy\c~.r) ■ 
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16 . 

a* + 3 a + 2 

u \ " " ^ 

(*3 4 - 5 ^ 4 -4 

(C.K. 1866). 

/Z" + 2<31 + I 

«®4'7(®4-10 


16 . 

X^ + 4 X- Z 

.r^—;c-6 

% 

t. ' 

.r® 4 - 24 * 4-1 

^ 0 *" ■ 

X- ~ 2.r - 3 

x^ “ 4.r - 5 

+ .r ~ 2 

17 . 

jf- — 

XV — 2 V'‘ 
- y . 

*1 

1 ' 

H ' 

X 

X- - 3 xy + 21 

,r’’ 4 -Jn' 

K-^'-yr 

18 

.r- — 2rt,r + a 

* .r‘^ - (.)a'' 

..X 

.r- 4 ~ ^ax 
X -0- 

+ 4 ax — 3 n- ax 4 - 2a'- 

T" — 4<'f.v 4 - 3 ^ 


IV. DIVISION OP FRACTIONS. 

346 . I b divide one fi action by rinotber. 

Rule. Imwrf i/ie dn'i^or and p?-oierd /// Multipliaiiion. 

.Suppose that we have to divide "3 bv ^ . 

^ b ^ a 

# 

l.et^2=.i: and^ a~hx\ and i =dy. 

Pa 

Hence bc—bdy^ and =’-* ; 

PC bdv y 

s a L - ad a d 

l>Lii — ,, and , =-x , 

y - b d be b c 

whence the truth of the Rule is manifest. 

V 

247 . In division of fractions, as in multiplication, cancel factor 
(ornmon to both numerator and denominator before multiplying. 


Ex. 1 . 
Ex. 2 . 


%a^b _^aby.(iePx)r _A,ab 

^ 5-V^' 3-U'" * 5 K X 6e^xv^ 5.r 

x'-^+xy .i"^-V* .rf.v+j) (x-~y 


\a 


X“ 


v*-y 

_ .r(.r +y) _ (x ~y)(x ~y) 


.r 


X ~y (.r'-* +y)(-V +J>')U' -y) -i'' +y^' 

Exercise XCIV. 


Find the value of :■ 
7^'2- 2oys' 


2 a^b^ %ab 


5jr*y ■ isa;y 


d^-¥b- . a--b 
— b'^ a + b 


1 . 


2 . 


3 . 
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' a-b 

a* — 3 * + b^ 

t*" — 2 ab + b'^ ' ~b{a - b)' 

- xy 4x\y‘^ x^ + 
6x ^,i -y 


5 - 

^J,, 

„ x‘^ - I i.r + 30 A'*^ - 5 
x^ — 6x+g ‘ x^~^yr‘ 

* .r** - 2x^y^ 4- y* x^ - y- 


x^y+xjr^ x-+y* 


d - jdb ^‘^aP — b"^ 2ab — 2b~ a“ + ab 


d^-b^ 


a^b ' 


;ir“ + 2.r—15 .r‘-* + 9;i:-|-20 -p a-yP ~~ P •\yi(d} ^ayb-yc 

.r‘'* + 8;ir-33 ‘ ;r“ + 7.r-44 ‘ ’ P~ ir-Pyzab ' bye —a ' 

-7.3: 4-6 x' ^ 4- lo.r 4 - 24 ^ 4 - 6 x 
.i-^ 4 * 3 A" — 4 ^.r--i 4 .r 4-48 ' j^-Kv‘‘^‘ 


x^-P _ .Py bx g-fl - Px^_x*- 2bx' 4- Px- 

x^-2bxyb^ ' x-b ^ x^yp' x^-bxyb‘^ 


x^ — P x^yp x^-P 

,r“ 4- ^ A'* — 2 div^ y P'' (x* — Px^ y a*y(.r- - 2 {ix + d^) 


248. Before applying the Rules for multiplication or division, it 
is necessary to change mixed expressions to a fractional form. 

.n 4 ^/r 1 • , , Cl X 

Ex. 1. Multiply a 4 - by - - , 

a-x X a 


Here, a'4 - 


x^ (tx.— x‘^yx^ ax a x d^—X“ 


a-x a—X 


a —X X a ax 


• M j . P-x^ ax {a- x){ayx) 

/, Product =-X -= X — - --^=a 4 -.r. 

a — x ax a—x ax 

Ex. 2. Divide i - by ^ —^ . 


„ . ^ yyax y^-a^x^ y 

\ y f y y yyax 

{yyax){y-ax)y y^ax 
“ yKyydx) y 
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1 . 


3 . 

5 . 


i. 


9 . 

10 . 

11 . 

12 . 


13 . 

14 . 

15 . 


17 

19 . 

20 . 


Exercise XCV. 


Fmd the value of :— 




('-'HAY »(-. 45>)*(^^->4 

(a. k. 1891). 

(?-a* (14)- 


f.r 4-y)" x*-y^ 


(M. M. 1887.) 


{x+yy^-{x-_yf 2xy{x-y) 

Multiply 

by Ij+' + t. (c. k. 1876). 

Jl X 

-r‘"' , X . X , ^ , 

—+- + iby „-hi. (n. M. 1865). 




+1 +*^5 by . (c. K. 1875). 16 . A' J- - +1 by .r - 1 + * . 

^ t' X ^ X X 


y 

f 

Divide * 

a d _ . 


a 


A A C* , L* Cf> 

18. I by I. 

(aM. 1895). 

.j /2 

by ; . (M. M. 1897). , 

X X 
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V. COMPLEX AND CONTINUED FRACTIONS. 

249. A Complex fraction is one which has a fraction in its 
numerator or in its denominator, or in both. 


Thus, - ’ 

c 


2 > “ are coniplc r fractions. 


In liie last of these forms, the upper and lower quantities) 
<t and d are called the extremes, and the two middle ones, b and , 
are called the means. 

Soiitctunes the above arc con\eniently written thus : — 
a; ib a jc 


^0. Simplification of Complex Fractions. We li.ive, by 
definition of fraction, * 

a jc __ a c a d ad 
In' d b d b ' c be 


a 


a 


ac 


Similarly, c~ , anda -=■ y 
b! be f c b 

Mence, \vc observe that i\hen a (ompIe\ fraction is pul into tin* 

form of a the simple expression for it will be found b\ 

fraction ’ ‘ 

taking the product of the cxtrct/irs^ hw the numerator, and that 'ol 
the means., for the denominator ; and that any factor may be strucb 
out from either of the extremes, if it be struck out also from one 01 
other of the means. 


d--x^ 


Thus, 



(//- - A-) x/i,r_ {a - 1 - x ){a — .v) 
{a — .r) X ax 


a--.r 


= a+\ 


Hence the following Rule :— 

251. r d simplify a complex fraction. 

Rule. Multiply both terms of the fraction by the i,. c. M. o! iln 
denominator s in each. 

Ex. 1. Simplify- and ^ 

q.A’ X ~r 1 

Here, the L. c. .M. of the denr.s. in (i) is 2, and in (ii) is 12. 



C()\il*LKX ANT) CON'I'IN-VKn 1 -RACTFONS. 




l - \x 

S-; jf— 


2—.\ 


Ti- 


8x ' 


S ~ "f A' 

12 

60 ~3x _ 

3 f 20 -.v) 

= » X 

,1' + I ^ 

12 ’ 

I’f-h i6~ 

4(3^' + 4 ) ‘ 

a + 1 





Ex. 2. Simplify 


ii~ I 


a 


a a - i 
a+J a 


Here, the i,. r. M of the deiirs. =a(«r - i). 


a 


Hence, the Kxp.— 


a — 


a 


a+ I 

a - 1 ) 

a - 1 ^ a{a'^- r ) 


-f* I <2 


+ I) — (<2 + 1 — 1) (rt 4" 1 — <■/“+H + I 

~ 1 ) - (^z- I )(a^ - I) (a—i)(a^ — -i- 1 '' a — \ ' 

252. 'I'lie following} is an example of a Continued fraction, 
i'lie 1)ei>t way to simplify it is to begin from the bottom and proceed 
ipward^ step by step. 


Ex. .Simplify 


I + 


X 


1 4-.t' + 


2 . 1 “ 

I —X 


The i:\p.=-- 


i 


I 


1 


1 -f" X" 


X i-(l_.r) t+ I+.V 

1 H"-r--:/ T+'-'':)— 

I-r-+2.r“ I+.V- I + l 

1 - .r 


2 


Exercise XCVI. 


Simplify the following :— 


1 . 

T — a ^ 

“ 2 . 

5 

. 3. . 4. 

5 - 5.1 X + 2}j 

3 A+ 2 ^ 

i 

J4 

V 

5 

x~ 

6 . 

2 f-vV' 7 

V 1 • i • 

n -f - I .V 

A'-3^ Q a'-4(3.v- 

1 , • 0 * 

3 

-K 9 . 

ru-K5-'^ + 3) 

ao. 

2 ^-'rja-“ 2 ) 
^yv+i)-4i ’ 

11 i?.-iiU+ 2 ) 

i-hCA+l) ■ 

13. 1 + 

■ ^ ^ 2a^ 
i+a+ - 


I -<i 
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1 _ 

1 +X 

_ 1 

i+.r 



a+x _ a~x 


16. 

a—x ‘^a+x 

17. 


a+x a—x 



a—x rt+V 


19 

.r+2 

20. 


I +x I —X 

l X 

I — X I + A' 


I +x_y 

I +XJ' 


+ 2P 
20^ + b'^ 

iniP- 


rt - I + 


a — t> 


rt ~ 2 + 

a — o 


1 —x + 


r~ I + 


2 — .r - 1 - 


t + -- 
4-x 


i -- 

I +.r + 


I ~x + x 




*> V 

X- - r' 


1 

x + - 


x-^r-^ (M.M. 1887 ). 23. -- 7 -i-—, . 

i_i x' + v i y{xyx+x + ::) 


J' ^ 


n — I 


J' + k 


II '* 

-. 25.- - -+—!-+-=- 

. I ^ ^ 

- iH- I — - I +• i, 

a a -r . 1 ' a -=r x a~ — .i' 


(C.K. 1870I 


4 —<5* 

VI. SIMPLIFICATION OF FRACTIONS. 

253. The followinj» are illustrative Examples. 


(a-b 

a + b\ 


a"~b'\ 

\a + b' 

a-b) 


' a- + b'^) 


Here, N„nir. = (“—a»-2a,>+^_t^3gj + g: 

a"- — b-‘ ■* — b“ 


2{d^^b‘^) 

d^-b'^‘ 


{a-4-b'^f + (,d^-b'^f a^-^^d^b^ + b^^+ a^-2aH'^4-b^ 


{d^-‘b'^){a^ + b'^) 
{a^--b-^){d^ + b-)' 


Hence the Fxp - - 

Hence, tne l^-xp. - {a^-P){a^+b‘^) 

2{a^ + ^*).. {d^ - b^)(a'> + b^-) _ (a- + b^f 
- a^^b'^ ^ ■” ' 2 (rt*+^*) r ' a^+M' - 
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Bx. 2 . Simplify - -A'l - -■) 

Here, £L“r^> 

x--y- r^-v- .r--;'- 


x-t'+.v 2x~y 
Denr.^ /- ., == -o—*^0 

-j/- X- - F- 


Hence, .he = 

Ex. 3 . Simplify (1+/^^- /ffi) (3-/+7+,.--2) ' 

,, - . 45(a'~ 6)~ 26(.r-8) 19.1--62 

Here, rst frartion^H- --ov? •—?n • = *+ *. . .,0 

(A'-8)(.r-6) .i''-i 4 A+ 4 & 

_ .r‘^ - r 4.1' + 48 4-19-r - 62 _ + 5,1- - 14 _ (,r + 7)( . r- 2)- 

“ (r-~8)(.v - 6) “ (;ir-8)(.v-6)~ (.r-8)(.v-6) 

/ 65 8 \ 65 f.r- 2 )- 8 fA- 4 - 7 ) 

2nd fraction —3—!---7 —-I = 3~ '7. t— — 

\x + 7 x-2f ^ (.v 4 . 7 )(.t-- 2 ) 

_ 57 a'-i 86 3 Cr“ 4 - - 1 4) - ( 57 ,r - 186) 


x" + Sx ~ 1 4 


x'^ + 5-r - 14 


_ 3.r“-_42.r + i44^ - I4;r_-f48)^ 3(.r-8)(.v-_6) 

” (-^' + 7 'Ax - 2) (.r + 7 X-v - 2) (a* + 7 X-t ~ 2) 

„ (x + 7)(x-2)_ 3(.r - 8 )(x - 6) ^ 

Hence, tlie Kxp. ^7- „—7. x -——--7 - = 3 - 

’ ' (.r - 8)(.r - 6 ) t.r + 7 ;(.v - 2) 

Exercise XCVII. 

Simplify the following expressions ;— 

^ / 2a I , 2 \ X" . „ , 

1 . I -5—-- + --r- ) X-5. (c. !•:. 1872 

\a-“-a' x-a x + af , 

x~a+ • 


2 - ('-rr,)("^Tb)^ 7 ;t" ('+'®'' 

^x & n. M. 1893). 

« X _ __ ' X I 

1 ■' I—, I ' j+.r^. (c. K. 1886). 

I - ~ I I + 

X lx 

\ /V. / 


1886). 
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(ci + b a^ + P\ 

ia — b 

a^-b^‘\ 

d^-bv ■ 

VI + ^ 

'cf+h'^] 


1 I 

+ 


3 , 6. 

1 I ( 2^r j 


1 I 

w —n m —5 


1 


r 


. (c. K. f 886 ). 


b c 




j+.r+i' / .r i-.r i+.r\ i 

7. - , ~ ~ ^ _ f - -f - -4- ) X 

1 -.r^ l+.v \n-.r X \ f 1-. 


12 . 

13. 

14. 
16. 


(r. K. j875}. 


o /-y — v .1" —j'^\/j +v + r \ / o 

V-i + y .r“ -i-r/ \x-y X-' 

“ —7'-—^r - : ; : , J- H. (li. -\». i 8<^2). 

-n 7(r + .?^ I 2\xv^ yy/i^~/z')] ^ 


r J* 

6.1-r- 
ni + n 


u — b a^~b~ 
_ ’ ayh ^ a^yb‘^- 


.r 


.r 


x+u x—a 
x—a x+a 


x-tr x + (f x + u ^x-<r 
x—a x+a 


. (c. K. i86y.) 


(iti. ' -A ,S6; 

\.r--y x^+y-/ \x-y x+y/ ^ 

(•’^+>+.5 _.=_y 

\,r-i .t-7/\3-i-5 ^ + 3/ 

K 

+ ajf2.r\ / 3 • \ 

a- 2 r x-2a} \2a-;r a^v)' 



CHAPTER IX. 

MMULT.4NEOUS ICQUATIO.NS. 


264 . If one equation contain iioo unknown quantities, there 
.no an infinite number of pairs of \ allies of these ty which it may 
he satisfied. 

Thus, consider the equation 3.V + 2p--= 13, which ('ontains/riv> 
•unknown quantities. 

f»y transposition, we get 3i'=i3-2^p; 

’ * 3 ' 

From this it appears that if we give any value to we shall 
get a corresponding value for .r, by which pair of \'alues the equa¬ 
tion will of course he satisfied. 

If, for example, we take p —i, we shall gel .1 —; if y—~-> 
1—3 ; if = ; and so on. 

255 . One equation then between Iwo unknown quantities 
admits of an infinite number of solutions ; but if we have as many 
different equations, as there are unknown quantities, the number of 
solutions w'lll be limited. 


Thus, while each of the equations 3A'-F2 v= 13, 4a'-P3j=i8, 
■^c'paralely considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to both. 


Thus, being given the two equations, we must have 

13-2V - ,■ / X 1 i8-3p . • . x 

.v= ^— , from equation (1) and x~ —, from equation <2). 

Now, if -v is to have the same value in the two given equations 
(I ) and (2), we must have • 






Multiplying up, ~ = SA - I 


/. yy- 8 ^= 54 -52, or7=2. 


Substituting this value of y in either of the two equations, we 
shall obtain the corresponding value of x. Thus from (i) we obtain 

31 + 4=13 ; /. 3.v=9 ; .^= 3 - 
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Hence the only values of x and y which satisfy both the 
equations (i) and (2), are 

.r = 3 and'/=2. 

266 . Equations of this kind, which are to be satisfied by the 
same pair or pairs of values of x and v are called Simultaneous- 
Equations. 

257 If there be three unknowns, there must be three equations, 
and so 011 ; and,moreover, these equation's must all be dij^erent from 
one another ; i. e. must all express different relations between the 
unknown quantities. 

Thus, if we had the equation 3 a' 4-2/=I3, it would be of no use 
to join with it the equation 6;r +4^ = 26, (which is obtained by merely 
doubling it), or any other, derived, like this, immediately from the 
former ; since this expresses no new relation between x and /, but 
repeals in another form the same as before. 

258 . It may be observed, that if any two or more equations 
lie given, any equations formed by adding or subtracting any 
nuiliiples of these eqbations, will be also /rue^ though expressing, 
in reality, no new relations between the quantities. 

Thus, if .1+2/+ 35'= 10, and 2A' —3y+r=r ; then, subtracting 
the first from three times the second, we have 5,r — 11/= — 7, which 
expresses no new relation. 

I. EQUATIONS INVOLVING TWO UNKNOWNS. 

259. There are generally given three methods for solving 
Simultaneous Equations of two unknowns ; but the object aimed 
at is the same in each, Tv'xr., to combine the two equations in such a 
manner as to expel, or, as the phrase is, eliminate from the result 
one quantity, and so get an equation of one unknown only. 

260 . First Method. Multiply, when possible, one equation 
by some number, that may make the coefficient of x or y in it the 
same as in the other ; then, adding or subtracting the two equations, 
according as these equal quantities have different or same signs, 
these terms will destroy each other, and the elimination will be 
effected. 

Ex. 1. Solve 4.r+ 9/=Si (. .( 0 ” 

8.r-i3/=9 J.(2) 

Here, it will be convenient to eliminate x. 

Multiply (i) by 2, 8,r + i8/=i02 

but 8-r— 13/= 9, from (2) 

subtracting, 317= 93 i and 
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To find A', substitute this value of y in either of the given 
•equations. 

Thus, from (i), 4.i'4-27= 51 ; 4 .r« 51--27 = 24 ; 

/. A-= 6 , and^= 3 . 

Verification. When a-= 6 , and jj/= 3 , 

4 T + 9 V= 4 X 64 - 9 x 3=24 +27 = 51 , 
equation (i) is satisfied. 

--\gain, when a* *6, and y= 3 , 

^x- I 3 v = 8 x6 - 13 X 3 =-'48-39=9* 


equation (2) is satisfied. g. k. u. 

Ex. 2. Solve 4.r-r='7 1.(0 

3r + +>'=29 /.(2) 


Here, it will be convenient to eliminate j'. 

Multiply (i) by 4, i6.i -4_j'=28. 

but 3 x + 4v = 2% from (2) 

/, adding, 19.1- =.57, and a =3. 

Substitute this value in (1), 

/. T 2 -j= 7 ; /. 9 /=i 2 - 7=5 and-r = 3. 

261. Sometimes we cannot make the coefficients equal bv 
multiplying only one of the equations ; but shall have to multiply 
both by some numbers, which it will be easy to perceive in any case. 

Ex. 3. Solve 7 j.'-i6v= 42 \.(i) 

Sx + i 7 y = 3 o ) .(2) 

Here, to eliminate x we should proceed thus :— 

Multiply (i) by 5, 35 -*^— 8 o|/ = 2io 

» (2) by 7, 35A-+ n9;/=2 io 

subtracting, - 1999/= o, and /. y=o. 

Substitute this value of in (i), 

7x^42 and .r= 6 , andj/ = o. 

262. Second Method. Express one of the unknown quan¬ 
tities in terms of the other by means of one of the equations, and 
put this value for it in the other equation. 


Ex. 4. Solve 2x4‘3y=4 \.(Jf) 

3r-.2jf-.-7 /. ( 2 ) 
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Here, from (3), 3A' = 2r-7 and i'=^(2i'-7).( 3 ' 

Substitute this value of .r in (1), 

/, 14+91'= 12, i3/=26ancl /, y=2 

Hence, from (3), by i-ubstitution, .1 ^;K 4 “ 7 ^= - •* 
we have 1 = - 1 and r= 3 . 

263. Tliirci. Method. I^xpross the sti/nr quanliiy in leniis of 
the other in both equations, and put these \alues ec|ual. 

Ex. 5 . Solve 4i +7_t' = 62 1, 

3r-2>= 8 j. 

from (1) 4.r= 62 - 7r and r 


r “ 8 

Kiom (2') 2.r = 3i--8 and ^ .(4, 

At — "7 I' 'J 1 / — S 

from (3; and (4), --- •' '■ = - , 

4 - 

cleanup of fractions, 62 —7v = 6r—16, 

- '33'= ~7^^^ and _y=(K 

Hente, from (4), by substitution = - '°~ 5 - 

we ha\ e .1 = 5 and _r = b. 


264. 'The lirst of these methods is j;enerally used : hut- tlie 
second may be used with advantag^e, ulienever either .1 or y has a 
coefficient ffn/fj' in one of the equations. 

Ex. 6. Solve 3 ^'-3'=3 (0 

9.r-5.r=-45) .. .(2) 

Krom (i)3'=-3.r-3.(3). 

Substitute this value of _v in (2), 

9-'^ - 5(3-1^ - 3) = - 45> or 9^' - i S-r -b ' 5 ■= - 45, 

— 6.r= - 60, x= 10. 

Hence, from (3) j= 3 x 10 —3 = 27. 

/, we have .r=io and_r = 27. 


263. In some cases, the work of solution may be shortened by 
certain arithmetical artifices. 
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Ex. 7. Solve + . (0 

2i.r + i9j'=56J.(2) 


Observing that 14 and 2i have a common factor 7, \\c sliall 
make the coefficients of .r in the two equations equal to the 1.. c. M 
of 14 and 21 if we multiply (i) by 3 and (^2) by 2. 

I’hiis, 421+39_r= 105 

42 .r 4 - 38 ;'=: 112 

Subtrartiny, -7, and .t =9. * 

266 . In some cases, it will be necessary to sirnplifv the equa¬ 
tions before proceeding to sobe them. 

Ex. 8. Solve 7(2.i‘-3')-l-5(3ji'-4.r)-+30 = 0 ).(i) 

5(.1' -- -I- 3) 6( V - 2.11 f.(21 

!■'roin (I \ 14.r - 7r 4 - f 5 / — 20.V 4 - 30 ---- o ; 

-b.r 4 - 8 i'= - 30 or - 31 4 - 4 J""- - ' =!. 

1 1 om i'2j, 5/ ~ 5.1 f I 5 61' ~ 1 2 . 1 - ; 

- I' 4 - 7 - 1 '= - >5 .U) 

^Multiply b\ 4, -4 iH-28.v= -60 

f rom (3) 4_,/- 3 .i==-i5 

addiii”, 2vr= —75, and .v—- - 3. 

I'' roni (4 ■ 1' -- 7 V 4-13 - 21 -I- 15 s= - 6. 

Ex 9 . Solve (-1 4 -5)( )'4*7) = (-‘‘ 4 -1 j(_r -9; 4 -112 1 . (i, 

2 .C 4 -io-= 3Jl' 4 -T J.(2) 

Krom (i), multiplying out, we have 

.ry + yx 4 - 54' 4 - 3 5 = - 9.1' +y -94-112 ; 


Reducing and transposing, we have • 

i6.r4-4jf' = 6S, or 4,r4-^= 17.(3) 

Krom (2), 2.1; - 3_i/= --9.(4> 

Multiplying (4) by 2, 4,r-6_v= - 18. 


Subtracting, 7.)' = 35 awd y~ 5 . 

Krom ( 3 ) 4-^'-I-5= >7 ; /. 4 a-= 12 and .i - 3 . 
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Exercise XCVIII. 


Solve the following e<)iLiations 


.,1. 3v + 3jk« K. , 861 .) A '‘'+J' = 37l /3. 2r+9^*iil 

V J— ^ *1/ T ^ i- _ At T I .1 _1_ ^ f* I 



.r + 37« 10* 

.r- 7 = rj 


+*■+ y== 5* 


2x-y~8'i 

^ 5 ' 2.r~97«ii 


2.r + 3>' = 8) 


27+jr = 9 j 

3r- I27-I5. 

i 

7x- 7=5/ 

7. 

5 r + 47 = 58 iJ 

8 . 42:+7 = 34} 

9. 

5.1+67= 1371 


3.1'+ 77 = 67) 

47 + ;r= r6J 


I 3 .r- 4 y= 23 j 

10 . 

4.1 +77--62'! 

11. 7.r-8v=-221 



37 - 2 . 1 = 8J 

, ii.v-i07 = 

4 J 


12. 

4 .i'+f 7 = 11 ) 

13. i 2 r+[ 3 j/= 37 ) 

14. 

oc 

1 

II 


I 7 .v- 5 y=i J 

II 

1 

!>. 


6.v + 35v=" 177 j 

15. 

3 .r-,-jr 7 = 4 | 

16 . 381- + 177=---127 \ 

17. 

4 ^ + 3 v = 43 l 


Sr- 127= 13/ 

I 33 .r + 7 i 7 = 479 j 


3.1-27=11 f 

18. 

5 r- 4 V = 8^'» 

00 

!r* 

1 

.^- 

[| 

= 9.1-37=6. 


2r + 3 y=i 4 j 




20. 

Sx—2y=7x+2y 

=.r+7+ir. 




21. 8(3A--3_i/)-(2.r+3j/)=i, 7(3.i-'-3)') + (2v + 3y)=i4. 

2(3.r - 4/) == 5 {^' -y - 3 )» 9 (-^' -y + 7) = 44 ^' ~ 3 J 4 )' 

23. 4'.r + 4)-7(>-;'-i) = 56 (.v- 2 ), 6(>'-2)-(3.r-2_j') = 9-*'- 

24. 3 :v- 2 j/ + 2 = 5 .r- 3 j/H-iT; = 6 .*r-j/- 4 ,^. (h. M. 1892 ). 

25. 4 + 7)(j'-3) + 7=4~i)(^ + 3) + 5» S-^'-iJjv + SS^o* (c.k. 1888 ). 

26. ir(j^ + 7)“M^+01 27. 4 -UX.y-\ 

2.r+20 = 3j|/+I j ' 2oU'-I)-5(J^'^-5)=A- + 2j' 

28. i 2 (;ir- 2 )- 2 o(io-ji-)*i 5 (j/-io)| 

16(7 + 2)-3(2.v4-j)=6(.r +13) J , 


287. If the equations are given in fractional form, we should 
.first remove the fractions before proceeding to find the solution. 

Ex. 1. Solve ^ , 27+4 ,, . , 
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I'o clear of fractiorib, 

Multiply (i) by 5, 35.1-+ 27 + 4 = 80, 

35-^+27 = 76.(3; 

Multiply (2) by 4, i27-.v-2 = 32, 

i27-.r=34.(4) 

Here, from (4) x = I2)' - 34.(5} 

Substitutinjjf x in (3), vve have * 


35(1 2y - 34) + 27 = 76, or 4201' - 1190 + 27 --- 76 ; 
4221'= 1266, and ,\y = 3 . 

Hence, from (5), .r= 12 x 3-34 = 2. 


Ex. 2 


Solve 


C 


2-»-3 v- 8_ 7 + 3 

4' 5 ” 4 

, 4 /+i_^ 
r "T ——- 



MuliiphinK (0 by 20, 5^2.r-3)-4(7-8)= 5(7 + 3) , 

/. io.r-i5-4;/+32 = 5;/+i5, or 10.1-97= -2....(3) 

Multiplyinj^ (2) by 33, i i(-r- 7)+ 3H4^ + 0 =-'99 ? 

1 1-‘ -77+ *27 + 3 = 99, oi- 11-^ + 127 = 173.(4) 


Multiply (3} by 4 and (4) b) 3 ; thus 
40,1 — 367 = — 8 
33.1+367=519 

.‘.adding 73-1' =5**, .*.-^=7 

Ilenre, from (3) 97=10.1+2 = 72, 7 = 8. 


Exercise XCIX. 


1 . 

3. 


Solve the following equations : — 


.l.r + ^ 7 =i 3 1 

U' + ij *'=5 J 

21-^” 2 = 4 

5 

X-2 

3.J' + —-- -9 


(C.K. 1863) 


5 . ^•'''+• 1 *' + '^ o I -vf. 1886). 
Ij'+i-r- .,\ = o i 


[7 + 

4. = j 

-r + 2 

3 ^+ 


M.A. —14 
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5 £±- 2 '+ 

2 4 

14 i8 


(C. E. 1876). 


7 . 1 ^c.E. 1875). 


11 . 


13 . 


9 . I . „ 

3>'-K3-^-«) = 7 1 


x-y _y-^i 
T “ 4 


(c. E. 1872). 


x-J 


XV X V 
+ ■+!=- +"^ = 23. (P. K. 1893). 
4 5 5 4 


X y 3 ,r- 2 i' x~y 

14 . -4.*L-3 = '2- y =^. 

'j n r 'y 


6 . 

xy\o 


1 

-’j 

,x-^^\y ^6 \ 

rVj^-U' = 2 j 


4y- 


8 - 6-^ + T^(ty^6 

liy 

10. ^(2;r + 3y) + ^2r=8 j 


U. 


X-7 _ .P_- 1 1 
5 3 

x + y- x~y 

—- + - -- = 


-■ 1. 

J 


16 . + 

7 4 

2 y- 3 x 


+ 2 ^= 3 j: 4-4 


-« 7 + x 2x-y 

rl6- -'—=37-5 


- = 2:r-8 1 

I (P. E, 1892). 


SV-7 , 4X- 


18-^x 


(c. E. 1880). 


17 . ^ 


4 

3 - 4 -y 


+3’ 


5 

5 V -7 

2 


18 . = 7 + 

4 S 




8 —X 2v +1 j 

-_ = 24j- -J 


19 . (p. ^ .888). 

ao: - ^=^-3, =.8. 

‘• *3 5 4 o 
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21 . 


23 . 


io6 x~ 6 j/+i "x -3 

63 - ''7.- 9 I 

V 

x-sj' + 8^ 3.Y-i3.r ■ 15 I 
9 7 63 j 

3.V + 4jy + 3 _ 3^', J'- 8 ■] 
" 10' ,5-- 5 + 5- ( 

0 J' + ~ 8 _ x+y _ 7.f + 6 j 

'12 ' 4 ~ iT* j 


4 ' 5 * 4 { 

^'- 7 , 4^+1 I 

3'^ 17-“^ J 


24. 

2Ar + -4 1-2 

1 (P. K. 1891). 


3 4.r~ •o 29 > = *oi 

26. 

X — 2 X+y 

7+12 


2 14 

8 4 


-^ + 7_^y-S _ 

.-.r_ 5 (Z+_L'. 


3 ,10 

7 

27. 

•6;r + 7 ;/ + 3-95 

.V V 

= 0 , +'—+10 = 

•; 7 


25 . *3,r+ [25j=.t:“6 > 

3.t -^-5j,/=28-'25/ j 

' (c. E. 1882). 

28 . • 5-Y + '6>/ = r -38, '^ + = 2. 


268 . Fractional Simultaneous Equations, involving the 
reciprocals of as and //, may be solved as they stand without clear- 
.ng them of fractions. 


Ex. Solve “+' = 20. (i), ^-^^ = 2 .(2) 

X y X y 

Multiplying (i) by 5, and (2) by 2, we obtain 
= 145^ Subtracting, ^ = > 4 i ; 

4 1417 = 47, and = 

X y } 


2 2 

Substitutes in (i),-+21=29; ~8; 

X X 

269 . When the coefficients of jc and y are interchanged in the 
two equations, it is advantageous to employ the method of addition 
and subtraction. 


Ex. Solve n.r+i3;j'=ii8 1 . (i) 

I3;«r+iij=i22 j .(2) 

Adding (i) and (2), 24:^+247=240. 

Dividing by 24, ar+^=lo.(3) 
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Subtracting (j) from (2), 2x-2r = 4. 

Dividing by 2, .i'—j'=2 ...(4; 

Adding (3) and (4), 2.^ = 12, and x = b. 

Subtracting (4j from (3), 2)'= 8, and i/=4. 


Exercise C. 

r 

Solve the following eijuations 


1 . 1 - 4 -^-” 

1 

4- 

II 

3 . ‘.4- f ] 

y 2 

r y 

. 5 - V u j 

3 .''-“ = 8 " 



r 3 J 

J’ 

!• J 


' +^'=5 
S-r 9 

^ +'^=.4 

3,r 2 


(C. K. 1870) 


6 . 


~ +-^=^2 
X V 

5 10 s r 


(C. K. 1887) 


8 . 


10 . 


1 121 

3-1'" 7/~ 3 I. 

^ ‘ I 

2.r 6 I 

3 _ 3^4) 

-J' 35 

-^+31^ _73 


(C. h. 1890). 


( 15 . M. 1893). 


2.r j' 


70 ,1 


1-4 i<^ 

6 - 4 - -2 

1 V 

3 + 

.r j' 20 

+ 1 

.r j' I 

y_ I 

X J' "4 j 


9 . 4 - ‘ =5 

2.r 3j' 

^ 3 

11 . ‘ 5 -'= 4 i 

.1 J' 2 

9 . 2 _. , 

X r 


.((■ k. ^ 879 ^ 


^C. 1. 1893 


(.M. ’\r. 1881 


I 15 . M. i88(>). 


12 x-jy=3 


2iJif4-iaT’ 



,13. 52-4-1 n' = i46| 

C-;) 1 

11 i' 4 - 5 j'~ 110J 

= 79 1 

15 . 7 

= 23 J 

9 


[ (c. K. 1864 


16 , 49 -^' 57/-172 I 

57 .r- 49 .J '=2 52 j ' 


r-gv=i 7 l 
i‘- 7 ^^ = 3 U 

17 . Ii,r 4 -I 3 r = 23j 
132-4- iijy = 2S ! 
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18 . 3.i' + 2o=4>'~ lo 

4(-v-i) = 3(j'-3) 




1895). 


19. .Vv + jiv-43 




jiv-43 \ 

}y = 42 j 


20. + 7 y = 65, + 7^»' =■'y9f 


21. '“f + 3/ = 3>, ■;^ + 3 v --=24 

j j 


270 . In Simultaneous Equations the known quantities may be 
lenoied by letters. 


y = //i ) , 

y = n j... 


.(r) 

.(2) 


Ex. .Sol ve (i.r q- /y' = w 

iTA' + /ij' 

Multiply (i)byf, ticx 4 -dcy = cm .(3; 

„ (2) by a, acx + atly = (t/i .(4) 

Subtract (4) from (3), (fic - ad)y = cm — an^ 

Divide by coetticient ot r, r— -.. 

- be-ad 

To find tbe value of .r proceed thus : 

Multiply j) by d^ adxy-bdy — dvi .(5) 

„ (2) by bc.x-ybdy — bn . Ki) 

Subtract (6) from (5), {ad- bc)x — d/n — bn^ 

, . . , , — bn 

1 )ivide by coefficient of-t, .r= , . 

^ ad-ht 

i)ihervjLse fJiiis : Substitute the value of v in (i). 

bicni — an) 

"•‘■+ be-ad ="■’ 


ax — m 


b{c m — an ) a(bn — dm) 

be -ad be —ad 

bn — dm dm — bn . . 

r= - = —-—— , as before. 

be —ad ad—be 


Exercise Cl. 

Solve the following equations :— 


1 . xyy=^a 1 

2 . ax+y=b 1 

3 . bx + ay = b 1 

ax + by^^b'^ J 

x + by=a J 

ax-hy-=a j 


t. av^by I . .5. ax + bj,+c=o | 

x+y — e j a^x+biy+ei = o j 
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-6. axArby=^c . 7 . nx+my=c 1 B- x+y^a + b 1 

c^x-Vl^y^^ ' Px+gy=d J bx+ay— 2 abj 


,9. I 10. 

bx-ay=d j 


12 


XV 'i 

• «+r' \ 

I---' 

b a J 

u. I 

I 


33. 


X y 
--.asm 
a b 

4 - %=« 
c d 


.1" 

=2 

a b 

ax - by — a^ — b'^ 


11. ^+-?' 

b c 


ax 

c 


-) 
'-?-<'j 


(M. M. 1884}. 


.V y 
px=qy 


(c. K. 1885). 


15. ^ + 

a b-^ a I 

X y j 

J 


(m. m. 1891). 


. b (-1 tm i* . ' 

16. <tx Jtbv—\ as bx - Vav--. . 17. ^ + ~ = o, px + qy = r, 

" a ' b X V 


13 + 

X 

a-c ^b 
X V 


(M. M. 1883). 

i + d 1 

- —m I 

y l 


''' I 

= n 

y 1 


(M. M. 1887.) 


19. 

X y 

a b • 

■ — 2 a— — 3/3 

X y 


( 15 . M. 1885). 

"I 


(A. K. 1894). 


20. + (p, p. ,g8 ). 

ax-by = a^+b^ J 

21 . (a+6)x+i‘‘-i)j-2aj P ,g,,, 


{a — b)x + {a+b)y 

23. ax-\-by=c^ 

a b 

—-=0 

b+y a+x 


23 ^'-j^,yr^=r 

(h. M. 1879). c-a o'-b 

x+a y—a_a 

c ^ a — b c) 


(a.E. 1893). 


24 . 


a 

, b 

. - 

+ - =w 

X 

y 

b 

. ^ 


+ r 9 = « 

X 

y 


(C. K. 1869), 


25. + 

X 


n ] 

• =rt I 

y I 

1 *• 

X y J 


(m.m. 1885 and 
E. 1892 ). 
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26 . 


2 . 3 

5 _ 2 _ 
ax by~~^ 


x\ 


27 . 


^+^=1+-^ 
ad c 


Cm. m. 1893). 


29 . 


{a + b)x -{a- b)y = 3^^ 1 . 
{a-^ 6 )V’-{(i — b)x~ab j 


. E. 1889). 


29 . {a — b)x + (a + b)y^ 2 a(a'’^~b'^)l 

2ab{x +_v) — (<2^ + b^){x -y) j 

30 . a{ 2 x -y) + b(2x +y) = c{2x -/) + fi!{2X +y) — i. 


II. Ei^ITATIONS INVOLVING THREE UNKNOWNS. 

271 . Simultaneou.s Equations of three unknown quantities are 
solved by eliminating one of them by means of any pair of the 
equations, and then the s^a^/K' one by means of another pair ; we shall 
thus have two equations inv'olving the same two unknown quantities, 


which may nbw be solved by the preceding Rules. 

Ex. 1. .Solve 2jrT9.3j/ + 2,7= 5 ^ . (r) 

■^■ + 2/-37=4 .(2) 

2X+ j /- 4 - = 7 ).(3) 

Take any two of the equations, say (i) and (2) 

Bring down (t), 2.v - 3/ + 2.'r= 5.(4) 

Multiply (2) by 2, 2.r + 4y —6,?=i8.(5) 

Subtract (4) from (5), 7V - 87 = 3.(6) 

Again, take any pair, say (2) and C3), 

Multiply (2) by 3, 3.1- + 6v - = 12.(7) 

Bring down (3), 3.r+ _y~4s'= 7.(8) 

Subtract (8) from (7), $2— 5. (9) 

Divide by 5, y—\^z= 1. (10) , 


Now, the equations (6) and (to) contain only j/ and .7. 
77-87«=3 1. (a) 

y~ ^ = i j .(/J) 

Multiply (^) by 7 and subtract it from (ct); thus 

77-8ar=s3 \ 

7 y-79==7 i 


— 7 — 4 and 
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From (lo) y = ::+ i = 5 and by bubbtituting these values for r and 
z in any one of the given equations, .v = 6 . 

Ex. 2. Solve .i' + g = rt ^ (0 

v + z=ff j-.(2) 

z + .r = c ) .( 3 ) 

In this L.ise it would be convenient to add the three given 
etjuatlons, and thus deduce the value of .r+jy + .-. 

'I’lju.s, adrKng, we have 2 r+ 2 ji' + 2 r —+ ^ + r 

Dividing by 2 , x-\-y-\-z=^l{a-k-b-\-c) .U) 

Subtracting ( 2 ) from ( 4 ), x—\{ayb-\-c)~b--^\{a -b-\-c). 

Similarly, v =+ b - c) and 7 = A(<5 + 6‘-rO- 


Ex. 3. Solve .1-!-}/=• a.vy |.(1) 

y\-z = byz .( 2 ) 

.7+.i'=r:.r I. (3) 

Here, dividing (1) by .iy, 

Similarly, from ( 2 ) and ( 3 ), ' + and * =f, 

y s X 

Now, solving these equations in and ^ as in the last e\am- 

•{jle, we obtain tlie values of .v, y and 3. 

2 2 

Thus, 1 = ” , V - — “ - and — . 

’ ti-byi^- iiyb-c bJrc-it 


Exercise CII. 


Solve the following eciuations . 

1 . .i--2jy + 3 c '=2 I 

2 A'-- 3 !/+.?= I 

3.r-j + 2.:7 = 9 I 

3. .r + 5 j- 4 r = 5 I 

3^-2^+ 2^=14 . (c. E. 1867). 

— io;i: + 8j+.-=6 j 

4 . x-y-s^-iS ] 

y+x + 23=40 J- (c. E. 1886) 

43—^x — 6 y= - 1^0 j 


2. 2 .r + 3 y + 42 = 2 o 1 
3.r + 4;/ + 5:r = 26 

3.v + iy + 65' = 3i I 


/5. 5'^'+3/=65 1 

2jg-^=II 

3.v+4S’=57 J 
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3.I' + 2 J/ — S' — 20 
2X + SV + 6:: ^70 
r —y + 6^ = 41 


) 


' I 

.r - 2 y + 4ir = 8 j- 


7 . .r ~y + a— 1 
.r - 2 y + 4 £:' ^ 

.i'- 3 v+ 9 ^ = 27 


(M. M. iSiJo) 


3 V' + .V “2 = 0 \ 

- 'f. K. 1B83;. 


3 - - 4 }‘ 

2x ■ 4 “ /i' = 7 


) 


2 X-- 2 iV+ S' + J = 0 

zx — 3s' = 6 
3A- + 2 y = 4s 

.v + 2v»7 I 

y -j- " 2 ^' —~ 3 
T,r + 2 y^- r- j 


»\l. M. l888^. 


,10- 5 'I 

v+y =---7 j 
.r~ '= l'4*sr j 


12 . 3-1' + 41/ - I I -- o '] 

5>'-6s+ 8=0 

7':.-8r -i3^o j 


(( K. 1877 )- 


x- 2 y-s 

3 >' + 4 -=v'^ 

5: 4-6.1= 21 

}v + ,^ 7 -^r =8 


(>1 M l8<S(;’' 


14 . 2 (.r —v)-~ 3 s - 2 
1'+ I =3( V + ^) 

2 r + 3- -- 4( J -r) 


'.,r 4 - ,iS= 10 

III, 
4- '■ 4- - = 6 
.1 y : 

.r y s 

3 _ 4 

.y 


J 


(C. K. 1S68) 




(l!. \l. liS<p). 


17 . -4-c=^7 

2 3 


x+ 4 - - = 1 1 . 
2 3 

3 ■' 2 


a d i' 

' + + =3 

X y '- 


a b c 
4- - — — 1 

X y z 

2 a b c 

X V s 


x+y-k-a— J 

ax-yby+cz — o 
a^x -+- b^y + C'n=abc. 


19 . 1 4 -,r - 3- -■= - a 

z 4 X — 3 , 1 '•— - b 
j' 4 -.s- 3 -v= -6 


V (M. M. 1881). 


1 

21. xy = x+y '1 

1 {yi. M. 1883). 

XZ'--.- 2 ix + 2 ) - 

yz = 3 {y + z ) 1 
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22 , 


23. 


^+.y jy+z s+x 


XJ^ 

a b 
“ + 

X y 


ys 


sx 


(P. E. 1887). 


a c \ b c \ 
4.-- = 

x rr y z p 


24 . + = 

-Uj»'-1) -iiy - 2) = To(^+3) 




/ 


25 . \ 

x — by+b'^z=b^ - 
x-^y + ch = c^ 


III. EASY PROBLEMS. 

% 

272 . We shall now solve some problems whirh lead to Simul¬ 
taneous Equations of one dimension with more than one unknown 
quantity. 

Ex. 1. The sum of two numbers is 50, and their difFeience is 
one-third part of the greater number, f'ind them. 

Eet .r'=the greater number and y-the less. 

By question, .r-pj/= 50 "I.(i) 

and x-y=jx J . (2) 

From (2), we obtain 3.r-3_y=-v ; 2x=3y .(3) 

Substitute (3) in (i) ; thus i-y+J' = 

3y-l-2y=Too ; /, 5/= roo and y = 2o 

Then, from (3) ^ r = 30. 

Hence the numbers are 30 and ?o. 

Ex. 2 . A farmer sold to one person 9 horses and 7 cows foi 

3000, and to another, at the same prices, 6 horses and 13 cows 
for the same sum. What was the price of each ? (l’..M. 1871). « 

Let ;r=the number of rupees in the price of a hor.se, 


and^'==..a cow. 

Then 9 horses cost 9.r /?.r. and 7 cows cost 7 y A*.v. 

,, Hence, gx+ yy—^ooo 1 .(i) 

Similarly, 6-r+13^=3000 /.(2) 

Multiply (i) by 2 and (3) by 3 ; thu.s 

I 8 a- -+■ 14^=6000 1 .(3) 

I 8a: + 39 >' = 9000 J .(4) 


Subtract (3) from (4), 25/=3ooo, y—120. 
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Substituting in (i), 9;^ +840=3000, 

9.f=2i6o, and .r=*240. 

Hence a horse costs 240 and a cow Rs. 120, 

E)x. 3 . Find the fraction which becomes e()ual to ^ when the 
numerator is increased by 4, and equal to r, when the denominator 
IS increased by 7. 

Let ,r=the numerator and the denominator. 

X 

Then '- = the fraction. 

By question, ^ -Witid 

Clear the equations of fractions ; thus we obtain 

2x + 8 = r ).( 1 ) 

5.r =y-h 7 J.(2) 

Subtract (i) from (2), 3.r—8 = 7 ; /, 3.r= 15 and .t = 5. 

Substitute the value of x in (i) ; 
thus, 104 - 8 = V, Or 4'= 18. 

Hence the required fraction is rV. 


273 - To represent algebraically numbers of more than one 
digit, we must remember that 46 means 4 x 104 - 5 , and not 4x5. 
Hence the number, whose tens’ digit is x and units’ elicit y, is- 
10 x4-y, and not xy, for xy denotes x xy. 

Ex. 4. When a number consisting of two digits is divided b> 
the sum of its digits the quotient is 4, and if 27 is added to the 
number the number is inverted. Find the number. 


Let .v=the digit in the lens’ place, 

* and 4/=.units’. .. 

Then io.r4'j=the number required, and 

ioy + x=the number with the same digits inverted. 


,, . lox + v 

By question, ——4 


'0 


I 


•( 2 ) 


X +J' 

and io.r4*4'-f-27= iq>' 4 .t 
From (i), iox+j'=4.r-}-4y, or 6 ,v=3v ; /. 2x=y. 

From (2), ()x-g^= -27, or x-j/=s -3.(4) 

Substitute (3) in (4), ;«:“2jr*= - 3 ; x—3. 

From (3)4'5=2;r-=6, 


• (3> 









2 20 


M A'r H u; u I, A r 1 () N a i ,f j k r. r a 


Hence, the required number - 10x3 + 6^ 36. 

Verification. 'I'he i>uin of the di^jits is 3 + 6 or 9 

Thus, =4 And 36 + 27-^63. <,>. k. d. 

Ex. 5 . Ten years ajjo a father was se\en times as old as his 
son, two >ear's hence twice his ajfe will be ecjual to fiv'e limes his 
son’s. What arc their present as^es ? 

Let X- the present age of the father in yeans, 

and r--..€ . son in years. 

'J'en years ago, the father’s age was 10^ \cars and the son's 
age was ( — 10) years. 

by question, .v—io = 7( v- 10). (i) 

Again, two yeais hence, the father’s age w'ill be 1.1+2) years and 
tin* soii'^ ( K + 2) years. 

by question, 2('r + 2) —5( y + 2) ... (2) 

From (1), we obtain .r-7r— — 60I . (3) 

From (2), 2v-5v= 6j .''4'! 

.Subtract Iwic'e j) from (4), ()y= 126, and ' r = 14. 

From (3) .v = 7 V - 60 - 98 - 60 = 38. 

Hence, fathers present age is 38, and son's 14 >ears. 

Verification. T en years ago, the father w'as 28 and .son 4 
years ; and 28 = 7x4. 

k Again, two yeais hence, the father will be 40 and son 16 year.s ; 
and 2x40 = 80=5 X ]6. <.). L. D. 

Ex. 6. A person spent gs . in buying apples at the rate pf 7r/. 
per do/en, and oranges at 20 a shilling. If he had bought two-thirds 
-as many apples and twice as many oranges, he would ha\'e had to pay 
13.9. 4<3f. How many of each did he buy ? 

Let .r=s the number of apples, * 

and 9^-=.oranges. 

'I'he cost of each apple is and the ( ost of each orange i.s 
v^. or Also 9?. - io8/f. and 13^. 

by question, tb-A' + Tj= to8 ) .. ..(1) 

' and tVx-sV+ ''X29'=i6o j.(2) 

Multiply (i) by 2 and subtract (2) from it; we thus get 
Tj.r- .Tr,.v = 2 X 108- i6o«56 ; .1=72. 

Substituting x in (i), we have 

42 + ^j'=io 8; /, ^'=66 and /. _y=iio. 

Hence, he bought 72 apples and 110 oranges. 
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Ex. 7 . A sum of money was divided equally ainony a certain 
number of persons, had there been six more, each would hare 
received a shilling less, and had there been four fewer, each would 
have received a shilling more than he did ; find the sum of money 
and the number of men. 

Let .r = the number of persons, 

and .shiilinys which each received. 

'I'hen a'i' = the number of shillings in the *sum (if mone\’ whuh 
was divided. * 

By question, {x-)r(T){y — i) = xy \ .(i) 


and (.r- 4)(^ + i) =.rr j . (21 

From I'l), we ha\e .ry + ()y— i — b = .» c ; 

6r-.r---6 .(31 


From (2), we have .rr-4i'+ i — 4— -.rr ; 

- 4 J'->-a -4 . (4.' 

I'roni (3) and (4}, b\' addition, 27'= 10 ; ,*..7' - 5- 

.Sub'^tilute the \alue of v in (3) ; thus 30 —.i =6 ; r —24. 

l ienee, iheie were 24 men, 

and sum du ided was (24 x 5) sliillings = ^’6. 

Ex. 8 Tv\o passengers have together 5 cwt. of lugj^age, and aie 
( harged for the excess above the v^eight alhjwed 5A. 2r/. and q.s. lotf. 
lesptclively ; if die luggage had all belonged to one of them, he 
would have been charged lyv. 2d. How much luggage is eat h 
passenger allowed to carry free of duivgt^r And how nuu h luggage 
had each passenger? (f. i:. 1877}. 

Let-V—the no. of cwt, of luggage the first p.issenger had ; 

then 5 — .1 = . .. .second . 

Also let 7 =no. of cwt of luggage each ])assengei is allowed to 
’ cany free of charge ; 

and let ^=;the charge per cwt. for excess luggage (in shillings). 

Then, the excess lug;gage carried by the first pa^sen^^er is (x-y) 
cut., for which he has to pay shillings. 

The excess luggage carried by the second passenger is (5 —.v— 
cwt., for which he has to pay ~ ~y)" shillings. 

If the luggage had all belonged to one ])asseng»-er, the excess 
luggage earned by him would have been (5 —y) cw't., for which he 
would have had to pay (5 -y)^ shillings. 

By question, (,v-j/);7=: 5,1 '1. (i), for 5J. 2c/. = 5J.j. 

(5-.r-_7/).7== 9;: >. (2), for 9J. iod. = ()?,s. 

and (5-r)-= 19^'. J • ■ (3), for 19.V. 2c/.= i9j|v. 

4 
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i^iviaing { 2 ) I)y ti;, ; 

/. 3f(5-'^-,)')=59(-T^-.v). (4) 

Again, dividing (3) by (f), == ; 

31(5-9')= II.( 5 ) 

Subtracting (4) from (5), 3 Lv= 56(,r —j), 

25,1-56^=0.(6) 

From (4), 90.V - 28 j/ =155; 

Multiplying by 2, i8o,t — 5f^ = 3io.. ■■•■( 7 ) 


Subtract (6) fiom (7); i55.r = 3fo, and ;r=2. 

Therefore from (6), y = l r = -.= xi;-. 

Hence, the first passenger had 2 cvvt. and the second 3 cwt. ; 
and each passenger is allowed to carry free of fdiarge cvvt. or 
100 fts. 


Exercise CIII. 

1. The sum of two numbers is 124, and their difference 20. 
Find them, 

2 . The sum of two numbers is 100, and twice the less exceeds 
the greater by 5. Find the numbers. 

3 . If 7 yards of stuff and 17 yards of silk together cost 

8a. and 12 yards of stuff and 7 yards of silk cost RwgG, what are the 
prices per yard ? 

4. What fraction is that, to the numerator of which if 7 bp 
added, its value is f ; but if 7 be taken from the denominator, its 
value is K ? 

5 . A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded three times that of 
the crowns by 17 ; how many were there of each? 

6 . Find a fraction such that if i be subtracted from its 
numerator, the value will be ^ and if 6 be added to the denominator, 
the value will be i. (c. K. 1858). 

7 . A person has two horses and a saddle worth /i’j.75 ; if the 

saddle be put on the j^rsl horse, his value becomes double that of the 
second ; but if the saddle be put on the second horse;, his value will 
not amount to that of the first horse by Rs 350. What is the value 
of each ? (C. E. 1859). , 
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8 . /vV.i 100 are so divided among A, B and C, that if A were lu 
give B ^s.2oo, B would then have twice as much as A, and three 
times as much as C, How many rupees did A, B and C each receive 
originally ? (c. K. 1872). 

9 . A says to B : '‘rwo-fiftlis of my salary is r/5 of yours, and the 
difference between our salaries is /vr.600. What is A’s salary ? 
(A. E. 1894). 

10 . What fraction is that which, if i be added tt^ the numerator, 
becomes 1, and if i be added to the denominator, becomes i ? 
ic. K. 1862). 

11 . A and B received 17s. for their wages, A having been 
employed 1 5, and B 14 days ; and A received for working four days 
I ir. more than B did for three days : what were their daily wages? 

12 . A draper bought two pieces of cloth for 8rt., one 

being AV.4 and the other A.v.4. Sa. per yard. Me sold them each at 
an advanced price of per yard, and gained by the whole AV30. 
What were the lengths of the pieces r 

13 . Find three numbers A, B, C, bUf.h that A with half of B, B 
with a third of C, and C with a fourth of A, may each be 1000. 

14 . A rectangular liowling-gieen having been measured, it was 
observed that, if it weie 5 feci broader and 4 feet longer, it would 
(.ontain 116 squaie feel more ; but, if it were 4 feet broader and 5 
feet longer, it would contain 113 square feet more. Find its present 
area. 


15. '1 he sum of three numbers is 34. The gieatesl exceeds the 
least by 4, and the other number is half tlie sum of the greatest and 
least. Find the numbers. 

16 . A certain resolution was earned in a debating society by a 

majority which was equal to one-third of the number of votes given 
dn the losing side ; but if with the same number of votes, 10 more 
votes had been given to the losing side, the resolution would only 
have been carried by a majority of one ; find the number of votes 
^iiven on each side. ill. M. 1889). t 

17. A shop keeper sold to one person 30 maunds of iice and 
40 maunds of oats for yv"j.i35 ; to another person he sold 50 maunds 
of rice and 30 maunds of <jals for A’j.170 ; find the price of iice and 
oats per niaund. 

18 . Seven years ago A was three times aa old as B was, and 
seven years hence A will be twice as old as B will be ; find their 
present ages. 

19 . Four times A’s age exceeds B’s age by 16, and one-fifth of 
A’s age is equal to one-sixteenth of B’s age. Find their ages. 
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20 . A's age is twice B’s, Four years hence B’s will be twice C’s^ 
and 12 years after that A’s will be twice C’s. F'ind their present ages. 

2 1. Divide the numbers 8o and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

22 . The sum of the two digits of a certain number is six times 
their ditfcienre, and the number itself exceed-s six times their sum^ 
by 3 ; find it. 

f/ ^ 

23 . There is a number of two digits, which, when divided b) 
their sum, gives the quotient 4 ; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided b) 
their sum, the quotient is 8. Find the number, (m. \i. 1858). 

24 . The united ages of a man and his wife are six times the 
united ages of their children. Two years ago, their united ages were 
lerv'times the united ages of the children, and six yeais lienee their 
united ages will be three limes the united ages of the children. Flow 
many children h!ave they r (u. M. 1891). 

25 . The dimensions of a rectangular court arc such that if tlie 
length were increased by 3 yards, and the breadth diminished by the 
same, its area would be diminished by 18 square yards, and if il.s 
length were increased by 3 yards, and its ))ieadlh increased by the 
same, its area w'ould be increased by 60 square yards ; find the 
dimensions, (c. K. i888\ 

26 . A person spent A’.r.iq in buying mangoes at AT.6 pei 
hundred and apples at AV.I. 8^. per do/en; if he had bought three 
times as many mangoes and a (piarter of the number of apples, he 
would ha\e spent A’.v.29. i^tr. Flow' man)’ of each did lie buy ? 

27 . 'Fhere is a number, the sum of whose digits is 5, and if' 10 
time.s the digit in the place of tens be added to four times the digit in 
the place of units, the number will be in\erted. What is the 
number? (c.K. 1868'. 

28 . A certain number ( onsi.sting of two digits becomes j lo 
when the number obtained by reversing the digits is added to it ; 
also the first number exceeds unity by five times the excess of the 
second number over unity. What is the number? (n. m. 1884). 

29 . A number consists of tw'O digits. When the number is 
divided b) the sum of the digits, the quotient is 7. The sum of the 
reciprocals of the digits is nine times the reciprocal of the product 
of the digits. Find the number, (m. m. 1887). 

30 . Reverse the digits of a number and it will become five- 
sixths of what it was before ; also the difference between the two 
<Hgits is one. Find the number. (C. K. 1883). 

31 . There are three numbers, such that the si/w of the first and 
second divided by their f>7oduct is ■ the sum of the second and 
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third divided by their product is n : and the sum of the first and third 
divided by their product is i-. Find the numbers, (c. E. 1859). 

32 . A certain company in a tavern found, when they came to 
pay their bill, that if there had been three more persons to pay the 
same bill, they would have paid one shilling each less than they did ; 
and if there had been two fewer persons they would have paid one 
^hilling each more than they did; find the numeer of persons and 
the number of shillings each paid. 

33 . A grocer bought tea at io.r. per ft), and cofffe at 2 s. bd. per 
Ib., to the amount altogether of ^31. 5J. : he sold the tea at 8r per ft), 
and the coffee at 4.)-. bd. per ib., and gained ;t5 by the bargain : how 
n^any tbs. of each did he buy ? 

34 . A train left Calcutta for Allahabad with a certain number 

of passengers, 40 more second-class than first-class ; and 7 of the 
former would pay together Re.i less than 4 of the latter. The fare 
of the whole was /?j.55o. Hut they took up, h^alfway, 35 i^ore 
second-class and 5 first-class passengers, and the whole fare now 
received was ' as much again as before. What-t<’as the first-class 
fare, and the Avhole number of passengers at first ? ' 

35 . A numbei' consists of three digits whose sum is 10. The 
middle digit is equal to the sum of the other two ; and the number 
will be increa.sed by 99, if its digits be reversed. Find the number, 
(a M. 1888). 

36 I'md that number of three digits which is the same when 
reversed, and the sum of whose digits is 16 and the difference 2. 
(c. h. 1883). 

37. Two men start from two places 48 miles apart. When they 
travel in opposite directions they meet in 4 hrs. 48 min. ; when they 
travel in the same direction, one overtakes the other in 9 hrs. 36 mm. 
Find their rales of t^a^■elling. 

38 . If £2. IIJ. bd. IS paid in florins and half-crowns, the number 
of coins being 24, how many are there of each } 

39. What fraction is that which becomes equal to one-half or 

one-third, according as its numerator and denominator are both 
increased by 2 or both diminished by 2 ? , 

40 . A sum of £12. i 8 .r. might be distributed to the poor of a 
parish by giving ^ a crown to each man and 15. to each woman and 
each child, or ^ a crown to each woman and ij. to each man and 
each child, or a crown to each child and is. to each man and each 
woman ; how' many were there in all ? 

41 . A person spends Re.i. 14 a. in apples and pears, buying 
the apples at four, and the pears at five an anna ; and afterwards 
accommodates a friend with half his apples and a third of his pears 
for 13 annas. How many of each did he buy ? 
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42 . A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observe^ 
that there were left just half as many men again as women : they 
came back, however, with their husbands, and now there were only 
a third as many men again as women. What were the original 
numbers of each ? 

43 . Having Rs.4^ to give away among a certain number of 
persons, I find that if I give to each man and i to each 
woman, I shall have He.i too little, but that, by giving /is.2. Sa. to 
each man and JRe.i. Sa. to each woman, I may distribute the sum 
exactly. How many were there of men and women ? 

44 . A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman , but, a man and his 
wife having gone off without paying their share, lod., the rest had 
each to pay 2d. more. What was the reckoning 

45 . A and B lay a wager of Bs.io ; if A loses he will have as 
much as B will then have , if B loses he will have half of what A 
will then have : find the money of each. 

46 . A man receives 12a. for every day that he works, but 

is fined Sa. for every day that he is absent. After 20 days he receives 
the same wages that he would have earned by steadily working for 
1 1 days. How many days was he absent from work ? 

47 . A traveller walks a certain distance. Had he gone half a- 
mile a/, hour faster, he would have walked it in four-fifths of the 
time ; had he gone half-a-mile an hour slower, he would have been 
2 \ hours longer on the road. Find the distance, and his rate of 
walking, 

48 . In going the shortest way from A to B, a man had to go 
back one mile to pick up something he had dropped, and took 
3^ hours over the walk. He went back by a route which was half-a- 
mile longer and took 3 hours over the return walk. Find his rate 
of walking, and the shortest distance from A to B. 

49 . The sum of the digits of a certain number, less than 100, 
is II and if the digits are reversed, the number is diminished by 9. 
Find the number. 

50 . ^ man does a journey in a motor car at a uniform speed 
in 6 hours. On his return he is delayed at half-way for half-an- 
hour, but quickening his pace by 3 miles an hour does the journey 
in the same time. Find his original speed and the length of the 
journey. 




CHAPTER X. 

CO-ORDINATES AND GRAPHS. 

I. AXES OS' CO-OBDINATEB. 

m. Let XOX', YOY' be two straight lines cutting at right 
angles to each other in O, thus dividing the plane in which they 
are into four spaces XOY, YOX', X'OY', Y'OX, which are called 
the first, second, third and fourth quadrants respectively. Take 
a point P in their plane, and draw PN, PM perpendicular to XOX^ 
and YOY' respectively. 

Let PM or ON=.r, and PN or OMs=j/. 

'I'hen, for this point P, x and y are definitely fixed; and 
conversely^ when x and y are given, the position of the point P is 
definitely determined as the point of intersection of the perpendiculars 
iNP and MP. 

• Y 




p 



The numbers x and y are called the co-ordinates of the 
point P. The lines XOX\ YOY' are the axes of co-ordinates, 
or more briefly, the axes ; they are taken as lines of reference and 
are called the axis of x and y respectively. The point O is 
called the origin, and is the point (o, o). 

X is called the abscissa, and y the ordinate of the point P, 
and P is briefly described as “the point (jc, y).” In thus describing 
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the position of a point the first co-ordinate is the abscissa and the 
second the ordinate. 

275 - The values of .r are measured from O along the axU 
of according to some convenient scale of measurement These 
values are positive when draAvn to the right of O along OX and 
negative when drawn to the left of O along OX'. The values of 
y are positive when drawn above XX' and nci^ative when drawn 
belo'iv'3Q^\ 

'I'hus. if the co-ordinates of a point be given by jr=6, and 
; mark o^' ON = 6 units of length along OX, and OM =4 units 
of length along OY and draw through N and M straight lines 
parallel to the axes meeting at a point F. Then PM =ON =6 and 
PN=0M = 4 , and therefore the position of the point P is determined 
Similarly, any pair of corresponding values of .v and r will deteiinine 
a point relatively to the axes. 

276 . The process of marking the position of a point on the 
diagram by means of its co-ordinates is called plotting the point. 
This process is made very easy by using squared paper^ as shewn in 
the following Examples. 

Ex. 1. Plot the poini.s 

(i) A (5,4); (ii) B (- 5 . 5 ^’ C (- 5 i- 3 ); (i'’) D (3,-5).'"^ 

(i) To plot A move 5 units to the ?'ight, then up 4 ; the resulting 
point is in the first quadrant. 



(ii) To plot B move 5 units to the left^ then up 5 ; the resulting 
point is in the second quadrant. 

(iii) To plot C move 5 units to the left^ then do^vn 3 ; the 
resulting point is in the third quadrant. 
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(iv) To plot D move 3 units to the rights then down 5 ; the 
resulting point is in the fourth quadrant. 

Ex. 2 . Plot the points P (8, 9), Q (-4,4); and find the 
distance between them. [Fig. i. 

Beginning from O move 8 units to the righf^ then up 9 ; this i& 
the point P. 

Move 4 units to the //?//, then up 4 ; this is the point Q. 

With centre P and radius PQ describe a circle cutting the 
horizontal line through P at the point R. 

The length recid. = I^Q = PR = 13 units, from the diagram. 

Or we may proceed thus :— 

Draw through Q a line parallel to XX' to meet the ordinate of 
P at S. Then PSQ is a right-angled in which QS=i2, and 
PS^5. 

\ow PQ’^=PS -'1 + QS'‘«=5‘-^-M2- [Pig. I. 

*^2S + i44'=i<’9 ; /. PQ*P3- 


Ex. 3 . IMol the points A (8, 12), B (-7, 12), C{-7,-6 ), D 
(iS, — 6) ; find lengths of the sides and the area of the quadrilateral 
ABCD. 

After plotting the points as in the diagram below, we clearly see 
that ABCD is a rci tangle. BA, CD are eacli 15 unit.s and DA, CB 
are each 18 units. 
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The rectangle is divided by the horizontal lines into i8 strips, 
and each strip contains 15 small squares ; the area of ABCD is 
therefore 18 x 15 or 270 times the area of a small square. 

In the diagram, since one division in the paper is one-tenth of 
an inch, therefore, the number 15, which gives the length of BA or 
CD, represents 15 tenths of an inch; BA, CD are therefore 1*5". 
|j,6iaiilarly, DA, CB are i’8" 

The area of a small square is one-hundredth of a square inch ; 
therefore the area of ABCD is 270 hundredths of a square inch, 
that is, 27 square inches. 

£z. 4 . Plot the points A (4,8), B (9,-5), C (-7,-5); find 
the area of the triangle formed by joining these points. 

Plotting the points as shewn in the diagram below, we find that 
BC=i 6 units, and AD, the perpendicular from A on 80 = 13 units. 
Hence, 



Area of the A ABCs=^ BCxAD=^ x 16x13 square units 

= 104 square units = i'04 square inches. 

E)x. 5. Plot the points A (17, o- 6 ), B (-o-9,r6), C (- i‘5,-o‘4); 
D (o'8, ~ o'9) and find the area of the quadrilateral ABCD. (Scale 
I"**!). 

Plotting the points as directed and drawing lines parallel to the 
axes (as shewn in the diagram below by dotted lines), the quadrilateral 
ABCD is divided into four right-angled triangles ,and a rectangle. 
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^ ABE = i AE = i X2-6 x 1 = 1-3 square indies. 
^ BFC=| CF xBF = i X •6x 2= -6 „ *„ 

^ CDG = ^ CG xDG=s^ X2'3 X -5— *575 „ „ 

^ DAH = ^ AH xDH = ^ X -Qxrsss -675 „ „ 

rect. EFGH= EFxEH = ixi7 ^=31*7 „ „ 

the area of ABCD “4*85 square indies. 


Figr. 4. 
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Exercise CIV. 

1 . Plot the following points on squared paper :— 

(7, 8), (o, 9), (-8, 9), (3,-8), (-5,-3), (“5, 5)- 

2 Plot the following pairs of points and draw the line which 
joins them :— 

(1) (7, ^^),<3,-8). (2) (-3, 5), (-5, 3). 

(3) (-6,7), (3,-8). (4) (6,8), (-2,-4). 

(5) (- 2, o), (o, - 8). (6) (o, o), (- 8, - lo). 

3 . Plot the points (5, 2), (5, i), (5,-2), (5,-4), (5,-3) and shew 
that they all lie on a straight line parallel to the axis of Y. 

4. Plot the points (8, 12), (- 7, 12), (- 7, - 6', (8, - 6) and find the 
sides and area of the figure formed by joining the points in succession. 

5 . Plot the points (3, 4), (3,-4), (- 3, 4), (- 3,-4)- Determine 
the number of square units in the area of the figure formed by 
Joining them. 

6. Plot the following pairs of points, and determine the co¬ 
ordinates of the mid. points of the lines joining each pair ;— 

(0 (3, 4), (3,-4)- (2) (4, 3), (12, 7). 

(3) (- 8, o), (o, - 10). (4) (- 3, 5), (- 5, 3)- 

7. Plot the following points, and calculate their distances from 
the origin :— 

(i) (6,8). (2) (-15, -8). (3) (-7, 24). (4) ^3, -8). 

8. Plot the following pairs of points, and in each case find the^ 
distance between them 

(0 (9, 8), (-10, 19). (2)^ (15, o), (o, 8). 

(3) (15,-12), (-15, 4). (4) (10, 4), (-5, 12). 

(5) (o, o), (15, 20). (6) (20, 8), (- 15, o). 

Verify your results by measurement. 

9. Find the perimeter of the triangle formed by joining the 
points (7, 9), (- 11, 20), (- 17, - 5). 

10. Draw the figure whose angular points are given by 

(13, o), (-13,-15), (15,-is), (15, o)- 

Find the lengths of its sides and the area of the figure. 
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11 . Plot the three points in each of the following examples and 
find in each case the area of the triangle of which the three points 
are the vertices 

(0 (- 15 .“I 5 ), (i 5 >--i 5 )» (o» lo)* (2) (12, 14), (-14, 4), (12,-8). 
(3) (101 5 )» 5 )> (6, 17 )- (4) (i 3 » o), (o, 8), (13, 8). 

12 . Plot the following points :—(scale r"=i). 

(I'S. 2-5) ; (~ 3 ' 2 ,“i* 3 ); (- 2 ‘ 3 » i‘ 4 ); (271- J'6). 

13 . Plot the following four points in each case and find the 
'^ides and area of each quadrilateral. 

(0 (27, 3), (0-4, 3), (0-4,- r-2), (27,- 1*2). 

(2) (1*8, 1-3), (-2*4, 1-3), (-2-4,-07), (r8,-o7). 

14 . Plot the two following series of points 

(i) ( 5 . o). ( 5 , 2), (5, 5), (5, - I), (5, - 4 )- 
(ii5 (-4, 8), (-1, 8), (0,8), (3, 8), (6, 8). 

Shew that they lie on two lines respectively parallel to the axis 
of r, and the axis of .v. Find the co-ordinates of the point in which 
they intersect. 

15 . Plot the following five points and sitew experimentally th I 
<hey lie on a straight line. 

(o, 10), (r, 12), (3, 16), (-2, 6), (-5, o). 

16 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
irea of the quadrilateral formed by joining them. 

17 . F'ind the area (in squares of your paper) of the figures 
formed by joining the following points ;— 

(i) (o, o), (J7, o), (o, 12). (2) (13, o), (o, 8), {13, 8). 

18 . Plot the points (3, 4), (4, 8). Join them, and write down 
the abscissic of the points on this line whose ordinates^are respec¬ 
tively o and 12. Write down also the ordinates of the points whose 
abscissa,* are respectively r5 and 3‘5. 


II. GRAPHS OP STRAIGHT IiIHES. 

' 277 . Any expression involving x is called a function of x and 
is usually denoted by f{x). If represent its value, then, from 
the equation y^f {x\ by giving to .r a series of numerical values 
(generally increasing by small differences) we may obtain a corres- 
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ponding series of values for y. Now, if these values of x and y 
be marked off as absciss£e and ordinates respectively, we can plot 
a series of points in succession. By joining all these points in 
succession we shall obtain a line, either straight or curved, which 
is called the graph of the function f{x\ or the graph (properly 
locus) of the equation y—f\x). Thus, the graph of function 
3^+4 is the same as the graph or locus of the equation /=3^+4. 

2m It is worth while to notice here that all graphs of linear 
functions^ ^aphs obtamed from equations of the first degree^ are 
straight lines. The following points, as regards graphs of straight 
lines, are very important and should be committed to memory. 

(i) The co-ordinates of the origin are (o, o). 

(ii) If a point lies on the axis of r, its ordinate is o. 

(iii) If a point lies on the axis of j/, its abscissa is o. 

Thus, the graph of x — o is the axis of y\ and the graph of 
2^=0 is the axis of jc. < 

(iv) The graph of x = a, where a is constant, is a straight line 
parallel to the axis of y and at a distance a from the axis of y. 

(v) The graph of y = b, where & is constant, is a straight line 
parallel to the axis of x and at a distance b from the axis of x. 

r ^ 

The student should illustrate (iv) and (v) by drawing graphs 
of .r=5, jr=—8 and so on; and also by drawing graphs of ^'=3, 
y= - 7 and so on. 

Ex. 1 . Draw the graph of y=x. 

When y=o ; thus the origin is one point on the graph. 

Also, when ;r=i, 2, 3, . -1,-2, —3, . 

2, 3 ».-I,-2,-3, . 

Thus the graph passes through O, and represents a series of 
points each of which has its ordinate equal to its abscissa, and 
is clearly represented by the straight line POP' in Fig. 6. 

Ex. 2? Draw the graph of y^yc. 

Tabulate the values of x andy as follows :— 


•‘^*= j 3 

2 

1 I 

1 


— I 

-2 

0- 

I 1 

9 ' 

6 

1 

1 ^ 

0 

“3 

-6 







GRAPHS or STRAIGHT LINES, 


235. 



Pigr* S- 


On joining the points thus found, the required graph will be a 
straight line of an unlimited length through O the origin, as shown 
in Kig. 5. 


Ex. 3 . riot the graph of = —4. 

Tabulate the values of .r and r as follows : 


- 1 '= 

; 1 4 1 

( 

3 i 

1 

2 ! 

i I 

1 

0 

-1 

** 2 


I ; 0 

i -■ 1 

- 2 

1 1 

1 - 

0 

-4 

-5 1 

-6 


fjjl 

■i 


■ 

■ 

■ 

g 

■ 


■ 

■ 

1 

■ 

g 

■ 

■ 

■ 

■ 


■! 



■ 

1 

i 



■ 

■ 

B 


B 

m 

B 

■ 

■ 





■ 



■ 

■ 

■ 

■ 

g 

■ 

□ 

a 

■ 

i 

■ 

■ 


■ 

■ 

I 



■ 

g 



B 

■ 

a 

■ 

B 

,■ 

■ 



■ 

■ 

■ 



a 

■ 

■ 

■ 

■ 

a 

■ 

■ 

■ 

!■ 

■ 

■ 

■ 






■ 

■ 

■ 

■ 

a 

■ 

■ 

■ 

g 

■ 

■ 

i 

g 






g 

■ 

1 

a 

B 

■ 

■ 

m 

8 

■ 

■ 

1 

1 





■ 

1 

i 

B 


a 

m 

B 

■ 

■ 

i 

i 




■ 


B 

§ 

1 

B 

■ 

a 

g 

m 

B 

■ 

■ 

■ 

■ 


■ 

s 

■ 


m 

i 

■ 

■ 


i 

B 

■ 

■ 

B 

■ 

■ 



■ 

■ 

1 

a 

m 

B 

■ 

a 



m 

■ 

■ 

■ 

■ 

■ 





a 


9 



■ 

■ 

■ 

m 

■ 

■ 

B 

■ 

i 



■ 

1 


m 

B 

B 

■ 

■ 

i 








■ 

■ 

S 

9 

■ 

m 

B 

B 

■ 

■ 

■ 


a 

■ 





■ 

■ 


B 

B 

>■ 

■ 

B 

B 

■ 


§ 

■ 

i 





■ 

■ 

m 

m 

■ 

m 

B 

m 

■ 

i 

la 

i 

1 

i 

a 




■ 

m 

9 

B 

a 

B 

iB 

■ 

■ 

■ 

i 

B 

1 

■ 

■ 

■ 

■ 

■ 

m 

m 

8 


■ 

B 

1 


Y' 


Fig. 6. 



MATRICULATION ALOEJSIIA. 


2-16 


Joining these points, we obtain the line MN, parallel to that in 
Ex. 1. as shown in Fig. 6. The distances ON, OM (usually called 
the intercepts on t/ic axes) are obtained by separately putting jjr=o, 
y—o in the equation of the graph. The value of y obtained by 
’putting ;r = o gives the intercept cut off from the straight line OY, 
•while the value of x obtained by putting y=o gives the intercept 
cut off from the straight line OX. 

Note.— T hc’ student should notice that he could have saved the trouble 
■of plotting the positions of several points if he could find the positions of 
-only two particula! points (which it ts generally easier to find) namely the 
points where the graph cuts the axes. Because as it i.s known that the graph 
of a iincnr ci/iiafiou is a straight line, only two points in it will suffice to 
del ermine the whole straighi line, since all that he will then have to do is 
to join those two points and to produce the join indefinilelv both \\ays. 
(Art. 2Sl). H J . ^ 

Ex. 4. Draw the graph of the expression 21+3. 

Let y=2.r + 3. 

AVhen 


-6 

1 

_ 1 

0 

- 1 1 

0 

J 


4 

-9 , 

-3 i 

I 

1 j 


p* 

5 

9 

1 1 



Fig. 7 . 


Now plotting the points, we notice that they lie in a straight line* 
This straight line, produced indefinitely both ways, is the required 
graph, as shown in Fig. 7. 
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Ex. 6. Draw the graphs represented by the equations :— 

(i) 3 j=> 4 x. (ii) 3j/ = 4 .r + 6. (iii; 4 j' + 3 .r= 8 . 

Putting the equations in equivalent forms, we have 

(ii) j = *^ + 2, (iiil . 

3 3 4 

In (i) and (ii) find values of j' corresponding to 

o, 1, 3 , 3, 

and in (iii) find values of j' corresponding to 
.r= -2,-1, o, I, 2, 3. 

7 'hus, we have the following values of j' :— 


In 

(i) ■ 

17, 

0 , 

Ii, 4- 

In 

(ii) ' 

- -y — ~ " 

2, 

3.T, 4,1* b. 

In (iii) j' — 

1 i- -y'-l 'y 

JS1 “ n 

Li, 

i, -i- 


In plotting the corresponding points it will be found convenient 
to take //irce divisions of the paper as our unit in (i)and (ii) rind /our 
divisions as our unit in (iii). 

The graphs are given in Pig. 8 below. 



Fig. 8. 
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Ezereise OV. 


1. Trace the graphs corresponding to the followirig equations ;— 

{l)jf=r.2x. \f{2) (3)j = 2;»r~4- (4)j=*"2,r. 

(5) >'=^+6. (6)^-'j»r=5. (7)j+A'=o. (8)^=-2;r + 3. 

^<9) 5^=9^- (10)7 = 2^4-1. (n) 7^-3;'“0- (i2)7=-2^-3. 

( 13 ) 37^6-r4-S. ( 14 ) J^- 3 J'^ 6 . x.^5) 3^4"4J'=*o- 

^(16) 3;}:4-4J=i 2. (17) 3.r-27 = 4. ^18) 4jr-‘274-5 

9) 4;jr4-7=9* 27 = 64-.ar. <\2i) 67=3^'-5. 

2 . Draw the graphs of 3:r-47 =5 and 4 .^■ 4 ■ 37=7 and shew 
that they intersect at right angles. 

3 . Find the area included by the graphs of 

7=;r4-4. ;'=-^“4,J»'= -.r4-4,7= “^“4. 
taking one-tenth of an inch as the unit of length. 

4 . What is the locus of a point in the following cases :— 

(i) when its ,r is always- 4 ? (ii) when its 7 is always— 4 ? 

5. Draw the graphs of the following equations : — 

-v 4-7 = 5 , 2 ;r- 7 =io, 2 .r 4 - 37 =- 3 o, 37 -.v=i 5 . 

If the paper is ruled to tenths of an inch, find the area of the 
space enclosed by these lines. 




279. Equation of a Straight Line. Kvery equation of the 
first degree involving x and 7 only represents a str-n\(fhi line. Its 
most general form is axA-byArC=o^ and is said to be a linear 
equation. 

280 . As the equation 4- 4 -^ = o can be reduced to either of 
the forms y = ax ox y = ax-\-b, it follows that 

(i) for all numerical values of a the equation y=^ax represents 
a straight line passing through the origin ; 

(ii) for all numerical values of a and h the equation7 = 4-^ 

represents a straight line parallel to that given by y=^ax. As the 
latter passes through the origin, the former lies b units above it 
(the distance between the lines being measured along the axis of y) 
when b is positive, but below it when b is negative. 

Jn either case, a is called the gradient or slope of the line. 

281 . As a linear equation always represents a straight line^ and 
as only one straight line can be drawn through two given points, we 
need only determine any two convenient points and the graph is 
the straight line joining them. Moreover, the student should care- 
fuHy notice the fact that a point does or does not lie on a graph 
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according as its co-ordinates do or do riot satisfy the equation of the 
graph. 

V 

il , 

'Ex. 1. Shew that the points (-2, io)». (,"* iji)» (2,-10) lie on 
4 straight line, and find its equatipn. 

Let v^ax-irb be the required equation. As it passes through 
the first two given points,their co-ordinates satisfy the above equation. 


Substituting .r = - 2, ^'=10, we have 

10- -2rt + ^. 

Again, substituting x— - i, j=5, we have 

5=--rt + ^... (ii) 


Now, solving equations (i) and (ii), we get 
<*= - 5, ^=0. 

Hence v=» — 5^: or / + ij^x =0, 

IS the equation of the Tine passirig through the first two points. 

ft 

Since .r=2,/»=-10 satisfies this equation, the line also passes 
through (2, —10). 

m Since a straight line can be drawn when any two points 
on it are given, sometimes we can conveniently draw a linear graph 
from the equation of a line by marking its intercepts on the axes, 
which may readily be found by putting -r=o, y—o^ successively in 
the equation. 

Ex. 2 . Draw the graph of 3>'“.r=6. 

For the intercepts on the axes, we have 
when_y=o, a'= -6 (intercept on the ar-axis), 

• and when jr=o,^=2 (intercept on the_y-axis). 

Hence, the graph can now be drawn by joining the points 
P( —6, o), Q (o, 2), as shown in Fig. 5. 

283. Measurement on Different Seales. We have hither¬ 
to measured abscissae and ordinates on the same scale, buf^* 
points have often to be plotted whose co-ordinates differ considerably 
m magnitude. In such cases the plotting of points on the 
same scale requires either a very small unit length or a very 
large diagram. To obviate these, it will be found convenient to 
measure the enables namely x and y on different scales, but before 
making our choice we should find out as far as possible the greatest 
numbers that have to be represented. 
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Ex. 3 - Draw the graph of j/=I3A' + 6. 

When X has the values “ i> o, i, 2, 3, 

the corresponding values of j/ are -7. 6 , 19, 32, 45 - 
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Fig. 9. 


riiiis, we see that some of the ordinates are much laigei 
than the ahscissx*, and I'apidly increase as x increases. Here, 
equal horizontal and vertical units would give an inconvenient 
repre.sentation. 'fo obviate this difficulty, take 1 inch along OX ^is 
the ,r-unit but let i inch along OY count as 20 y-units. 'I’he required 
graph is shown in Fig. 9 above, where the line has been clrawn 
by joining the points (o, 6), (2, 32). ^ 

284 - Interpolation. If one co-ordinate of an intermediate 
point on a graph accurately drawn from its plotted points be given, 
we can determine (without calculation) its other co-ordinate by 
measurement; but, in some cases, the results so obtained will onl> 
be approximate. 

Ex. 1. , F rom the graph of the fupjcJtion i3;rd-6, find its value 
fHvhen x—i'4; also find for what value of x the function becomes 
equal to 14. *■ 

Fut y = i3;r-4-6, then the required graph is that given in Fig. 9. 

Now we see that .ar=ai-4 at the point P and here 24, nearly. 

Again,—14 at the point Q ; and a:=ORx=o‘6i approximately. 
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Exercise CVI. 


l.f Find the equations of the straight lines through the following 
pairs of points :— 

(0 (5» 6), (-5i-3)- (2) (3, 4) (“2, 6), {3) (6, 7\ (-3, 7). 

(4) ( 8 ,-r 5 ), (10,-3). (5) (-4, o), (-2, 3). (- 5 ,- 4 ), ( 3 * 2 , i- 4 > 

(7) (-2, II), (6,-5). (8) (6,-4), (- 7 ,- 3 )- 

* 2 . Shew that the three points (3,-1), ( — 2, 4), f5, — 3) are in a 
straight line, and find the equation of the line. 

3. Find the equation of the graph which passes through the 
points (o, 4), (-1, I), (‘3, 49), (2, 10), (-8, 6*4). 


4. Find, without drawing the line, which, if any, of the points 

0,2), (4, 3), (-2,-2), (8, 6), (5,-4), lie on the line given by the 
e((uation 4.r—5y=2. t ^ 

26 — ‘ 2 X 

5. Draw the graph of the function “—“ . ’ From the graph 

find the value of the function when .r = ; also find for what value 

of X the function becomes equal to 8. 


4 1 ’ 7 

6- Draw the graph of - ^ From the graph find the value 

of the function when -v—3*5 ; also find for what value of x the 
function becomes equal to ui. 


7. Find, without drawing the line, which of the given points 
(o, 2), (- 4,-4), (4, 3), (2, 55, (4, 8) lie on the straight line represented 
by the eejuation 3 r* — 2ji'-f-4 = o. 

8. Fintl the equation of the graph which passes through the 
points (o, -5), (-5, -4), (i, -3)> (3. 0, (3'2, U4), (3-6, 2-2). 


9. What arc the equations of the lines forming the sides of the 
triangle whose angles are at the points (i, 3), (2, - i), (-3, 4) ? 

10 . liy careful plotting and measurement find the length of the 
perpendicular drawn from 

(1) the point (4, 5) upon the straight line 3.r f 49/* 10, 

(2) the origin upon the straight line h.r — i. 


III. APPLICATION TO SIMULTANEOUS 

EQUATIONS. 

285 . If two simultaneous equations between .r and y be given, 
draw the graph of each and the co-ordinates of the point at which 
these graphs meet, will give a pair of values which will satisfy both 
equations. 

• M.A.--16,* 
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Ex. 1 . Solve graphically the equations 
{[) x + 2y^i2, (ii) 

In (i) when x =o,_v=6 ; when ;r = 4, = 

Thus the graph is the line joining P (o, 6) and P' (4, 4). 
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Fig. 10 , 

In (ii) when a'= — i,^= — I ; when ;r=2, j/ = o. 

Thus the graph is the line joining Q (- i, - 1) and Q' (2, o). 

Now, we see from the diagram that these lines intersect at the 
point R whose co-ordinates are 8, 2. Thus the solution of the given 
equations is x^ii,j' — 2. 

« 

Verification. In the first equation, when 

jr«8, 8 + 2 j/ = i2, /. 2y = 4, /. j>'==2. 

. /• -v=s8,_y=2 satisfy the equation. 

In the second equation, when a = 8, 

8“3;»'=2, /. -3^=-6, /. j = 2. \ 

/, A = 8, >'=2 satisfy this equation also. 

' Ex. Draw the graphs of 

( 5 ) 4 ^= 3 /, (i >0 + 

shew that they represent three straight lines which pass through 
* one po\nt. Find its co-ordinates. 

In (i) when a:=o,^=o ; when .t»b6,_j's=S, and the graph is the 
line joining O (o, o) and P (6, 8). 




SIMULTANEOUS KgUATIONS. 




In (ii) when -r=i, -6 ; when ,r = 2, - t, and the graph is 

.-lie line joining Q (i,-6) and Q' (2,-1). 



Fig. II. 

Ill (lii) when \ =*-2, >' = 3 ;'\vhcn x= -7,jj' = 2 and the graph Is 
'h** line joining R ( —2) and R'^(-2, 3). 

Now, from the diagiam, we sc^' that these three straight lines all 
,)a^s through the point S whose co-ordirrates are 3, ^ 

Exercise CVII. 


• 1 - Solve the following equations graphically, and venfy your 
'csult by Algebra — 

0 3 r- 2 j/ = 4 , 

J 2 ) 4 J^'-= 3 ^. 

(3) .v- 2 jj/ 4 -ii=o, 

5 .r+ 47 =i 4 . 

4-v-ar=i4- 

2.V- 3 ;' 4 * 18 = 0. 

4) 3,1'-2^ =12, 

(5) 4v+>'=io, 

(6) 2.v+.)'=-i, 

5A‘~7j/=20. 

3 .i:- 4 j/=i 7 . 

i 

8.1+67 = 3. 

Jr 

'^ 7 ) 5jr + 6y=6o, 

(8) 3^*4^, 

( 9 ) 3-v-27 = 2, 

2.r- y= 7. 

J'+X = 2 l . 

2 ai'+ 24 =- 257 . 

•'o) 2x + 3 >'* 45 i 

(11) 3.t'-4^=i2, 

* V(i2) 4.v+^7“4> 

5 ^+ 4 ji/= 74 . 

5 ,r + 2 ^= 46 . 

3 a'- 27 = II, 
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, , ar + y 2r-4r 23 

\ 03 ) “--^ = 2 + 2 /, —-—= 

, , y-2 .v + 10 

( 14 ) =4v-3- 


'in) 


A '-2 

4 y+ "3' = *2. 


2 . Shew that the straight lines given by the equations ’ 
i5.r + 2 jF= 27 , 3''^ + 7r=45> 'i-' + 3^=i9, 
meet in a point Find its co-ordinates. 

,• 3 . Find the co-ordinates of the vertices of the triangle whobc 

sides are given by the equations .- 

X - 2 v + 4 “ o, -T-' +.r + I = o, 5 .r ~r = 7 . 

4. Show by solution of equations that^ ,th^ straight lines whose 
eqiiations are * 

7.r-3_y = 3j, 9.r-5y/=-4f, 3.r+j=ii 

A 

all pass through one p©int. Verify by drawing Hie lines. 

•I ^ V 

A“ 5 . ^raw the triangle whose sides are represented by tin 
eguiftlons :— , ' * ' 

'3 J =9, -T + 7,1' = 11, 3-1 +J' =* 1 3 V 

and find the co-ordinates of the vertices. 

« 

6 . What must be the value of ft in ordef that the three line" 
represented by the equations , 

, ^.X+J >-2 = 0 , rtA'-f 2 J/- 3 = 0 , 21 '-r- 3 = 0 , 

may meet in a point ? * 


IV. APPLICATIONS OP GRAPHS. 

♦ * 

286 . We shall now give some illustrations of the way in which 
graphs may be used as a ‘‘ready reckoner.” 

Ex. 1. If I is worth 25 francs, construct a graph fnan 
which'you can read off the value of any number of shillings up t(> 
;^3, in francs. Write down from the diagram the value of 35 shiHingi> 
in franc^and 35 francs in shillings. 

Meagre shillings along OX to a scale of 1" to 20 shillings, and 
measure francs along OY to a scale of i" to 50 francs. 

- ^ X V ^ . 

If X slflllings =3^ francs, then orj'=^x. This repre¬ 

sents a straigjit line passing through the origin. 
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'Fake an abscissa ON =60 units and an ordinate NP = 75 unit&f. 
loin OP. ’J'hen OP is the required praph. (Note that different units 
.ire used to measure lengths along OX and OY). 
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Fig. 12. 

Since tlie abscissa at the point Q represents 35 shillings, therefore 
-ts ordinate QR represents 35 shillings in francs. ' , 

Hence, from the diagram 55 shillings = 44 francs. * . . 

* ^ 

Also from the diagram, 35 francs = 28 shillings. 

Ex. 2 . In a I'ahren^eit thermometer the freezing 'point sfhnds 
ai 32' and the boiling point at 212 '; in a Centigrade, the freezing 
point at 0°, and the boiling at 100“. Construct a giiitph to conv%rt 
/'.degrees into C. degrees, and vzw 7>ersa. Read ftff \oo°h'. in C. 
degrees, and 40'X’. in F. degries. 

Let X degrees in the Fahreiiheit scale be the same temperature 
is y degrees in the Centigrade scale. 4 , » 


t- y a - 33 , , ' 

1 hen - - = —- ' —- ; whence gy=: 5a - 160. 

100 212-32 180 

When a*=32, _y=o ; when as= 50,10 ; 
when a = 68, j=20 and so on. 


.Since no point to the left of or below the point (68, 20) is required. 
It IS convenient to measure the co-ordinates along lines drawn 
through this point parallel to the co-ordinate axes. Hence the 
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following graph (as shown in Fig. 13\ passing through the points 
(68, 20), (122, so). 



Note.— T ht? iibove device is often useful ; it might he referred f 'as '' 
of axes fo parallel axes throtr^h the ft>inl (68, 20 ). 


^ Ex. 3. The expenses of a family when rice is at 20 seers foi a 
rupee are Rs.^o ait month ; when rice is at 25 seers for a rupee the 
expenses are i^j.48 a month (other expenses remaining the same) ; 
what will they be when rice is at 30 seers for a rupee ? (C.F.a. 1869) 

Also find how much rice can be had for a rupee when the expense^* 
are /?jr.6o. * 

Let the expenses be Rs. y per month when rice sells at Re. -t 
per seer ; then the variable part may be denoted by Rs. ax^ and the 
constant part by Rs.b. Hence Arand^ satisfy the linear equation 
where a and 6 are constants. Hence the graph is ri 
straight line. 
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Fig. 14. 


J o determine a and b we hav^e two pairs of corresponding values 
of .r and j', giving 

50 = and 48 = 

whence ^ = 200, /5=s4o, and therefore ^==2oojr + 4o. 

From this equation, when ; and when ^=^’5, j/ = 48. 

Also, when .r=o, v = 4o. Hence, it will be convenient if we begin to 
measure the co-ordinates at the point (o, 40). 

lake 30 sides of a square along OX to represent o'l units 
and 10 sides of a square along OY to represent 10 units. Thus we 
find two points P and Q when and respectively. The line 

joining PQ and passing through the point (o, 40) is the required 
graph, (as shewn in Fig. 14). • 

By measurement, we find that when ^=46’ ; and that 

when y = 6o, .*•= xV Thus the required answers are Rs.a, 6. loa. 8/. 
and 10 seers per rupee. 

Ex. 4 . Given that i centimetre=*39 inches, draw a graph to 
convert inches into centimetres. Read off the value of 3*6 in. in 
centimetres and the value of 8'6 cms. in inches, as accurately as 
you can. 
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If .r inches =*y centimetres, then - , ort' = — x. 

39 loo’ 39 

'rhis equation represents a straight line through the origin. 

When ,r=39,^=ioo. Hence the graph passes through the 
point (39, loo). 



'Fake an abscissa ON = 39 units (39 sides of a sq.), 
and an ordinate NP= 100 units (20 sides of a sq.) 
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Join OP ; then OP is the required graph, (as shown in Fig. 15.) 

Take each horizontal side of a square to represent o‘i inch 
and two vertical sides of a square to lepresent o'l cms. 

The abscissa of the point Q represents 3’6 inches, therefore its 
■ordinate represents 3‘6 inches in centimetres. 

Hence, from the diagram, 3'6 inches = 9 23 cms. 

Again, from the diagrana S'6 cms. =*3-35 in. 

Ex. 5 - 60 oranges sell for si.\ sliillings and eight pence. Make 
a graph to shew the cost of any number up to 60, and from it write 
down the cost of 27 oranges, and the number of whole oranges 
you would get for 25 ^<1 

-t" y 4. 

Let X oranges c'ost v pence, then, = or y- .r. 

' ' 60 80 ■ 3 

When a =0, v = o ; when .1=60, j^ = 8o. 'I'his shews that the 
giaph ])asses through the origin and the point (60, 80). 



Fig. 16. 

Along the abscissa take ON =60 units (30 sides of a sq.), 

and NP parallel to the ordinate = 80 units (20 sides of a sq.) 

Join OP. Then OP is the required graph, (as shewn in Fig. i 5 ). 
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Thus, when a‘b=27, j= 36 ; that is, 37 oranges cost p. Again,. 
when^sa=27, jr=2o ; thus for 2s, •^d. one can buy 20 oranges. 


V. STATISTICS AND EASY PBOBLEMS. 

287. We have hitherto considered graphs to be straig'ht lines 
drawn through a number of plotted points obtained by givmf; 
suitable values Jlo-r and ^ which satisfy any linear equation.. The 
method is general and may also be applied when the relation 
between the variables is connected by an equation ivhich is not 
linear. In such a case, the graph drawn through the plotted points 
will take the form of some curve. But in cases where no algebraical 
relation svibsists between the quantities considered, and only a/mz/fvf 
nitjnber of corresponding values is given and therefore only a 
limited number of points can be plotted, we may indicate the form 
of the graph which is most probable,, the curve passing through some 
of the plotted points and lying evenly as possible among the others 
on either side of the curve. , 

In case of statistical results, where no great accuracy of detail 
IS required, it is best to join successive points by straight lines. 
When the graph consists of a succession of straight lines each of 
which makes an angle with the two lines adjacent to it, the graph will 
then be represented by an irregular broken line to distinguish it from 
a confinuou.K curve like a circle or a parabola. Problems on prices 
may also be represented graphically by broken lines. 

Ex. 1. The following table gives statistics of the population 
of England and Wales, where P is the number of millions at the 
beginning of each of the years specified. 


Year 


1801 ! i8r j 

I 

} 8*9 ! io'2 


1821 

1831 i 

1841 ' 

00 

1861 j 1871 

I2'0 

1 13‘9 

I 5'9 

1 17-9 

20'0 227 


1881 


180J; 


26’0 I 29*0 


Draw a graph to exhibit the above. Estimate the population in 
1837, and^he year in which the population was 24 millions. 

Plot the values of P vertically to a scale of 1 " to to millions, 
and those of time horizontally to a scale of 1” to 30 years ; also 
it will be convenient to begin measuring abscissa* at 1801 and 
ordinates at 8. 


The graph is given in Fig. 17 on the next page. 



STATISTICS AXD EASY PROBLEMS. 



The population in 1837 at the point A will be found to be 
15*1 millions and the year in which the population at B was 
24 millions is 1875. 
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Ex. 2 . "I'he average annual premiums {£P) for whole life 
assurance of ;^ioo for the age at entry (A years) is given as 
follows ;— 


A 


20 I 25 j 30 35 


40 


45 SO 55 ' 60 


2-2! 2*5 2-8 I 3-2 j 3-8 ; 4 6 I 5 5 ; 6-9 


l^stiiiiale ilje<premium for ^1000 insurance at ages 28 and 43 to 
the neaicst 



06 

M 

bb 

■ 

CL. 
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Reckoning ages along the abscissic to the scale of i" to lo years, 
and premiums along the ordinates to the scale of i" to ;^2, A\’e plot 
the given points and thus obtain the required graph (as shewn in 
Fig. 18.) 

The premiums of ;^ioo at ages 28 and 43 at the points A and B 
respectivelv are ^2 4 and £ys- Thus the required premiums are 
^24 and £33. 

Ex, 3 . The price, £/\ of certain enj^incsof l/ii'ake'horse powei 
H is given as follows : - 




105! 160 [ 208! 255 i 

I ' , i 


What is the pr(jbable price tjf enj;ines of 4 and of 12 hoise-power ? 

Measu're hoi.^e-power along OX to a scale of i" to 5, and the 
price along OY to a s('ale of i" to £100. 

Plot the gi\en j)oints and join them suet essively by straight line^. 
'I'he lequired graph is shewn in I'ig. iq 



By measurement, we see that when .r=4, 121 ; and ,that when 

x= i2,j/ = 22g. Thus the prices are ^121 and £22() respectively. 

Ex. 4 . The temperature taken every two hours beginning at 
Noon is 6ro“, 667“, 67-5'’, 58'5\ 54’6“, 5 r 4 “. 
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Draw a curve to shew the variation of tempeiature and estimate 
the temperature at 3 p. m. 

Measure times along abscissa to the scale of i" to 4 hours, and 
temperatures by ordinates to the scale of 1" to 10 degrees. 

Plot the given points and joining them, we obtain the graph 
represented by broken lines as shewn in Fig. 20. 



Fig. 20 . 

liy measurement, we find that the temperature at 3 r*. m. is 67-1"'. 

Ex. 5 . Corresponding values of .r and y are given in the 
following table :— 



3 : 6-5 i 12 

t 4 

i y 

4 1 4'8 1 67 

1 1 



21 1 28-6 i 3r5 I 

8-5 


11 I II-5 1 


Draw the most probable graph, and find its equation. Find the 
value of X when j — io, and the value of when .1=^36. 

Take 1 inch to represent 10 units along OX and also to units 
along OY, 

Plotting carefully the given points, we see that a straight line 
can be drawn passing through only two of them and lying evenly 
among the others. The required graph is given in Fig. 21. 
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bA 

■ mt 

(L 


Assume v=^ax + d for its equation. Find the values of a and 
by substituting the co-ordinates of the two points through which 
the line passes. 

4 

Thus, putting ^= 3 » 7 = 4 » we have 4 = 3a+^ ; 

Again, putting jr* 14,^=7, we have 7=i4a + d. 

Solving these equations, we get <^ = tv- 

Hence the equation of the graph is = + or i 3^ +35. 
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The co-ordinates of any number of points on the line can be 
obtained by trial. 

Thus, when v=--10, .1=25 ; and thatjK= 13, when x««36. 

Ex. 6. A train travels at a uniform rate for an hour and a 
half, and covers 40 miles in that time- Draw the graph of its 
motion and write down the time it takes to travel 17 miles and how 
far it has travelled in 12 minutes, (live the results to the nearest 
mile and ininul^ 

Measure distance along OX to the scale of i" to 20 miles, and 
times along OY to the scale of [" to 1 hour, so that each side of 
a square represents 6 min. 

Along the abscissa measure OA = 40 miles and draw AB at right 
angles to the abscissa = r: hours. Since the train travels 40 miles in 
hours, therefore B is its terminus after iri hours. 

Join OB. Then OB is the graph of the train’s motion. 



ti) To find the time it takes to travel 17 miles. 

'Fake ON = 17 miles and draw the corresponding ordinate NP, 

Then drawing PD parallel to OX, we find the required time to be 
38 minutes nearly, for OD = ^S units. 
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(ii) To find the distance travelled in 12 minutes. 

Take OM along OY = i2mm., and draw MR parallel to OX 
meeting the graph at R. 

Then drawing the ordinate RQ at R, we find the required distance 
to be 5 miles nearly, for OQ = 2y units. 

Ex. 7 . A starts walking at the rate of 4 miles an hour, and 15 
minutes later B starts at the rate of 8 miles an hour. Find, graphi¬ 
cally, when and where B overtakes A. ^ 

Measure distances along OX to the scale of 1" to 4 miles, and 
times along OY to the scale of i" to one hour. 

Take a point D whose abscissa is 4 miles and ordinate i hour. 

Join OD. Then OD is the graph of A’s motion. 

Take a point E at 15 min. point in OY. Then this is B’s starting 
time. Now take a point F, whose abscissa is 8 miles and ordinate 
(reckoned from the level of E) 15 min. more than the time represent¬ 
ed by the ordinate of D. Join EF, Then EF is the graph of B’s 
motion. 



The point H where the graphs OD and EF meet, gives the place 
and time of meeting. Thus, we see that B overtakes A in half-an 
hour from A’s start, A having travelled 2 miles, for KK=^ and 
OK-2. 

■ Ex. 8 . A man starts at noon at the rate of 4 miles an hour to 
walk from A to B, a distance of 29 miles ; a second man bicycles 
from B to A, starting at 2 P. M., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet and determine 
also from it the times when they are 10 miles apart. 

On squared paper, take two points A and B on a vertical line 


M.A.—I.* 




258 


MATRICULATION ALGEBRA. 


29 units apart. Take horizontally A P=* 2 5 units (5 units to an hour) 
and PQ vertically=30 units. 

Join AQ. Then since the first man walks 20 miles in 5 hours 
(25 units), AQ is the graph of his motion, i. <?., the ordinate of any 
point on AQ denotes the distance he has walked in the time denoted 
by the abscissa of the point. 

As regards the second man, take the point D in the horizontal 
line through B, 10 units (2 hours) from B, for he starts 2 hours after 
the first man. * 

Take horizontally DF = 12^ units (2i hours) and vertically FE — 
25 units (for the second man travels 25 miles in 2^ hours). 

Join DE. Then DE is the graph of the second man’s motion, 
reading his times along BD and distances travelled vertically 
downwards. 



Hence, if AQ and DE meet at O, AN denotes the time when 
they meet, and ON the distance travelled by the first man. 
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Thus, from the Fig. we see that they meet at 3-30 P. M. and 
that the first man has walked 14 miles, for AN=a3J^ and ON 8=14. 

(i) To find the time when they are first 10 miles apart. 

Take a point P' on AQ where it passes through a corner of a 
square, and draw P'Q' vertically upwards=io units. Draw Q'R 
parallel to AQ to meet DE at R, and from R draw RS parallel to 
P'Q' to meet AQ at S. Then RS»P'Q'=io units. 

From the Fig. we see that the required time is ^-48 P. ai., for 
AC (the abscissa of S)=2i units. 

(ii) To find the time when they are 10 miles apart the second time. 

(^n OQ take OG =* OS and from G draw GH parallel to RS to 
meet DE at H, Then GH= RS = 10 miles. 

From the F'ig. we see that the required time is 4-12 P. M., for 
AK (the abscissa of H) = 45 units. 

Ex. 9 . A# walks at 4 miles an hour, but takes a rest of half 
.ill hour at the end of every 4 miles. B starting at the same time 
.ind walking at a uniform rate, without any rests, catches A up just 
IS he IS stalling after his third rest. P'ind, graphically, B’s rate of 
travelling. 



Fig. 25. 

Reckon times along the abscissa to the scale of i" to 2 hours, 
and distances along the ordinates to the scale i" to 10 miles. 
Referring to Fig. 25, we see that OP is A’s graph for the first hour, 
and PQ is his graph for the next half hour, as he stops for that 
^'me. In the same way QR, RS, ST and TV are his successive 
graphs. 
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Agaio, since B starting at O, catches A at V, therefore OV is 
his graph, and the ordinate of y^i2 and abscissa»4|. 

To find B’s travelling rate per hour. 

Take OKtai hour and draw KD at right angles to OK to meet 
OV at D. 

Hence, B’s rate of travelling per hour is denoted by the ordinate 
DK, which = 27 miles nearly. 

! Ex. 10 . At what times between 4 and 5 o’clock are the two 
hands of a watch (i) together, (ii) 15 minute-spaces apart? 

Take abscissa? to represent the time in minutes after 4 o’clock 
and ordinates to represent the number of minute-spaces past 
12 o’clock. Along abscissae, take 1" to represent 20 minutes and 
along ordinates, take 1" to represent 20 minute-spaces. 

The graph of the motion of the long hand is a straight line, foi 
it moves at the constant rate of i minute-space per minute. 



Fig, 26. 

This line goes through the origin. Draw OA passing through 
O and terminated at (50, 50). 
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At 4 o’clock, the short hand is 20 minute-spaces in advance of 
12 o’clock j and as the abscissa of its position is zero, it is the point 
B(o, 20). Again, since the short-hand moves at the constant rate of 
I minute-space in 12 minutes, another convenient point may be 
denoted by C (48, 24). 

(i) Draw BC cutting OA in D. Then D is the position in which 
the two hands are together ; and as the abscissa of D is 21*8, the 
hands are together at 21*8 min. past 4 o’clock (nearly). 

(ii) To find,the time when the hands are 15 minute-spaces apart. 

Along OY take OE = 15 units, and draw EF parallel to OA 
meeting BC in F. Draw FG parallel to OE meeting OA in G. Then 
FG = OE= 15. The abscissa of G represents the time required, which 
= 5-5 min. past 4 (nearly). 

^ain, in DA take DHs=DG and draw HK parallel to OY meet¬ 
ing BC in K. Then HK = FG = i5 units. The abscissa of the point 
K represents ^he time when the hands are again 15 minutes apart. 
Hence the required time = 38’2 min. after 4 (nearly). 


Exercise CVIII. 

1 . Given that I kilogram me = 2-2 Ihs., draw a graph which will 
onaVjle you to read off any number of lbs. in kilogrammes (up to 
50 lbs.), and read off the values of 25 and 38 kilogrammes in tbs., 
and of 32'5 and 38 lbs. in kilogrammes. 

2 . If 3 26 in. are equivalent to 8*28 cm., show how to find 
graphically the number of inches corresponding to a given number 
of centimetres. Obtain the number of inches in a metre, and 
the number of centimetres in a yard. P'ind the equation of the 
graph. 

3. If C is the circumference of a circle and D its diameter, 
C=:-Y-Z>. Draw a graph and from it read off the circumferences of 
circles whose diameters are 4 in., 11 in, 20 in., and Ihe radii of 
circles whose circumferences are 47 in. and 3r4 in. 

4 . The highest marks obtained in an examination are 132 and 
the marks are to be reduced so that the highest marks may & 100. 
^how how to do this graphically and state what marks will be 
assigned to papers which obtained (i) 100, (ii) 70 marks, giving the 
marks to the nearest integer. 

5. The readings on a Centigrade thermometer in degrees and 
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the corresponding readings on a Fahrenheit thermometer in degrees 
are given in the following table :— 


c 

5 

1 


20 

30 

50 

80 

< 

F 

41 

50 

59 

68 


122 

1 

i 



Illustrate graphically the connection between the two scales. 
Express 140°/". in Centigrade. 

6. Construct a graph to e.vhibit the following : ■ 

Premiums of Life-insurance at various ages (for ;£ioo). 

Age in years j 20 25 | 30 | J5 ! 4^ i 45 | 

Premium | £,‘i. 8i. j £,- 2 . ibs. £},. 6s. j .£4. .>Jf. Ch- 4*''- 4'. [ 

Estimate the premium to be paid at 27 and 37 years. 


7 . The temperature taken every two hours one day showed ; 

Midnight, 4i“*o 2 P. Ai., 51'*2 

2 A. Ai., 4 o °-8 4 p. M., 53' 

4 A. M., 4o'’7 6 p. M., 46 '5 

6 A. M., 3 c /‘5 8 P. M., 46 ''3 

8 A. M., 4 o"'8 10 P. AI., 46°-7 

10 A. M., 44'’5 Midnight, 47"'4 

Noon, 48” 

Draw a graph to show the variation of temperature throughout 
the day, and estimate the temperature at 3 p. M. 

8- The price (in pence) of an ounce (Troy) of silver on Jan. ist 
in each of the following years was as follows :— 


1891 

1892 

1 

1893 

1894 

1895 

1896 

1897 1898 

1 

1899 j 1900 

45 ' 

1 ! 

36 

29 

1 30 

3 ' ! 

28 27 

j 27 j 28 


Draw a graph showing these changes in value. 


9. Given that i inch = 2*54 centimetres, construct a graph u> 
convert centimetres into inches. Read off the value of 5*6 cms. in 
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inches, and the value of 4*9 inches in centimetres, as accurately as 
you can. 


10 . On an examination paper of maximum 69 the marks gained 
by 10 candidates were :— 


Candidates 

I i 

1 

2 1 

3 

i' 

-Ai 

5 

6 

7 

8 

9 

10 

Marks 

60 



35 f 

3. 

29 

1 27 

26 

25 

12 




Draw a graph to raise the maximum to 100, and read off (to the 
nearest integer) the raised miirks of the candidates. 


11 . The number of thousands (N) of people who emigrated 
Ireland between 1876 and 1885 is given in the table :— 


Year 

\ 

1876! 1877 

1 1 

1878 

00 

00 

00 

0 

1881 

1882 

j 

1883' 

1884 

37*5 

i 00 

j fO 

41*1 

47*0 95‘5 

78*4 } 89-1 

0 

00 

^4 

75-8 


1885 
62‘O 


Illustrate the above graphically. 

12 . A man spends Rs.j^o in 64 days. Draw a graph to give 
his expenditure in any number of days. Write down his expenditure 
in 17, 35 and 49 days, to the nearest rupees. 


13 . The mean temperature on the first day of each month, on an 
aA'erage of 50 years, had the following values :— 


Jan. I, 37" ; 
f-eb. I, 38°; 
Mar. J^ 40“ ; 
April I, 45“; 


May I, 50" ; 
June I, 57" ; 
July I, 63“ ; 
Aug. I, 62 “; 


Sept. I, 59° ; 
Oct. I, 54“ ; 
Nov. I, 46“ ; 
Dec. I, 41“. 


I )raw a graph to represent these variations. 

14 . The first 100 copies of a pamphlet cost 27s. to print, but 
every 100 in excess of the first costs only 3J. ; make a gYaph to show 
the cost of any number up to 800, and read off the cost of 370 copies. 
Write down the number of copies you would get for ;^2. 2s. 6d. 

15 . The top boy in a form gets 88 marks, and the last boy 33. 
These have to be scaled so that the top boy gets 100 and the last boy 
o. Draw a graph which will effect this, and read off (to the nearest 
integer) the scaled marks of the boys who get 65, 54, 49. Find the 
equation between x the actual marks gained, andj the corresponding 
scaled marks. 
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16 . 1 want a ready means of finding approximately 0*866 of any 
number up to I o. Justify the following construction. Join the origin 
to a point P whose co-ordinates are lo and 8*66 (i inch being taken 
as unit) : then the ordinate of any point on OP is o*866 of the 
corresponding abscissa. Read off from the diagram, 

0*866 of 3, 0*866 of 6*5, o*866 of 4*8 and —^72 5- 

17 . If the cost of maintaining a family be Rs.so a month, when 

rice is 12 seers 9 rupee, and AV.48 when rice is 14 seers a rupee (the 
other expenses remaining the same) ; what will be the, cost when rice 
is 16 seers a rupee ? ^ 

’ 18 . For a dinner at which there are 60 guests a restaurant 
keeper charges loj. 6^/. per bead, but if there are 100 guests the 
charge is 8 j. 6^. per head. What will be the probable charge per 
head for 75 guests ? 

19 . In a Reaumur thermometer the freezing point stands at o" 
and the boiling point at 80“ ; in a Fahrenheit, the freezing point at 
32°, and the boiling point at 212'. Construct a graph to convert A*, 
degrees into degrees and 77/Vf versa. Read off 60" A*, in A' 
degrees, and 43°/^ in Reaumur degrees. 

20. For a certain book it costs a publisher 100 to prepare 
the type and 2J. to print each copy. Kind an expression for the 
total cost in pounds of x copies. Also make a diagram on the scale 
of I inch to 1000 copies, and i inch to ;^ioo to show the total cost 
of any number of copies up lo 5000. Read off the cost of 2500 
copies, and the number of copies costing ^525. 

21. Two men start to meet each other at 9 P. M., from places 
31 miles apart ; if one of them walks 4I miles an hour and the Qther 
3 j miles an hour, when will they meet, and how far will each have 
travelled 

22 . A and B walk respectively 5:}^ and 3^ miles an hour. They 
are 25 miles apart and walk to meet one another but B starts 2 hours 
before A. How far will A have to walk ? 

'* 23 . In a 100 yds. race, A can beat B by 20 yds., and B can 
beat C by to yds. How many yards start can A give C that there 
may be a dead heat ? 

24. A man bicycles from A to B at 10 miles an hour, and returns 
from B to A at 15 miles an hour. If he takes 5 hours to go there 
and back, find the distance from A to B. Find also his average 
speed her hour. 

25. A train leaves A for B at 9-15 A.M. and travels at the rate 
of 30 miles per hour. At 9-35 A. M., a second train starts, and 
travels at the rate of 35 miles an hour. If both trains arrive* at B 
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at the same timB, find the distance from A to and the time each 
train takes. 

28 . A starts at 8 a. m. to walk from P to Q, a distance of 
30 miles. At noon he meets B, who started from Q to P at 7-30 a.m. 
If A reaches Q at 6 P. M., when will B reach P ^ 

27 . A starts walking at the rate of 100 yds. in 30 secs, and 
B starts from the same spot 6 secs, later at the rate of 100 yds. 
in 12 secs. Draw a graph to find when and where B catches A up. 

28 . At what times between 3 and 4 o’clock are the two hands 
of a watch (i) together, (ii) 10 minute-spaces apart ? 

29 . A monkey, climbing up a greased pole, ascends 2 ft. and 
slips down I foot in alternate seconds, until he reaches the top of the 
pole. If the pole be 6 feet high, how long will it take him to reach 
the top ? 

30 . A does a journey of 42 miles in 5^ hours, and B starting 
an hour later does the reverse journey in 4 hours. Find, graphically, 
as accurately as yon can, ,how far their meeting place is from A’s 
starting poiilt. In how many minutes after B’s start were they first 
20 miles apart ? 

31 . A starts from Calcutta for Mankar, a distance of 91 miles, 
at 6 A. M., walking 32 miles an hour ; B starts from Mankar 12 hours 
later and reaches Calcutta at the same time as A. What was B’s 
speed per hour ? 

32 . A travelling at 4 miles an hour, walks 4 miles, then rests 
for half-an hour, then walks 8 miles further, and then walks straight 
back at the same rate. He meets B, who walks uniformly and 
without resting, a mile and a half from home. Find B’s rate of 
travelling, if he started at the same time as A. 

33 . At what times between 5 and 6 o’clock are the two hands 
of a clock (i) together, (ii> at right angles, (iii) directly opposite to 
each other ? 

34 . In what proportion must tea at AV.i. 4fi. per seer be mixed 
with tea at Rs.2 per seer, so that the mixture maybe sold at AV.i. 12a. 
per seer } 

35 . A starts from Calcutta to walk to Burdwan' a distance of 
68 miles, at 3 miles an hour ; two hours later B starts from Burdwan 
for Calcutta at 5 miles an hour. When will A and B meet? When 
will they be 20 miles apart ? 

36 . A starts from a place X, for a place Y, a distance of 80 miles 
at 6 A. M., walking 3^ miles an hour ; B starts 4 hours later and 
reaches Y at the same time as A. What was B’s speed per hour ? 

37 . A travels at 5 miles an hour, but takes a rest of half-an 
-hour at the end of each hour. B starting 2 hours after A and 
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travelling uniformly, without resting, overtakes A 17^ miles from 
home. Find, graphically, B’s rate of travelling per hour. 

' 38 . In a 100 yds. race A beats B by 9 yards, and in 100 yds- 
C beats B by 8 yards. If A’s time for the hundred yards is io| secs., 
what are B’s and C’s times ? 

39 . How much tea at Rs.^ per ft. must I mix with 12 fts. at 
Re.I, J3i*. 4/>. per ft. to make a mixture worth Rs.2. 2a. 8/. per ft? 

40 . 'I’he salary of a clerk is increased each year by a fixed sum. 
After 6 years’ strvice his salary is raised to ^r.128, and after 15 years 
to/’j.200. Draw a graph from which his salary may be read oft 
for any year, and determine from it (i) his initial salary, (ii) the 
salary he should receive for his 21st year. 


CHAPTER XI. 


INDICF.S AND SURDS. 

I. THEORY OP INDICES. 

288 . It was noticed in Art. 73, that powers of the same quantity 
were multiplied by adding their indices ; in Art. 105 that one power 
of a quantity is divided by another power of the same quantity 
by subtracting the index of the latter from that of the former ; and 
in Art. 167 that any power of a power of a quantity is obtained by 
multiplying together the indices of the two powers. We shall novv 
prove the above rules to be /generally true, which were there only 
shewn to be true in particular instances. 

289 . 'fhe following are the three fundamental laws for positive 
indices. 

IV/ien m and n arc positive integers., then 


a’li X I. 

= II. 

(«"«)» = «»»*.III. 


'I’he ^irst is called the Index Law, as being the basis of the 
other two laws, for they may be deduced from the first. 

I. If m and n be any positive integers, to pro^e that 
a”* X 

Since a”* *= « x a x x &c.to w factors, 

and rt" = rt x rt X rt X &c.... to « factors ; 


j- Art. 20. 
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rt™ X a"=a X <* >€ a.to w factors x a X a X a.to « factors^. 

=» a X a X a.to (?«+») factors, 

= «"»■*■», by Art. 20. 

Similarly, is also a positive integer, we have 

rt™ Xtt^x a*'= and so on. 

Hence, generally, 

a*** X a« X aP X . = a»»+M+p+.. 

where w, Py .are all positive integers. 

' II. If m and n be any positive integers and m > «, then 

a™"". 

t:* ™ .. axaYax .to m factors 

For a'^-i'rr» = — = - --- -- --- -- 

a xaxax .to n factors 

__ xa x«......to (w - n) f act ors xaxa xaj^....\^ n fact ors 

a xaxa .to « factors 

~ax ax ax .to (w — «) factors 

by Art. 20. 

• III. ff m and n be any positive integers, to prove that 

For, (('?’”)'* *E X a"* x f/.™ X.to w factors 

— {axax a .to m factors) 

x{axa xa .to w factors) X.to n brackets 

=^axaxa x' .to mn factors 

= by Art. 20. 

290 . I'o prove that II. and III. are deducible from I. 

(1) Since aPxrt« = rtP+", when p and « are any positive integers,- 

+ = by Def. of Division. 

I.et p^n — /«, so that p = m — n. 

/, from the above, we obtain 

which is II. 

(2) Again, since, from IV. we have 

a^xa^xn^x .=:fl»»+p+«+. 

Let vi=p^q— .and let their number be «. 

/, a’^x a™xa”^x .to w factors 

—. ^m+m-f tn-v • • • ■ to « lenn^.. 

asrt™**, which is III. 
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J 391 . Hence *= 

For («’»»)» as _ to n factors = . to *r terms = !*»», 

and (<*")”* *=«'•.«*•.«■*.to m factors=rt’*+’*+’*^.tow terms ; 

/, since tf"***®<»“"*, we have : 

that is, the nth p&iuer of the mtk power of a^the mth power of the 
nth power of «, and either of them is found by multiplying the two 
indices. 

292 . Hencte also 

For, let then «»• 5= (:<;*»)« a= (;*:’»)*’'; by Art. 390. 

hence a=^x\ and /, and = 

Hut also, by our first supposition, = ; 

hence, we have ’Ifa”* = (*;/■ ; 

that is, wth root of the vsxth power of u,=^ the mth power of the nth 
root of a. 

293 . These results refer as yet only to positive integral indices, 
which in Art. 20 were first used to express briefly the repetition of the 
same factor in any product. 

But now, suppose we write down a quantity, with a positive 

V 

fraction for an index, such as and agree that such a symbol shall 
be treated by the same Index Law as if the index were an :— 

what would such a symbol, so treated, denote ? 


.Since it follows from the Index Law^ in the case of positive 

/ r.4 vf 

Integers^ thsit we should have here also vz'v ==«“ 

V 

and hence it appears, that a® would denote such a quantity as, 
when raised to the e\th power^ becomes equal to a^. But that 
<iuantity, whose yth power=zz»', is the ofh root of (Art. 31) ; and, 

therefore, = or=(V«)** by Art. 292. 

K 

Hence, when a fractional index is employed with any quantity, 
the numerator denotes a power, and the denominator a root to be 
taken of it. 

Thus, rt^ = 2nd root ol ist power of a=‘= «^s= Va, &c. 

of ^ cube root of square of 
or ^square of atbe root of <2=( 
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294 . Again, if we write down a quantity with a negative index, 
as (where ^ may noiv be intesp'al or fracHonat)^ and agree that 
this symbol shall be treated by the same Index Law as if the index 
were positive^ —what would such a symbol, so treated, denote ? 

By this Law, we should have «"»+*» x <*•**=*<***+*’“**=<*’" ; 

but we have also -4-—— =* —4-_=s<a™ : 

aP aP 

so that, to multiply by is the same as to divide by a*® : 


and, therefore, i xrt"** = r-f-a**, or a"*®- 


aP 


Hence, any quantity with a negative index denotes the reci¬ 
procal of the same with the same positive index. 


Thus 


■ “‘'“S' “■’“I"- 1= °’'= 4 'a ' 

= * or=ya-“«*A 
f ^ 4 a^‘ 


Hence, also any power in the numerator of a quantity may be 
removed into the denominator^ and vice vcrsti^ by merely changing 
the sign of its index. 


Thus, 


a'^lP 

c 




295. Lastly, if we write down a quantity with zero for an index, 
as a", and agree that this symbol shall be treated as if the index were 
an actual number,— what then would it denote ? 

Since, by the Index Law., a‘>Xrt’"=fl^'+™=*!a’" ; 
dividing both sides by rt™, a*’—!. 

Hence, it follows that a® is only equivalent to a, whatever be the 
value of a. 

» 

296 . In actual practice, such a quantity as cf would only occur 
in certain cases, where we wish to keep in mind from what a certain 
number may have arisen. 

Thus, (rt® + 2/1*+3<* + +&c.)+=s»« + 2 + 3a’'+4<*"*+&c., 

where the 2 has lost all sign of its having been originally a coefficient 
of some power of a ; if, however, we write the quotient a + 2tf® + 3rt"^ 
+4a"®+&c., we preserve an indication of this, and have, as it were, 
a connecting link between the positive and negative powers of a. 
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297 . The quantity is still called a to the poiucr of - , and 

similarly in the case of a" ; but the word po'iver has here lost 
its original meaning, and denotes merely a quantity with an index^ 
Avhatever that index may be, subject, in all cases, to the Index Law. 

298 . "fo prove that 

Let m and n have any value whatever, 

(1) l^et be a positive integer. 

x.to brackets 

»= (n"' xa”*x .to factors) x x x_ iop factors) 

by Art. 289 III. 

{2) Let p be a positive fraction. 

r 

Let , where r and s are positive integers, so that r=ps. 
s 

r * 

(a«‘^'‘)p = (a"*^»q« = 5.'(rt’"^’*)’'«yby (i) 

=s for r=^ps, 

= f by (i) 

8 


.{3) Let p be any negative quantity. 

Let j^>= -r, where r is a positive integer 01 fraction. 

by (1) and (2) 

writing ^ for —r. 

Hence for all values of w, n and p. 

299 - ’I'o prove that 

0"*=(«*’)”*» if P = m''~'^ 

= ie"*P, by Art. 289 III. 

But, ;;r/*sw X by Index Law 

= /yz'*. 


**. \a^ } —a^ . 

Here, note carefully the distinction between «•**”’* and 


•The last=«a’”'«-^’»a’”«*”'. 
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Exercise CIX. 

Kxpress, with fractional indices, 

2. n{ah^) +- 

3 . a 5 r^s + ( J«)"+ ^(a«^)+V(«‘’^*). 

4 . V(a 2 d^) + u( ISfdy + ^/iaH^")+ ^ {aH*). 

Express, with negative indices, so as to remove all powers, 
(i) into the numerators, and (ii) into the denominators, 


5 . 

7 . 


'+ =*+ 3, 4 « 5 i 


a 


a 


A ""j. 3 ^:. 5 « . 4 ^ . 2^ 

W# % .3 "T # *t" '# •! “T* _ .i "T 


b'^ 


b'^ 




a° 


-4, 4/:'' . 2^£ __L 

aH a yzbc ‘ 


^ab 3_ . 5^ 


Express; with the sign of Evolution^ 

4 ■■* i 

i. 13 //* CL^ 

a-+2a^ + yi‘*+4a'^+a*. 10. —,+ - r+ 

b^ 2C^ 


.1 !,« a .t j. fl 

2 a* c^ b"'c^ b** c*' 
»■ + 1 + — 3“ 

3 ^^ 4a^ Sa‘* 


Express, with positive indices, and with the sign of Evolution^ 


3 2 


11. 

a~ 

^bc + ab'’^i4-a~^ 

'^c~^+a' 

12. 

13 . 

a 

- 2^-5 

^ 2a 3 

\b-^c-^ . 

I 


■ 


‘ a + 

a-’ 


11. 

a 

-2 

b'^ b'~^ 

- L 
a~^ 



n + 

.1 + - y + 

h ^ ■ 



b 


a'^ a'* 

u 



300 . It follows, then, that, luhatever be the indices, 

Xa" = «”•+'*, dt"* dl* = ; 

so that (i) to nultipiy any powers of the same quantity, we must add 
the indices, (ii) to divide any one power of a quantity by another 
power of the same quantity, we must subtract the index of the divisor 
from that of the dividend, and (iii'. to obtain any power of a power 
of a quantity, we must multiply together the two indices. 


Thus, a® Xa■*=«*“*'* =sa ; (P- 


1 

'T. 


* 5 T 

■ a 


a 


• i * l4.» 
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a 7 ' 1 -i 




- « - 7 •’* 

• J"'?- 


* 


Ex. 3 . { 


Exercise CX." 

Find the value of 

1. i6'^. 2 . 27”^. 3 . i6^ 4 . 32"l 

6. (27^-vX 7. 8. (1024'^)-. 


5 . 625 ^ 
’ 9 - 343 ' ’• 


Simplify the following 

t 

10. 11- 


12. 


V"' 


1 >/«’* 


./rtt 


-4 


13 . 14 . {x'^jy^ixj^-^y^.ix-^jyy^^ 

16 . {.i:V^V(^r^/^s//)p. ■ 16 . ^‘r^x-y 

17 . rt”*-»‘Xrt!'’'*-2™-i-«*»-*". 18 . 

«.a+b^(«>b yC-2a 

19 . ■— 6 ^,- 0 ^ . (c. E. 1874). 20 . '-- • (c. K. 1870). 

21 . {(;t“+*»-cx;»;® (M. M. 1889). 

22. (a + 6)^ X (rt - <5)"» X (a^ + ^)™. 


/ V«\ 0 +* / r“ \ ^ 

23 . (^i) -(^i) (MM, 1890). 


M. 




1902). 
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/ 

< 

f 


HrHT 


. 


(b. m. 1889). 


( 13 . M. 1891). 




xx ‘^". (M. M. 1894). 


28. 

29. 


( yw\ »»+« y V u+/ / \ 

W M?) (?») ■ (C. K. .900). 


■ {xLx^^f • 

41 ^ « 

II - « 


■30. 


32. 


J^"*) ^ 

5~” X2 5^» - 

j3h- 2 ,Q-i • 





31. 


2« X4"+' 
■gH-Y' 

'»n+l 


iii+i 


■ i"*" (2»+y-i' 


34. If = «s=ti'/and =(?;«’«*)'=, shew that = I. (li. M. 1890) 


35 


( V \ ’' " -1 j ^ 

; an^^if A'= 2/, prove that jk^= 2. , 

II. AZ.GBBBA.iCAI, OPEbAiONS IK^^OZlVING 
PBACTIONAL AND NEGATIVE INDICES. ' 

301. The ordinary methftJds of operation employed in Multipli¬ 
cation, Division,*&c., of positive integral indices are applicable to 
expressions involvinff fr^ional and negativ'e indices. We now give 
some illustrative E^k^'ples. 

Ex. 1. Miilt'i'Ply a’^■\-ab-\-a^b^hy — b^. 

a^-b^ 


+ a^b^ ^a^b -h ab^ -H a^b^ 

- a^b^ — aH^ — a^b - ab^ - — b^ 


1 5. 
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Here in the first line 


y.a^ —a^', = ^ RX\d 


bO on. 


JSx. 2 . Divide — 4 - 6 rtKr—2<a!^.r^ by 

1 •! 

— 4cix^+2a'^. . 


— 4a,v‘* +2a^\ ,t'" — — 4ax'^ + 6a’^x — 2i:rh'^^.r - 'K 

- 4ax^ + 2a^x 

I ^ L 

+ 4 «^A' - 2 ^^“A• ^ 

-^a^x — 2rt--r 


?• *> 


o' .M 

— a'-.r- 




Ex. 3 . Find the square roo^oF 4^® - i2.i '• +25 — 24jr” ’ + i6.i 

» :i •*•;* • _'t ;< 

4x’^ - 1 2 x^ 4 - 2 5 - 24,1*' • + 16;t " ^ 2.1' ‘ — 3 + 4x ‘ 

3 ^ # 


4 . 1 - 


4^'^-3)- I2v^ +25 

t ^ :» 

• - 121 ''’ 9 


4.r‘ — 6 + 16 —24r ^ + i6a'“- 


■ i6-24.r 


♦•'I •i'tl 1 -w 

‘ 5* ’ "“ ■! 

Ex. 4 . Simplify ~^-—- -- (c. f. a. 1861) 






% 


^ y«*+ ^aV/-- 

and-^-==-^ 

i[ab^- ^aH- W ^ 


▼» n 

(1) Let and 

-Hien the 

X y x—y 

= <2“+1 +«-’*, for A;y = fl^= I. 
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(2) Let ^a^xand ^b—y. 


Then the Exp.= - ^ - *'^y . =. 

‘ x*-^xy^ — xy -y^ x(x^ +y^) -jix^ +y^) 

_ x^fx’"^ -hy^ ~x^y) ^ x%r^ — xy +y“) 

~y) +y^) lx- y){x + y){z- - xy +y^') 

x^ _ Jfci^- 
x^-y^~ 

Ex. 5. Divide y-”by-r'^’* (c. K. 1879'. 


Since r 2 ’'-jiJ’‘ = (;i- 2 '"‘) 2 _(y”-*) 2 , Art. 289. 

/ •»**■* . *>♦'■• .•’'■■lx . 

-(x^ +y ){X‘ -y- ). Art. 124. 

/, the quotient=^®^" * — 


Exercis# CXI. 


Multiply 


i 1 


1 . x-xy^+y by x~-y-. (C. K. 1861). 

a 11 .1 !} i • 

2- +a-^/>’'+aifi+by -b~. 

■k 

3. x[y+y'* by x^—y\ (c. E. 1863). 

1 j 1” Ji i yi* 

4. - 3v‘*+ 2;r’y^ by 6 .r-'— 2^-’+7a'-'^-'*. (c. k. 1858). 

^ 1 1 i ;j I .1 1 • 

6 . rtjr‘+ 3 fl*.r'+ 4 ^‘‘ by a- 3 a‘‘^j«r'‘^ + 4 ,r‘^. (c. K. 1890 ). 

11 11 

6. .a:+2_y- + 3ir'^ by ;«r-2^-+35'’*. 

7. a-+ 2a^b^ + 4a-b'^ + 8ab+i6a“b^+32b'^ by a” —2b''’, (is. M. 1859). 

8. .r+_j/+5r- ■J‘{xy)- ^'(jV2^)“ by «/;r+ ^/j+ Jz. (c. e.' 1864). 

9. x^ +x^y^ +y^ by x^—y^. (c. e. 1866). 

10 . jjr"^+.ar’^ + i by x~^ - i. 

11 . J-J+a^-a^ byJ+J-a^-a'^^. 

12 . x^’^x^y~^ -\-x^y'‘^ -^-x^y ’^+>' * 

by .;r^ —x^y'^ + x^y'^—y'^. 
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13 . 

15 . 

17 . 

18 . 

19. 

20 . 
21 . 
^ 22 . 

23 . 

25 . 

28 . 

31 . 

32 . 

33 . 

34 . 

35 . 

36 . 

37 . 

38 . 


Divide 

i6x by 2X*. 14 . by 

— 646^ by rt* ^ + 2d^. 16 . x — 2x^ +1 by x^ — 2.v^ +1. 

x^ 4 -+jy by + y‘^. (c. E. i860). 

(a'^-“«^)(. r^+< 3 :^) by (c. E. 1859). 

x^+a^x^ 4-a^ by . (c. f. a. 1861). 

14 s -i US 4 1 - ’ ' 

x+6a^x^ 4-6a^X^ •{•a++ 7^^‘‘x"' by x^+a^. (C. K. 1891 ). 

8a^+^ by 2a^4r6 

*> «> > *» 

x'^jy~^+x''“y^ + 2 by + — i. (M. F. a. 1894). 

Find the square of 

a^-^d^ + c^~ (C. E. 1862). 24 . -2(?^+3 —2fr^+a'^. 


Find the cube of 4 

a^d~^+a 26 . ^x^y ^--^x 

Find the fourth land fifth powers of 


27 . + 


x^ — 


29, c^b '^-a -b^, 30 . a}—a^. 


Find the square roots oT 

tVt'’ -^,x-^-U''^ + hx + ix^ + i. (li, M. 1 886 ). 


n , ;i 1 1 ‘ 4 * . *> J ,A 

x^ — 2a + 2a^x^‘ +a ’’.r '’' 


2a^x •’ +n^’. ( C. K. 1880 ). 


, +Ux- “-~N/V+.r». (P. E. 1888.) 

2 

a^b'^ + 2ab''‘ 4‘$4-2a~^4^a~^'^. 

4 44. .1.4 _4 

+ -2ia ‘+45-63a ^+9oa ® — loS^r^ + Si^z 
a+ 2 •J(^ 2 ab) + 2^ + 4 ■/ i2ac) + 8 V (Jbc) + 2>c. (M. M. 1881). 




y* +j'y (M. F. A. 1889). 
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39. 


40. 


41. 


42. 

43. 


41. 

45. 

46. 

47. 

48. 


49. 


50. 


1.1 n 

3.ir»(3.r + 4) + 2.r'i(2.r» + l)-2^2.r ^{^+2). (M. F. A. 1895). 

+x —2.r ^)'^ — x^y~^{x^y ^-k-^. 

(M. F. A. 1896), 

Find the cube root of 

n ' '^x^ - 3<*■ 4 - 6a '— y + 6 a^x'^~ ~ ^nx~^ + a-x '. 

Find the fourth root.s of 

x*y ^-4x^y ^ + 6xy^ —4X 

1 6x‘* — 96.1*’^^ 4- 216.rV- — 21 6x‘-^y‘^ 4- 8 


Find the H. C. F. of 

e^^x'^ 4 -/?®* — x'^—i and e--'.' ’ 4 - 2 £*,r* — 2 i'* +x^ 2 e^ — i. 

^,.r- + V X ^./( r 4 - 1 ) - .r - I and .ir- - ^x - 

Find the L. C. M. of 

yix^yi^x^ x^ — a', X'^+aXy J(^ax) sitid Ja. (C. E. 1873 ). 
Multiply '-/i'‘.r’*4-v-** by 4 - 2 :'*. (c. E. 1879 ), 

Divide by rt’’‘4-3". (c. E. iQor). 

.Simplify {v'G*"+ y/{d‘^+ 


Shew that 



x-y 


{x +y){x‘ + y^)(x^ 4 -y). 




III. ELEMENTARY SURDS. 

302. It was stated in Art. 177 , that, when any root of a quantity 
cannot be exactly obtained, it is expressed by the use of the sij,m of 
Involution, and called an Irrational or Surd quantity^ 

Thus, and + are Surds. 

303. The order of a surd is denoted by the root-symbol or 

.surd-index. * 

Thus, and ^/a are surds of the third and nth orders respec- 
ii\ely. 

301. Surds of the second order are called Quadratic surds 
ind of the third order are called Cubic surds. 
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Thus v2, J{a + lf) are (Juadnilic surds^ and ^5 are called 
Cubic surds. 

305. Since every fractional index indicates by its denominator 
a root to be extracted, all quantities having such indices are expressed 
as surds. 


I. Reduction of Surds. 


306. In ttie case of a numerical surd, expressed with a frac¬ 
tional index, should the numerator be any other than unity^ we may 
take at once the required power, and so have unity only for the 
numerator, and a simple root to be extracted. 


Thus, 2 




or 



(3-^) 


(iV)'’orfi/ 


•i'T 


307- Quantities are often expressed in the form of surds, 
which are not really so, z".c., when we can^ if we please, extiact the 
roots indicated. 

1 , 

Thus, ^7, -k-aby b-Y «tre actually surds, whose roots we 

1 

cannot obtain; but 3 ^ 27 , [40^ y ^ab ■¥ b'^)- are apparently so, 

and arc respectively equivalent to a, 3, la + b. 

308. Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power indicated by the 
denominator of the surd-index. 

Thus, 2 = 4^^ ^8 = &c. ; a= ; }a = {'ln-Y ; 

a + b~ (d^ -t- 2ab + b'^Y. 


309. In like manner, a mixed surd, c., a product partly 
rational and partly surd, may be expressed as an entire surd, by 
raising the rational factor to the power indicated by*the denominator 
of the surd-index, and placing beneath the sign of Evolution the 
product of this power and the surd-factor. 


Thus, 2yfi— yj4% d 2,— 12 \ 3.2^ = 3 5^4= ¥(27) X ^4= ^(108). 

= V(32«“0. 


310. ('onversely, a surd may often be reduced to a fnixed form 
by separating the quantity beneath ihe sign of Evolution into factors, 
of one of which the root required may be obtained, and set outside 
the sign. 


Thus, ^/(2o)= ,y(4x 5) = 2«/5 ; 5^(24)= ^^( 8 x 3 ) = 2 ®T 3 
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tv'" 


311 . A surd is reduced to its simplest form, when the quantity 
Ijcneath the root, or surd-factor, is made as small as possible, but 
so as still to remain integral. 

Hence, if the surd-factor be 'a fraction., its numerator and deno¬ 
minator should both be multiplied by such a number, as will allow 
us to take the latter from under the root. 


== ^( 75 ). 


These latter foims allow of our calculating more easily the 
numerical values of the surd quantities. 'Phus, to find that of if, 
we should have had to extract both v/2 and ,^3, and then to divide 
the one by the other, a tedious process, since each would be e.x- 
jjiesscd by decimals that do not terminate; Avhereas, in T«y6, we 
have only to find v/6, and divide this by the integer 3. 


Ex. (hven 173205., find the value of . 

V 3 




5 3 


'^3 v/3x J 3 3 


5 ,.,_5 X r 7 32o5... _ 8-66025... 


VO' 


= 2*88675. 


312 . Suids which are not of the same order can be transformed 
into equivalent surds which are of the same order. 

Ex. 1 . rOxpress V(i i) and y(i3) as surds of the same order. 
Here, the l.. c. M. of the root figures 4 and 6 is 12. 


1 herefoie, y( 11) = 



a 

i i 


i 

and '/(I3)=i3'’ 



= 'y(iO=‘=r(i330, 
= ‘V(i3^=’5'(>69)- 


313. To compare surds with one another in magnitude, 
express them a^eniire surds, and then reduce their indices, if neces¬ 
sary, to a common denominator, simplifying as in Art. 306 : their 
relative values will be now apparent. 


Ex. 2 . Which is the greater 3 J2 or 2 ^3 ? 

Now 3J2— and 2 ^3= ^24 = 24^’. • 

.\lso i8‘^ = 18'’=‘Vi8-’ = 'ir5832, and 24'^s=24''’=“C24"=''/576. 
riie former is therefore the greater, since 5832 is greater than 576. 


314. Similar sards are those which have, or may be made to 
have, the sa7nr surd-factors. 

'Phus, 3 J(i and Ja, 2a and 3b ^.r, are pairs of similar surd'i ; 
and ,^8, ;J(5o) and ^(18) are also simila 7 \ because they may be 
'vritten 2 J2, 5 ^'2 and 3 J2. 
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1 . 

7. 

12 . 

16. 

21 . 

26. 

31. 

34. 

38. 

40 

4?. 

48. 

53. 

58. 

63. 

68 . 

71. 

73. 


Exercise CXII. 


Express the following with indices, whose numerator is unity. 

4*. 2. 9^. 3. y'i *• 5. 6. (l)'l 

Express as surds of the second and third orders. 

5 . 8. 2 .V. 9 . §«. 10. 11. .\(a + ^L 

Express wj^th indices I and — \. 


3-“- 13. (3l)’^ 

Reduce to entire surds 


14. ?. 


15. 


SJS- 17. 18. ?i.3'. 19. 20. i(v)'^ 

25 ( 11 )'-. 22. 3 ^ 2 . 23. 8 . 2 '^ 24. 4 * 2 ^. 25. 3 . 3 '^. 

27 . 7,C/)'^ 28. 2s/rt. 29. 7aJ{2x). 30. a{aby\ 


{a + d)[d^-b^-y‘. 


32. {a-b){d^^b^)-'-. 


33. 


35.3«.r^;:. 36 . 37. 

(t°^) • 39 . . 


sjm- 


a+x 




V V V-r*’ / • /5V \«V' 

Reduce to their simplest forms 

^/45- 44. v/i 25 . 45. 3 v/432. 46. ^iSS- 17. 3^43-- 

Vij. 49.2^0. 50. 3Vv 51.4^14. 52.81 


51. 4 


52. 8‘. 


32 S. 54 . 73 I 55 . (ii,)''-. 56. ( 20 ',r". 67. (3o|ir'^' 

LU'¥. 59 . 5 ^ 4 .*. 60. iyg:^ 61. 69. y(«w). 

Express as fractions with the surd part integral 

64. 4,/H. 65. s/;*. 66. 67. 


Express as surds of the same order :— 
^/5 and ^Tii. 69. ^7 and V9. 


70. V 4 and ‘V 5 . 


Which is the greater ? 
6‘/3 or 4 V 7 . 
v ^5 or yii. 


72. 3 ^3 or 2 3rio. 
74. I J 2 or 1 // 27 . 
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Which is the greatest ? 

76 . 2 ITi 5, 4 ^2 or 3 ^5. 76 . -/j, 2 or or 3(4J)’^* 

77. Shew that v^i 2 , 3J75, WM 7 » « v^fV* VA ( 144 )'* ^tre 

similar surds. 


3 

70 . Given ^,/5 = 2*236068 .. , find the value of . 

79 . Given ^^6='2*449489.. find the value of , 

80 . Ciiven ^'7 = 2*645751... . , find the value of 


II. Addition and Subtraction of Surds. 

316 . I'o add or subtract surds, reduce them, when similar, 
to the same surd factor, and add or subtract their rational factors. 

Ex*. 1 . v50- ^,/(4X2)+ V(2S X2)- ^/(9X2) 

' = 2 V 2 + 5 ^/ 2 - 3>/'2 = (2 + 5 - 3 ) n '2 = 4 V '‘ 2 . 

Ex. 2 . in + d 125.2"^*) 

= 4a Xb)- X b) 

= 4a^b ^b + 2a'^b ^b— ^a^b ^h-={4n^b 4-2a^b - ^d^b') ^b 
^d*b ^b. 

Dissimilar surds can only be connected by their signs. 

Ex. 3 . s' 3 -+ ii^i6-Y64 =-/{'i6x2)4- 3 '’( 8 x2)-Y(i6x4I 

^ 4 ^ 24-2 Sr 2-2 .^'2 = ( 4 - 2 ) ^/ 2 H -2 ^2 
— 2 ^'2+2 ^2. 

■* 

III. Multiplication and Division of Surds. 

316 . 'fo multiply surds, reduce them by Art. 312 to the same 
surd-index, and multiply separately the rational and surd-factors, 
retaining the same surd-index for the product of the latter. 

Ex. 1 . JS X 3 ,,/2 = 3 16= 3x4=12. 

Ex. 2 . 2 ,^/3X3 Jiox 4«/6=24 ■/i8o=24 v/(36x 5) 

= 24 x 6 ,,/ 5 =i 44 Y5. 

Ex. 3 . 2 V3 X3 3^2 = 2^27 X 3V4=6V'io8. 

317- Compound surd quantities are multiplied according 
to the method of rational quantities. 
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Bx. 1. (2 + v^3)'3 - v/2) = 6 + 3 - 2 V2 - Jb. 

Ex. 2. (2+v/3)(2 --w/3)“4-3=i- 

Ex. 3. (2± J3)'' = 4±4 n/ 3 + 3 = 7±4 v'3- 

Ex. 4 . (1 +V2)‘*= 1+4-s^2 4-12 + 8 V2 + 4= 17+12 v^i. 

318. Division of surds is performed, when the divisor is a 
simple (piantity, by a process similar to that for Multiplication. 


Ex. 1 . 
Ex. 2 . 

Ex. 3. 


v/2 = 


/;t_i; ye,_«, y 

— n' i V 4 — s ^ - - 


5 V ^2 


5 


(8 v'2 - 12 ^3 + 3 V6 - 4 ) ^ 2 s/6 = 4 Vr. -6 

— 4~6v/-i + •] ~n/ 3“3\/24*2 — f v'^6. 
(2n/ 3-6^2)- V6=2^';:--6‘y./T<, = 2^/i-6«/5\ 

= 2-HZ'864. 


1 . 

3. 


5. 


7 . 

10 . 

12 . 


14. 

16. 

17. 

18. 


21 . 

23 . 

24 . 


f 

Exercise CXIII. 


.Simplify 

‘/128-2 v^5o+^/72-2. 3r40-i 2r32o+§^135. 
^x/ii - WJ2+4 vZ27-2 v'to- 4. ^ 72-3 + ^214- 




J2 


+ 


v/24 

3 JS 



.M ultiply 

3 -/H by 2 v'6. 8. 3 \/i 5 by 4 V20. 9 . 2 ^4 by 3 ^54. 

3 x /3 + 2s/2by J 3 - 11- 2 ^i 5 -v'<'>by ^/5 + 2V2. 

^/2+ </3+ by J6~ yfz. 13 . -JJ2 by ^,^+ . 

Find the continued product of 

3 ^/8, 2 ifb and 3^54. 15 2 J2^y SV18 and 4“'^24. 

4 + 2 J2, I - 4-2 vZ2, ^2+^3, I + and J2- 5. 

X - I + V2, .r- I - J 2 y .r + 2+ ^,/3 and .r+ 2 - ^3. 

Divide 

6^/7bys-/3 19 . 3 ^/5 by 7 2. 20 - 5^6by3>/'io. 

2 x/3 + 3x/2+v'30 by 3 s/6. 32 . 2 ^/3 + 3 ^2 + ^30 by 3^^2. 

.i'' + 2pry+_^2+4r + 4^+16 by x+y-2 sJ[x-\-y)^^. 

Prove that (^./5+ ^/3+ v2+ i)" + (-/5- J3- j2 + i)‘^ 

+ (x' 5 + x/2~i)“ + (V5- ^/3+ v'2-i)=* = 44 - 
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319. But, if the divisor be compound, the division is not 
easily performed. The form, however, in which compound surds 
visually occur, is that of a binomial quadratic surd^ i. e., a binomial, 
one or both of whose terms are surds, in which the square root is 
lobe taken, such as 3 + 2 ^/5, 2>/'3-3>/5, or, generally, ^a± 
where one or both terms may be irrational • and it will be easy, 
in such a case, to convert the operation of division into one of 
multiplication, by putting the dividend and divisor in the form of a 
fraciion, and multiplying both numerator and denominator by that 
(juaniity, which is obtained by changing the sign between the two 
terms of the denominator. By this means the denominator will be 
made rational : thus, if it be originally of the form it will 

become a rational quantity, when both numerator and deno¬ 
minator are multiplied by This process is called ration¬ 

alizing the denominator of a fraction. 


Ex. 1. 


Ex. 2. 


2 + ^ { 2_+_y3)(3-Ji3)^f^ + 3N/3-2Nf3-3 

3+v'3 v'3X3 - ' 9-3 

= 3+ v^3 
6 ■ 

l 2'/2-t-->/3 2V2-f ^^3 

2 V 2 - (2 ^'2 - J 3}(2 ^'2 + v/ 3 ’} 8^3 ~ 

^2^/2+ ^/3 
5 


If, however, we had rec|uircd the value of to three 

2 2 - 4 - 1 

places of deiirnals, «e lake the form - , 

5 


the answer = 


2 X r4i421... -t-173205. 


2'82S42... 4 -173205... _4‘56o47... 
5 “ 5 


= •91209... 


320 . When two quadratic surds differ only in the sign between 
tlieir two terms, they are said to be conjugate. 


Thus, 2 >/3 +3 v'2 and 2 ^^3 - 3 ^'2 are conjugate. 
In general Ja ! s!^ ^^ntl -Ja- Jb are totijugate. 


321 . If there be three terms in the denominator it will be 
necessary, in general, to perform two such multiplications as above. 
We always multiply in such a case by a quantity which differs from 
the denominator in the sign of one of its terms. 
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Ex. Find the value of —-—-- 

3+ ^3- v/3 

If we multiply numerator and denominator by 2+^2+v/3, 

.».e e.pression = —= 

._ 3‘-4n/2 4^/2-3 

“(3+4'x' 2X3~'U/2)" 9-32 “"Is" ' 


Exercise CXIV. 


Divide 


1 . 2 +4^/7 by 2 -/y- I. 

3. 5 — 2 *y6 by 6 - 2 ;^/6. 


2. 3 + 2 v/5 by 2 ^/ 5 -r. 


Rationalize the denominators of 


2 ^'3 + x '3 


5 . 




75 + 


7 ^T.57? 

3-2 v'2 


_^3+n/2 q 3+v/5 ia I0n^3 + 3^7 4n/7 + 3n/2 

2v/'3+ 72’ 3- J5' <; j2'+2x/7‘ 


3 - 


7^7-S^3 


5 *72+ 2 ^7 


Find the value corrert to four places of decimals of ;- 


.. 

3-272' 


13 . 14 . 15 . 

2k.'7 4-T C ./i — 9. ./7 


277 + 1’ ■ 572-2^/7' ■ 5^/3-2 v'2* 


Find the value of:— 

/ io + 0 75 \~ 17 . .5 _ 1 1« 2(1+73) 

\ 9 + 2 75 / ’ 7i 5 + 7b “/bo- ^' 24 ' ’ • - 72 + 73 ' 

I 75„+ __ / ^5- 73 \^ on ^ “ 72 + 73 _ I - >^2 - ^3 

\75->^3/ X 75 + 73 /’ ”‘i+72+v^3 i+72-'/3" 


2(1 + 73)_. 

I - 72+ 73' 


J{a +.jr) + J{n - x) 
7(«+-f)- y/{a-xy 


a - s/{a^ - X’) a + ]j{a^ - x ^)' 


-^'.+ 7^* li) . *) (15. M. 1863). 

X-J{x^-i) .'r+v(;r2-i) ^ 

j7(^!+ D + - I) + I)- /U®- *) 

70r® +1) - - O J{x^ + i) + 7('^‘" - 0' 

c^{a h)-ar _ i _ * - 4 

bc-’C>J{^)' ■ 4(I+^./.^■) 4(1—v'-*") 


4(1 + ^tx)^ 4(1 - 7^)"^ 2(1 +x) 
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28$ 


27 . 

28 . 


Prove that .(c- f. a. 1877). 

^io-piify . t 7^V3 + rT-;/rr;/3+. - + ,/3 


N/ 2 +^/ 3 -r- 


29 . 

30 . 


Find the value of t,-- ■^--- “ + “"V ^ *“2, when x= i + V3. 

.r"-3r + 2 2.i- + 5,r + 3 

rind the value ot --—;— - - -(, when t= - a. 

s/{a+.x - J{a~x)' 25 


CHAPTER Xll. 

HAKDER KORMUL.K AND TRAN.SKORMATIONS. 

1. HARDER FORMULAE. 

322 . There are other results in Multiplication which are not 
x|uite so important as the PormulsB (;<eneral results expressed in 
symbols) {jiven in Arts. 102 and 170, 172, 173, but which are deserving 
of notice. VVe ifive them here in order that the student may be able 
to refer to them when they are required ; they can be easily verified 
l)y actual multiplication. 

1 . iax-hy^ + (a^hf=2a^+2b\ 

2 . {a + bf-(a-bY=iab. 

3. (a+ft)" + (a - ft)’=2tt" + Baft*. 

4. {a + bf-{a-bf^Ga% + 2b\ 

5 . (ft-c) + (c-a) + (a-ft)=0. 

6 . a{b-e) + b{c-a) + e{a^h) = Q. 

7. (ft - vf +(c - af +(a - ft)*=2(a*+6* + c* - hr ~ m - aft). 

8. (a+ft+c)(a*+ft*+c* - ftc “ c*a - aft)=a*+ft*+e* - 3«ftc. 

9. {be +ca+aft)*=ft*c*+;c*a*+a*ft»+ 2tibc{u +ft+ e). 
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10. (ff 4 -/> + r)(6r; + f:a + afc) 

— {h + c){e + fr)(a + 6) + abc .(i) 

— h<‘{h + v) + ca{c +a) + ah{a + b) +3af>c....(2) - 

= a~ (b + r) + b^(f; + a)+ +ft)+3aftc.(3) 

= CT(ft- +r") + ft(r‘-^ + rt“)4-e(a- +ft^) + 3rtftr...(4)^ 

11. (ft+r^)(r+ «)(« +ft) 

= a(ft“ + c*) + ft(r‘“ + a^) + c{a- + ft'') + 2aftr. (i) 

=a®(ft + r) + ft-i>‘ + a) + 6*“(ee + ft)+2aftr.(2) - 

= ftr(ft+c) + ra(r + «) + aft(flr+ft) +2«tftr .(3) 

= [a + ft + «)(ftr + m + aft) - abv . (4)^ 

12. - (ft - c){c - (t){a - ft) = a\b - e) + b'\c - a) + c\a - ft).(i)’| 

= ftr(ft — r) + ra(r — a) + aft(a — ft).(3) r 

= - {a(ft-- c^)4-ft(</‘*- a®)4-c(a^-ft^)J...(3U 

Ex 1 . Simplify i/i + b-\r c)'^ ■¥ (b c -<i)~ + {c ■\r a ~ b)-A-{a b - c)^ 

'I’he Exp. == {{b + ^:) + + {(b + c) - n\'^ ■k-\a-{b- 1 )}- + ^« + (^ - 1 ))“ 

= 2(^4-^)* + 2a‘^ + 2^«- + 2(^-rV-, (k. i) 

* +2^(b + n- +(b- c)H = W + 4^^ + 4^“- 

-= 4 (<*® 4-/^2 

^‘Ex. 2. Simplify 

/ (a - b){ V - a){x -b)-\-{b- c){x - b){x -c)->r{c- a)(.r - c)(.r - a). 

The Exp. = (r* — (a+b)x+abi+(b — c}ix^ — (b + r)x + bc'i + 

(c — — (c+a)x + CtZ} 

— x^(a — b) + {b — c)-4-c—a)\ — x{{a4r b){a - ^) + (^ 4- c){b - f ) + 
(c — a){c +rt) J + ab{a — b)4r bc{b ~c)+ ca{c — a) 

=X o +.r{(a® — b^) + {b^ — c-) +(c® - a®)J + ab{a — b) 4 - 
' bc(b — c)+ ca(c — a) 

=! ab{a — b)+bc{b - r) 4- ca{/: — n\ 
sx —{b — c){c — a)a — b). 

Ex. 3. Simplify 

* (a + b+c){a+b+a)+{a 4 -C‘i-d)(b+c+if)-^(a+b+r+(i)\ 
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Let t*+ ^ + rH-^/=.r, then 

The K\p =‘{x-~fi)(x — c) + {x-~6)(x-a}-.x" 

= x''^ - (c+ d)x + cd + X* - (a + d)x + n/> -- .r- 
-= .r- - (tf + d f 4 -r/).r+ 4 - 
— a 3 + cd, for a + d + c + d=:x. 

Ex. 4 . Multiply x‘* + (3'? + 4d)x + 1 2ad by -v" ■~{^a + 4^).t' + 1 2(i^. 

We have jt^ + {^a + 4d)x+i2ai/=‘{x+yr){x + 4/>]. 
and x'^-(3a + 4^);r + 1 2ab^{x - - A^^)- 

I 'roduct = (.r + yi){x - 3 ri)(.v + 4^)(.v - 4/j) 

= {x~-c)a^-)(x^-\ 6 b-j 
— .r^ - (9rt® + 1 6 fi“ )x'’ + j 44rt“/>“. 

Ex. 5 . Find the value of 

(. 1 * +• 2y 4- s){x^ 4 - Aj'^ 4- — c.i - 2 .vy). 

The Exp. = {(.i- 4 - 21'; 4-.c'}[{(.a^ 4- 2j'y- - si'.t 4- 2f) 4-^-} - 6.19-] 

= f.v 4 - 2 )9^ 4-— 6xy(x 4 - 2}' 4 ") 

= .1 '■ 4- 8)'^ 4 64- 2y) 4- — 6 v^f.* 4- 2j') — 6r j’^r 
= .r * 4- Bj'"’ 4-«- 6.r ]'r 


Exercise CXV. 

Simplify 

4. (a + bf+(b + cf 4 - (r4- a)- - (a + b^ c)". 

,2. (rt 4" 4" 4" (/■* 4" — t')" — {c A~ci — b)^ {b A" c ~ £i)~. 

3 . (^£1 A' b A" c Ar d)' A" {(f b A" c ~ df'^ A' (a A~ b — c ~ dy A’(^£t~ b — <r 4* d)“. 

4. (a- b){x 4- ci){x A-b)A-{b- r)(.f 4- ^)(.v4- 1 :) 4-(r - a){x + c){x 4- u). 

5. {a^A-b^A-c''^)~A-{aA‘bA-c'ybA-c~a){aA-c—b)iaA-b-‘r). 

6. (or 4* P 4- -{aA-bA- c){b A-c- a)(/x Arc — b){(i A-b- c). 

7 . {aA-bA-cy^-{bA-c — ay-{cA-a — bfr-iaA-b-cf. , 

8. (3rt 4 - 2 ^ 4 - S^i' - ( 3 ^* 4 - 2^ - 5c)’' ^ 30 ^U 3 « + 2 ^)'“^ - 2 5 ^'h 

9. (bA'C)(cA-a){aA-b) — {aA-b+c){6cA‘Ca A-ab)A-2abc. 

10 . (16.r*‘ - 20;r’ 4 * Sx^ 4- (i - x^)\ 16^, i - .r*)® - 2o( i - .r-) 4 - 5 

(c. K. 1889 ). 

11 (aA-bA-cyA-iaA-b — cyA-ia — bA-cyA-icA-a — bf, 

12 . {aA-bA-cf-ibA-cy-icA'uy^iaA-byA-a^ A-b^ + c\ 

13. {aA-bA-cy~d' — b^-c^-3{bA-c)(cA-a){aA-b). 
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14 . (rt + ^ + 2c)i(i ’i-2d + c){2a + d + c)-{6+c){c+a){a+d). 

15 . {a+d+c){x-h_y + s) + in + d^c){x+y-^s) + {^ + c-a){jy+s-x) 

+{c+a-6){s+x — 

16 . {a — d + 2){a^+d‘^ + 4 + ad — 2a + 2d'). 

17 . {x-2f- 3)(jc® +9 - (^ + 3A' + 2xy). 

18 . {fi - + c- a)-i-ic' - n){c + a - d) + {a- d){a + if - c). 

19. +ad){i 4rca)-\-{c~a){\ +ic){i 4-ba)-\-{.a-b)[\ +ca){i +cb) 

20 . (1 - «“)(t 1 “ -h (a ~ b^^Xb - fa)(c — cib). 

21. (x-jy + (x+j'X + 3(x~j/)Xx+j') + 3(x-jfX-‘^+Jf)‘'^- (C. K. 1876 }. 

TRANSFORMATIONS. 

333 . The following Transformations (changes of form) nf 
algebraical expressions are deserving of attention, 'Fhey can easily 
be \erified by actual multiplication. 

1 . ( 1 ) a^ + lf^ = (a+ 2aor —(a-h)~+ 2afK 

(li) (a + 5 )“=(«- 6 )‘'' + 4«&. 

(iii) (a-0)''‘=(a + by^-^al>. 

Ex. 1 . Find the value of when .i +/=8 and xy= 15. 

+y^ = (.t' + y)^ - 2xjy = 8“ - 2 X 15 = 64 - 30 = 34. 

Ex. 2 . Find the value of {d-b/^^ when ti+b = () and ab —20. 
{a-bf = {a + b)''^-4nb = cf - 20=81 -80.= i. 

Ex. 3. Find the value of + when a-‘b=^ and ab— 14. 
d^ + b'^ = {a-b)“4-2ab = S''-^- ^ 14=25 + 28=53. 

Ex. 4 . Express (a-^)‘-^ + 4(ii:'-rX<5 - 0 a square. 

The FIxp. = (a - bf + 4{^r^ - (« + by +1'} 

= {(a — b)‘^ + 4(ib\ — 4 (^* + by + 4^' 

= (fl + - 4(a + b)c + 4C^ =7. {{ft + ^) - 2f 1“ = {a + b- 2c)‘-. 

2’ {\) {a4‘0){a-‘b)’=a^-h'. 

.... . ia + b\- ta-h\' 

( Y-)-( 2 ) • 

jJS!s. 5 . Express (.r + 7( t)(.r+9<i) as the difference of two squares. 
H ere,-r + 7a = (jf+8a) - a and ar + 9rt= (iT + 8a) + tj. 

Hence the Exp. = {{x + 8a) - a){(x + 8a) + a) — {x + 8a)‘'® -- a\ 
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Bx. 6. Express —bx — i) as the difference of two 

squares. X’ . 

' '■ """" Let a=:r® + 4 .r + 3 and ^ = ;r^-6;r-I, then 

^-'= + 4:r + 3) + (.v*-' - 6:tr - I)} = ^x^-x+ i, 

and --- ^ = + +3)-(.r‘-* —6 a'— l)}= 5;t: + 2 ; 


Hence the Exp. = (.r-* -.r +1)- -(5^* + j2i:.jSJul>»titH+ion. 


Exercise CXVI. 

1 . P'ind the value of ci^ + d'^^ having given 

(i) ci + b—\'2^ab—‘^^. (ii) a + b=i;^^ab — ^o. (lii) a —b = $^ ab^'^G^ 

2 . Find the value of (-v+j)-, having given 

m 

(i) .r—v = ij,.rj/=iS- (ii) .r —= 5, .t'y = 4. (iii) x-v = Sf ry—i2. 

3 . Find the value of {a — having given 

(i) u + b=-7, ab — (). (ii) a^ + b‘^ = $7, fib=i2. (iii) fr + ^= i8,/^/' = 72. 

4 . Find the value of a- + b‘^, having given 

(i) a —/;=I4, ab = 2S. (ii) «+1^=10, ab—47. (iii) a — l>~i7^ (rl)~2^ 
'^^l.vpress the following as squares y- 

^ b. (a — 8by^ + 4(2a - 3b)(a + S^)- 6.{3a + 2 by — 4{a+3b){2a-b). 

l^xpress the following as the difference of two squares :- 

7. ^jx 4- i)(. rjf 2 ){x + 3 ){x -fj ). ' 8. (-r- + 7.r+ 9)(.r- + 3.r + 5). 

9. {6x^^^x + ^l2x^+x~S)- iO. (x + 3ci){x+S<^)ix + 7a)(x + ()a). 

~x (C. fc. 1887). 

¥ 

3 . (i) fi'^+h^={a + hy- 3 ah{a+f*). 

(ii) - b- = (a - by + 3 ab(a - b). 

Bx. 1 , Find the value of x^+jr\ when ,r + ;' = 5 and .rr=9. 

4-y^^ix 4-j'y - 3xjf{x + 4 O = 5'*-3X9X5 = i25-i35=-io. 
Ex. 3 . Find the value of when x-j'=‘3 and xj' = 3. 

.r'i -y = (,r - yY + 3xXx -y) = 3 "+ 3x5x3^ 27+ 45 = 72. 


M. A.--19 
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‘'Bx. 3 . If a + * = 10, find the value of \. 

a a* 

^ 3 + ^ ^(a+^y -.^.a^(a + -) 

\ a/ n\ aj 

*^("■*'1) = io““3 X 10-970. 

4. (i) a‘‘* + 6^ + c®«(a + fr + c)®-2(ftc+c<* + a&). 

(i 1) «"+6* = {a + &+cf -3(ft+ c){c + a){a + h). 


£x. 1. Find the value of + when a+b+{:=^ \o anrl 

bc-k-ca+ab —27. 

a^ + b^ + c^ = {a+b + c)^-2{bc + ca + ab) = io^- 2 X 27 = 4(). 

\ 

, £x. 2. Find the value of + when b+c = 7 ^ c+a=$ 

and £1 + ^=6. 

Here, rt + /^ + t'=||(/^ + £') + (^ + <2) + (« + ^)} = -1(7 + 5 *h6) — 

H ence + d'* + 6*^ =^{(i + b+ 6 f'- 2 {b+c)ic + a){a + d) 

; =9^-3x7x5x6=729-630=99, 


Exercise CXVII. 

1. Find the value of + when 

(i) a+b=7y ab = ^. (ii) a + ^= 12, ad= 15. (lii) £* + /;= 10, £id= 13 

2 . Find the value of when 

(i) £*-£5=5, rt^ = 9. (ii) a —^ = 7, £*^ = 4. (iii) a-^= 12,'£*//' = 75 

3. If A' - * =7, hnd the value of \ . 

X x^ 

4. If £* + -=6, find the value of d'+ \ . 

a (T 

5. Find the value of £j'-^ + having given 

(i) a + b-\-c—7y br-^'Cif'-^izb^^zo. (}\) £*+/;4-^“ 15, ^^■+r£«+£?^= 125. 

> 

* 6. Find the value of £*^ + ^®+£:®, having given 

(i) ^+f«B3, <:+a = 5, £?+^==6. (ii) ^+^= 10, *:+£*= 15, £* + ^=i 7 

7. Find the value of £*- + £ 5 - + *:“ 4- 2 bc + 2£:£* + 2ab, 

when a=x+yy b^z-\-x and €= - {y+z). 

8 . Find the value of (b + c-aY + {c+a-bf + {ai-b-cf + 24a^^. 

(B. M. 1859)' 



• CHAPTER XIII. 

HARDER FACTORS A^D IDENTITIES. 

I. HARDEE FACTORS. 


324 . We have in Art. 124 restricted to the oonsideration of 
iactois, which are free from terms involving square or other roots, 
winch cannot be exactly obtained. Mere we propose to extend the 
lorrnula, to resolve into factors such expressions for which no factors 
could be found with the restrictions. I'he following Examples will 
illustrate the subject in question. 


Ex. 1. a-b-{ Jaf -( Jbf = (•/rt + v'^)( s/« - Jb). 

Ex. 2. - (V 5^0" = (r -1- ■/ 2 ^){x - fo*" ( >ls f~ 5- 


Ex. 3 . ’ r* + a*=:(.r^ + 2(i“ V" + = (.r® + 

” (.r‘^ + n- + 2ax')(x^ + - ^'la i ). 


325 . Any expression containinii the second power of x is 
rilled a quadratic expression in x. 'I he general form of a 
, Uiidrafic expression is ilJd^ + bx + e. 


326 . To resolve + + into factors, by expressing it as 

the difference of two squares. 

We have + hx + c =j (.1 ■ + ^x + ‘ ) 

\ t/ 

^a{x'+px + g'), if ^ =p and ‘'—g 

*JL 

= a{ X- +/. 1 '+ \p~ — ip'-^g) 

=. z{(.x' + \pf - .1 {P‘ - 457)^ Art. 123. 
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1 . Resolve ;r^ + 7.r-44 into factors. 

+ 7 ^- 44 + IX + (Z)“ - (i)-- 44 =^® + 7 -'’^ + (a)“ “ ‘‘^V' 

= (A' + A )=* - (1/ )2 = (,r + 1 + \f){x +1 - V') 

= (.r+ii)(.r~4). 

y 

Ex. 2. Resolve 4-17^:4-12 into factors. 

6.r“ +17J^ 4-12 = 6{x^ + -\f.r 4- 2) ='b{x'^ 4- \^x 4- (| i)^ - (} )‘'^ + 2}, 
= 6{:t:«4-V.r4-({i;^-,L} = 6{(:v + ^5)^-(^Vn 
= 6{.r 4 - ] .j + \{x 4-1 .j — J 

= 6 (.i' + 4- ^) = ( 2 .V 4- 3 )( 3 x 4- 4 )- 

..i ' ' 

Ex 3. Resolve loyMnto factors. 

2 1.r“ +xy—l oy^ = 21 {x“ 4- -A~ h \y^) 

= 21 {x- 4- -A xy + (,*.,>0“ - (jV) - - y 1 yi 
= 2 1 {.r- + -A X)' 4- (yf - ,VA 

= 2il(;r4-Ay-(Tl!r)") 

= 21 {.r 4- .A y 4- 'i ;j j'j {.r + y-'f-l J') 

= 21 {x 4- V’- H y) = i7x+ S7)(y^- - V'}- 

Exercise CXVIII. 

Resolve into factors, by the method of Art. 326, e.\pressing as the 
difference of two squares :— 

1. x~ — 12X + 32 . 2. x‘^ 4 - 3 .V - 40 . 3. -v- - io 3 ;r4 -102 

4 . jtr-4-lOA 4 - 21 . 6. ,r“-i2;r + 27 . 6. 6 x‘‘^+x— 22 . 

7. 2iz‘^-I3;i-84. 8. 25.r®-7,1-86. 9. lox^-i^x-cj. 

10. 7jr‘-^4-32.r-15. 11. 30,1:24-23,1--143. 12. 63:j:®^32,r-35 

13. 2;r‘^ t 3,i>- 14 . x^~c)fKV — i(^ai 15 . 8;r“4-6ij'-27/-. 

16 . 24a^ + 37ax-72x-. 17 . 2 (jr 4 -r)“- 9 (,v 4 -j')(« 4 - 3 ) 4 - 4 (rt 4 -<^)'^. 

18 . 4A'‘* 4 -4.1:^ — 3y. 19. Ox* — x'^y-—y*. 20 . x'^y* — xy~ 4-272. 

Resolve into factors - 

21 . 24 . ,r‘-^-2a“. 23 . a*-(rd- + fi*. 24 . x*-- 3 a' 

pft. To prove that 

* ^ «"+&®4-c*-3«fer=(rt 4-ft4-c)(a“4-fe“4-r:®-6c-Crt -aft) 

= -KO' 4- 4- r;){(6 6')^ 4- (c - a)^+{u- ft)*}. 
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Since + d^ = {a + df - ■^(id[a + d\ we have 

a^ + d'^+c^- ^abc^[a-{-b)^-\-c^~yii{a-\-b)’-'^abc 
= {a + b^rc){[a + b)^~{a-\-b)c-^c^\-^2(^b{a^rb^rc). Art. 132 
— {n + b-\- c){{a + b)'^ - (a + b)(:+( - - -^ab) 

= (rt + ^+f)(+ 2ab + b'^ ~ ac ~ be+£" - ;^ab) 

^{a + b + c){a^ + b'^ + ~ be — ea — ab^ 

= ^(a + b + c){2a^ + 2b^ + 2^r" - 2be — zen — zab) 
z=\{a-^d-\-c){{b~cf-\-{e-iif^{(i-~bf\. Art*. 322 (7) 


Ex. 1. 


I'actorlze^a^H^ b^ - 


The Exp. ^tr+b’^-^-'y — eY- 3^b{ - c) 

= {a + /; + f - + 32 4 - (- ef ~b[-c)-{- c)a - abS 

— {a + b + 32 + 4 - be 4 - eu — <ib). 

Ex. 2. Factorize -j/" - yvy - 1 . 

I'he F:y.p. =.r" 4 -( -yY 4 -( - rr’ - 3 v.( -y).{ - 1) 

= {i'4-(-v)4-(-- i)Hf^4'(-J')H(“ iy'*--T( -y) 
-.r(-i)-(-j/)(-i)} 

= (x-y -\)(x‘ +y^ +1 +xy-^rX-y) 


= (.r - - I )(.r'' 4 - xy +y^ + x -y 4 - 1 ). 

Ex. 3 . Factorize a” 4-4<'^^ - I- ' ' ‘-I- '' ' 

The tlxp. = rt*'4-— I F 50* = («*^)'’ 4 -fi’’ + ( — f)•’ — ^.u“.a.{ — i) 

= \a^ + rt + (- 'i Ma^f +,,a + (_ , )2 _ - a\ (- i) - 

rt(-i)} 

= (— I ){rt^ + + I - ’ 4 - 4- a) 

= (a- + - 1 )(«'* -a'' + 2 a^ + a+i). ^ 




Exercise CXIX. 


Factorize 

1 . a'~b'^ + e'' + ^abe. 

3 . ,v‘' ~y'^ + p:y -f-1. 

5 . .i'"* — Sy^ + 27 s'^+i Sxys;. 

7 . - //* F 8 + 6ab. 

9 . + 83 ^ + 27 e^ - 1 8 a 3 t:. 

11 . -27z^y i Sxys. 

13. ft'’ + 27 - 53(2532_9rt). 

15. (a~bf-(b-cf + (c-af + ^(b 


2 . if — b"* — e'^r-sabe. 

4. , 1 *’+^'' — 3 .^ + 1 . 

6. Srt'’ - 273 ® - I - 1 8a3. 
8 . 8 a^ + 3*-r+6«3. 

10 . 2x"+y^-3xy. 

12 . i4x^~4y^+gx^y, 

14. a“ + 32a^ — 64. 
e)(e - a)(a - 3). 
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To prove that 

* * (a + h + e)(bc + ca + ah) — ahc=^{b + c){c+a){a-hh). 

Putting X for a + ^+f, we have 

{■a + h + c)(dc + ra +ad)- abc —.r (+ ah) — abc 

■=■ x^ — x\a + b + c)+xibc+ca + at) — abc^ for a** — r’=o 
— {x — a){x — b){x-^c)^ Art. 98. 

= (rt + ^+^^- a)(fl+<5 + £ -^)(fl + ^ + ^-r), ("writing tf + /i4-r 
*(^ + r)(r + «)(« + ^). t forA-. 

329. If the expression + + which may 

be written in any one of the equivalent forms 

a®(/> + e) + f>®(c+a) + <*^(flH-ft).(i)"^ 

bc{h + r)-\-€a{e-{-a)-k-nh{a-Jrh) ..(2) ! 

a(ft* + ^2) + f>(<;2 + «2) + + ^,.2).(3) ) 

be denoted by P, then 

1. P+2afte=(/> + r)(r? + a)(a + f»). 

2. P+3af>c = (« + b + c)(br + efi + «6). 

^ 1. Taking the first value of P, we have 
a\b +r)+ b\c ^a)-\-cHa + b)-\- 'labc 

=iP{hArc)->ra{b^-\-c^-\-'ibc)^b'^c-\rbc^ /multiplying and 
= a\b + c)+ a(b+cf + bc{b + r) ^ re-arrangmg 

= (^ + c){a^ + a{b + £■) + be) 

=* (^ + c){a + b){a + c) = {b + c){c + a){(i + b). 

y;2. Taking the second value of P, we have 
bc{b + ^r) + ca{c + a) + ab{a + b>) + "^abc 

= bc{b-\-c) + ea{c + a) + cib{a + b)+ abc+abc 4* abc 
— bc{b + c) + abc 4- ca{c 4- <*) 4- abc 4- ah{a 4- 4- abc 

= bc{b-\-c^ra)-\-ca{c 4-(a!4-^)4-a^(<3!4'^4-^^) 

= (a 4- 4- c){bc 4- ca 4- ab). 

{a) Since (n: 4- ^ 4- c){bc + ca+ ab) = P 4- ^abc 
and (^4-c)(f4*«){a4-<5) ='P-\- 2 abc 

\ 

by subtraction, 

(a 4-^ 4- c){bc 4- ca 4- ab) - (^ 4- c){c 4- a){a 4- b) 

= (T + ^abc) — (B + 2abc)^abc. 

%% by transposition, we have 

(a 4* & 4- c){bc 4 - CCT 4 - «&) - abc =» (& 4-e)(r* 4 -«)(« 4- b), 
which is the Formula of Art. 328., 
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330 . To prove that 

(«.+6 + c)® — a* ~ — c®= 3(6 ^r){c + a)(« + 6). 

Since (a + ^+f)®=a® + ^+^r® + "id^b +^•) + +«) + + T) 

’\-6abc^ Art. 172 
=a® + + <:^ + 3(P+ 2abc) 

= rt®++ c® + 3((5 + c){c + n){a + b), 
by transposition, we have , 

(a+b+c)^~d - b^ -c^=3(b + cXe + a)(a + b)- 

331 . To prove that 

' ' ®+2a®62 e* 

\ = (a + 6 -h r){a + 6 - 6*)(a + <-*-' 6)(6 + c - «). 

I .eft side =* ^b^<^ - - za^b^ — + 2^"^*) 

^{2bcf^{.i^~h^-c^f, Art. 128 

+ Art. 124 

= {a® - 1 ® - 2 ^f +^2 ^2bc)- d^\ 

= \a^--{b-o'f\{{b-\-cY — a^ Art. 123 
= {ft+(b-e)\{a-{b-c)){(b + e)+a){ib+£)^a\, Art. 124 
= ■^b — f)(/^ — b c){b H" ^ + £z)(^+r — cC) 

^{a\-h-^rc){a-\-b — c){a-\-': — b){b-)rC^ a). 

// 

Exercise CXX. 

Resolve into factors :— t 

1 ^ 1 . {i-x—_y)(.vy-x~y)-~x}f. -2. (£i^ + «'^+a*®)(£*®+«+<»"®)- i. 

3. {a+b + c — d){ab + ac — ad+ be — bd) — ab{c - d). 

4 . a^b +c)+ b“(e + n) + e-^{a + b) + yxbc. 

5. bc{b + c)+ca{c + a) + ab{(t + 3 ) + zabc. 

6 . b\a -1) + c\a ~ d) — a^ib + e) + zabe. 

\ 7 . a{b^+c'^)-b{e^ + d)-c{a^+b^) + 2abc. 

8 . +3C-) + ^ ®(3^+£^ + (.)e\a + b)-^6abc. 

9 . a{b^ + c^) + b(c- + a®f+ £:(a® + d^) + zabc. 

10. x[y+s)‘^ +yis+x)‘^ + ”{x +y)^ - 4xys. 

11 . a{b - cf + b(e - ay+eia - bf+gabc. 

-12. a{b 4 -cy + b{c 4 r df + c{a + by — z<^bc. 

13 . a{b‘‘+c^)+b(e^+a^)+eia^+b'^)+d4-b^+c. 
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14 . bc[]b + c) + ca(r+a)+ab{a + — rt® — - c® - 2abc. 

16 . 8{a + ^+r)® - + r)® - (^+af - (<« + bf, 

16 . rt* - {b^ - t:®)" + -J* - - d^f + ^ - (^3 _ ^ 3 ) 3 . 

332 , If the expression d-b — ab'^-¥b‘‘c — bc^-k-(ra-cd^^ which may 
be written in any one of the equivalent forms 

a\h - <•) +- h'^iv - a) 4- e\a-h) .(i)' 

r) + ca(c a)-\-ah{a-h) . (2) ■ 

- {n{h- - r^) + h{c^ ~ a®) + c{a- - I .(3). 

be denoted by Q, then we have 

Q = - (6 - «)(c — a){a - h). 

Taking the first form of Q, we have 
a\b-c) + b^{c-a)^C-{a-b) 

= d\b — c)-(ib'^ + ai^-\b'^c — bc^j / mnltif)lying 
= aV+ re-arranging 

— {b c){d^ — a{bc) be) 

^{b-c){a--b){a~c) 

= {b — c){a — h)y. ~-{c—a)= - {b — c){c — a){a — b). 

jEx. 1 . Factori/e -r) + 6®(c-ei;) + c®(a-6). (c. E. 1898). 
The Y^\^.—d\b — c)-ab^-\‘ac^-{-Pc- bc^ 

= d{b-c) -a{P-e'^) + bc{b^-c^) 

= {b-c){d~a{b'^ + bc + c^)-{-bc{b-^c)), Arts. 124 & 132 . 

= {b~c){{d' — ab'^) — abc-\-b‘^c~ac^-\-bc^) j multiplying and 
= {b-r)\a{a^-b^)~bc{a-b)-£^ia-b)) ^ le-arranging. 

— (b ~~ c){a — b){u(a-i-b) — be — e^), Art. 124. 

= (b c){a - b){{(i^ — r^) + ab — be) / multiplying and 
= (b — c)\a — b){{a^ — c'^)+b(a — e)) ^ le-arranging. 

= {b — c){a — b){a — e)(a + e + b) 

=* - (a + 6 + - f‘)(c - a)(a - 6). 

Ex. 2 . Factorize - c®)+ b*(e^ - a^) 4- e*(a^ - b’‘). 

In the Formula for Q, writing a®, for n, c respectively, 
we have 

the Exp. = — - F) 

^ {b-€){£--a){a--b){b-*rc){c-\rd){a-\-b). 
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I 

3 x. 3 . Resolve the followin^^ into factors :— 

{b-c)ix" ■\rax-\‘a^)-^{c-a){x“’¥bx-k‘b'^) + {a’-. .. 

Here, {d - c){x'^ + +a®) = (^ - + {S- c)ax' +aHd- c), 

{c — a)(x‘^ + hx-\- H^) =*((:- iz)x^ + ic- a)bx + b\c - «), 

(a - b)(x^ + cx + c"^) — (a- ^).v- +(a-b )cx+(^{a - b). 

Adding vertically the columns containing .r® and A', 
ist column = -£•) +(6-«) + («=*0, ^ 

2nd column = x{a{b - c) + Kc ~a) + t[a-b)\ — o. 

Hence, the given expression-a*(d-6) + A'’(t — a) + r^(rt;--^) 

= -{b-c){c~(i){a-b). Art. 332. 

Exercise CXXI. 

Resolve into factors ;— 

1. bc{b — c) + ca{c — a) + ab{a'^b). (P. K. 1893 ). 

2 . a{b^ — + b{c^ — a ") + c{a^ “ b “). 

3 . bc{b‘^ - c^) + ta{c^ - d^) + ab{d^ - b-). 

4. a{b'^ — d) + b{( ^ - d) + c(d - d). 

5 . b'^C“{b -c)+ c^d{c - a) -1- d^b\a - b). 

6. b'^c'Kb'^ + rd\< -a-) + d^Kd' - d). 

7 . - c") + b\c^^ - rt-)+ c\d^ - b% (m m. 1899). 

8 bcib^ - d) + uaid - d) + ab{d - d). 

9 - d’dib — i:)+ cr'd{c — a) + (V’b\a — b). 

10 . a\b’->c)-\-b\c-a)-^c\a-b). 

11 . d{b'i ~ d) + b\d - d^) + c\d'' - b'^). 

12 . d\b^ - d) +b\d - d) + did - b% 

13 . aib'^ - d)+bid - d) 4 - dd - b^). 

14 dib-ddb^ic — dj-^rdia — b). 

15 . aib — c)^-^bic — aYdcia — b'f. 

16 . a\b — cY + b\c — aYddia — bY. 

17 . ib-cfd[r-aY-\-{a~by\ (p. E. 1893). 

18 . {d^ +\)ib~c)-\-{b^-¥i){c~a)-\-id )(« - b). 

19. {a + i)\b -c)dib+\ )\c ~a)+ii:+i Yia -b). 

20 . {a+i Yib -c)+ib + i f(c -a)+ic+i Y{a -b). 

21 . id+a+i)ib-c) + ib'^ + b + i){c-a) + id+c+ i){a-b). 

22 . (at* - bc)ib - <r) +- <*) + (-f® — ab)ia — b). 
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23. {a 4* i)(6—c)"i-{d i)(^®+^ +1)(^—«) + 

(c- i){(^ + r+i){a-d). 

24. 6c{i — c){x — a)® + )ra(c — a)(x — b)'^ + ab{a — b){x — c)*. 

25. (b ~c)(b+c)^+(c-~a){c++ (a-b)(a-i- b)\ 


333. Any expression containing integral powers of x arranged 
in order of the powers of x, has aJil for a factor, when the sum of 
the coefficients hi the odd places, is equal to that of the coefficients 
in the even places irrespective of the signs, /z/iv, when the factor is 
X + 1 , and unlike^ when the factor is£r— 1 . Also, if the sum of all 
the coefficients be equal to zero, the expression is divisible by aj — l. 

Note. If both 05 + 1 and 05 -l measure the given expression, 
the sum of the coefficients in each case will be zero. 


,.Ex, 1. Resolve 2 r*+ji'^ — 9 ;ir^- 13 .r —5 into factors. 

1 1 Hence .r +1 is a factor, 

and I - 13 = - 12 j ‘ 

The Exp. = +i)—x^(x+j) — Sx(x + i) — 5 (a- + i) 

— (x+i — x“ — Sx-s)- 

Again, by a similar process 2x^—x^-'8x — ^ may be resolved into 
(.r + i)( 2 ;r®- 3 ;*:- 5 ), and 2 ^'*'- 3 . 1 '- 5 into (x-\- i){2x- 5 ). 

Hence, the given expression = (jr+ i)"( 2 .r- 5 ). 

Ex. 2. Resolve 3 r’* — 8 ,f^ + 7 - 1'-2 into factors. 

Here 3 + 7=10 3 

and -8 — 3=-10 j- Hence . 1 -I is a factor. 
or3 —8 + 7-2 = o j 

The Exp. = 3x%x - i) - — i)+ 2{x - i ) = (.*•- i ){;^ - 5 .r + 2 ). 

Again, by a similar process 3 . 1 '®- 5.ar + 2 = (.r — iX 3 -*^- 2 ). 

Hence, the given expression = (-r—i)-( 3 jr- 2 ). 

Ex. 3. Resolve 2 - jx^ + 4 .r® + 7 jtr — 6 into factors. 

and *^-7 + 7 ~^=o } factors. 

The- Exp. = 2x\x^ - i) - 7x{x‘ - i)+ 6 (:r® ~ i) = (jr* - i)( 2 ;r‘'^ - jx + 6 ). 

Again, 2;i:® —7A +6=(2.r-3)(jr-2). 

Hence, the given expression = (^-^ - i )(jr - 2 )( 20 .'~ 3 ) 

=(.*•+i)(jt:- 2 )( 2 .r- 3 ). 

334. To resolve a homogeneous expression of two dimensions 
into factors, proceed as in the following Example. 
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Bx. Resolve — into factors, 


If ^sso, the expression reduces to 

'2a^-ab~6lP^ which ={2a-\-2,b)(a-~2b) .(r) 

If ^=0, the expression reduces to 

2«^+rtc-i5c“, which =(2<2- 5 r)(a + 3r).(2) 

If rt*o, the expression reduces to 

— 6 ^®+-which ■= (3^ - 5r)( — 2/^ ■P3c).(3) 


Mow, comparing (i) and (2) and testing the result by (3), 
we have the given Exp, *= {2a + 3d - $c){a - 2d + 3c). 

335. To resolve a reciprocal or recurring expression into 
iactors, proceed as in the following Examples. 

Def. When an algebraical expression has the coefficients of its 
terms equidistant from the beginning and end the same, it is called 
a reciprotjal or recurring expression. 

Ex, 1. Resolve 2.r* — 5:1-'' - 5^' + 2 into factors. 

The given Exp. =.a;®^2.r®-5.^ + 6- 

=.={2{^^+;,)-5(.i:+;)+6} 

= x^{2{ y®- 2) - 5.r + 61 , if 

=.r®( 2 ^- SV+ 2 )^X‘( 2 V- I)( V-2) 

=.r®^2.irH-“ - —2^, restoring 

= (2.r® + 2-.r)(,r2 + i - 2.r) 

= (2.r2 - X +2)(.r3 - 2.r + i) = (2.r® - ,r + 2)(x - i )®- 

Bx. 2 . Resolve .r® - 4x* - 13.r^ +13.r“ + 4 x - 1 into factors. 

Here, 1-4- 13+ 13+4- i =0 ; .r*- i is a factor. 

The given Exp. = A'*(:r~ i)-3;r^(-v~ i)- 

-3:r(jr-i) + (jr-i) 

— {x— — 3-r® - i6.r® - j-r + i)■ 

iMow, to resolve - 3-v® — i6.j:® -3^+1 into factors. 
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1 . 

3 . 

5. 

7. 

9. 


10 . 

11 . 

12 . 

14. 

16. 

18- 

20. 


22 . 

24. 


I'he Kxp. =5= x“ ~ 3-^ “ • 6 — ^ + ^ 

=xmy“ - 2) — 3 V - i6}, if X + =-■ V 

X 

y“- 3 /- i8)=a-‘-‘( 3/-6)( j' + 3) 

=*=.1'^* ^x + ^6^ ^.r + 3^, restoring y 

— {x^ -r I - 6A-)(.f‘' + I + 3.r) = (. 1 '^ - Gx + I ){x^ + 3.r + i). 
Hence the given Exp. = {x - i ){x^ - Gx + i )(.r‘‘-' + 3.V4-1). 


Exorcise CXXII. 


Resolve into factors : 

.i* - 9.1'^ + 3^:2 + 37.1- + 24. 

3,1"+2.r^ — 28.1'' + 42 a:- — 23 r + 4. 
4.1'* - 23.t''^ + 3o,r“ - yx - 4. 
x^ — 8.r^ + Gx'^ + 7 A* — 6. 

Ga^ 4- 7lid + 7 . 1 )^ 4-11 4- 7be 4- 3t 

4- Gab + ^ae + 4//^ 4- Gbc 4- 2£:‘'*. 
2a® 4- Qar — 1 Oiib 4- 4e^ 4- 2be - 12^®. 
a® - ^ab 4- 2b- - 2 bi — 4f®. 
a® - loa^ — 1 4- 21 //- 4- 5at:. 

r* 4- .1'’ - 10.1'® 4- 4 -1. 

-V* - 4ar^ - 6,v® — 4^: 4-1. 
a''*4- 3^:** - % x ‘^ 4* 3;r® 4-1. 

4- 3 X* 4- 2.r‘' - 2a:® - 3a: - I. 

.r^ — iix* 4- a®a:’’ - ti'x'^ 4- a*.r - a^. 


2. -v^-7.1 "-25a-®4-67.1 -36. 
4. 3.r' - 1 o.a-" 4 -15.V 4 - 8- 
6 . 2.1'' + Sx^- 2X‘ — 1 i.r - 6 . 

8 . .r'* - aa'” 4- (- i) r® 4- (i.i - b. 


13 . 

2tr 

4- lib - 

3//® - ac — 401 — i 

15 . 

•) 

4a- 

— 4 a^ 

- 3b’ 4 -1 2bc — 96' 

17 . 

,r*- 

- - 

lo.r®- io.i' 4-4 

19 . 

.i-« - 

- 5 .t *- 

5 .v‘ + i- 

21. 

r** - 

- 5 a '’‘ - 

12.1:* - 5a'® 4-1. 

23 . 

12.1 

3 '^ 

* - 26.r® 4 - 5.V 4 -1: 


336 . ‘ Sometimes by suitable arrangement and grouping of 
terms, algebraical expressions may be resolved into factors, as shewn 
in the following Examples. 

Ex. 1. Resolve-v'’4-4a:®--5 into factors. 

The Exp.«(.r® -ar®) 4 - S-v* “ 5 = - i) + 5 (^ +1 )(-v - 0 

= (a - i)(ar® 4 - 5 (.r 4 -i}l = (.r- t)(a:® 4 - 5 ar 4 -5). 
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Ex. 2 . Resolve A‘® + ^.r- + ?;4:r + 37 into factors. 

The Exp. = (.r® + 27)+ {Sx^ + 24.t) = (a* + 3”) + + 3) 

= (^ + 3)(-^^ ~ 3^ + 9) + 8 a'(a + 3) 

= ('V+ 3 ){(-^“ -3x+())-\-%x\ = {x + ^sx + 9 )- 

Ex. 3 . Resolve 8 a^ + 4a’ —3 into factors. 

The Exp. = (8 a'^- 1) + ( 4 ^' - 2)~ {2x — 1 )(,4x^ + 2 x-\-i) + 2{2x — i) 

= (2,v - I )R4A'^ + 2.r +1) + 2 ^ = (2.V - I )(V‘ + 2 -v + 3 )- 

Ex. 4. Resolve A'* — 6 A^ + 7Ar*-* + 6 .r —8 into factors. 

The Exp. = (.r* - 6 x^ + gx''^) - 2a'^ + 6a‘ — 8 
= (.r*-* - 3.r)* - 2(.i ‘^ - 3.r) - 8 
= — 2a — 8, putting a for x- — 3.^ 

= (a - 4)(rt + 2) = (A-* -3X~ 4}(x- - 3.1- + 2; 

= (,1-+ I )(a-- 4X'‘-'- 1- 2 r. 

Ex. 5 . Resolve 2.t^+ 5 .V-— 4,r — 3 into factors. 

The Exp. =.v(2.r- + 5.r4-2) — 3(2.1; 4 -1 ) = .v(2;r+ i}(.r+ 2) — 3(2,1 + i) 
= (2.r + 1){r(.i' + 2) - 3H (2.r + I)(a'=* + 2.r - 3) 

--(2A- + i)(A-- i)(:r + 3 )- 

Ex. 6. Resolve (.v + i)(a+3)(a-+5)(a: + 7)+15 into factors. 

Here, (.i'+i)(.t +7) = .^'“ + 8.v + 7 and (.r + 3 )(a; +5)==.r*-^ + 8.r + 15. 

Hence the Exp. = (.v‘^ + 8.v‘ + 7)(-r- + 8.r+15)+15 

= (a + 7 )((i + 15) +15, putting a for x- + ^x 
= a- + 22a + io5 + i5 = a”4-22a+ 120 
= (a+io)(tt+i2) 

= (,r + 8.1; + 1 o)(a-2 + 8.1' +12). 

Ex. 7 . Resolve (a+ ^)^ +a’’ —9^^ into factors. 

'The Exp. = {(a + — 8^’} + («® — = {(a + df — + (a® - fi^‘) 

= (a + ^ — 2^){(a 4- /O* + 2d{a + ^) + 4 < 5 “J 
+ (a — d}(a^ + 4- d^) 

= (« - d){a^ + 4 aS> + 7 ^^) + (« - 6 )(a-^+ab 4 - b'^) 

= {a b){or 4- 4 ab ■\- 7 i'^ 4*a"4*a/;>4-^‘‘*) 

= (a — ^)(2a^ 4 - 5 a^ 4 -8^^). 
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Ex. 8 . Resolve - a — 15 into factors. ^ 

The Exp. *i (rt’ - 27) - (rt^ - 9) - (a - 3 )=- f) - (a* - 3*) - (« - 3) 
=» (tf - 3 )(«^ + 3 « + 9 ) - + 3)ia - 3) - (« ” 3) 

= («- 3 )K^*® + 3 « + 9 )-(« + 3)-0 

= («- 3 )(tf 2 + 2rt + 5 ). 

Ex. 9. Resolve (a^ — ^-)^ — 2£--(rt‘‘^+^'-*) + c* into factors. 

'Fhe Exp.={(«'“ + - 2c--{d‘ -f 

. - {{a^ + - 2c‘^{d^ + d^) + 6-n - 4^''-^- 

= [{d^ + d'^)~c-f--{2ady^ 

=(^3 + ^3 4. 2ul>){a- + P - c- - 2ad) 

=--{{a + bf-c^){{a-bfr-c^\ 

— \/ib-^rc){(i-\-b - ('){a — b-{-c){(i — b~c). 

‘ Ex. 10. Resolve 2(tf + /^ + t:)" + (/^+r)(t + ff)(« + dJ4-2rzdc in/o factors. 

.Assume-v = rf 4-^ +r, then b + c— \ ~<i^ c-k-a—x - b^ a-\-b~x - 

Hence, the E.\\i. = 2x" + {x-ii){x — b){x — r)-^2abc 

= 2 .r^ +.r^ — (rt + ^ 4 - i')x- 4 - {ab ^ ac 4 - bc')x — nbc 4 - 2abi 
= 2{a'i- b-\r o)x-‘ 4 " 'V' — (ti 4 * ^ + {(tb 4 - etc 4 * be)x 4 * <ibt 

{for 2x-‘~2x'^.x = 2x~(a + b + c-)} 

— X"' 4"(<^4'<^4*c).t'^4“ {eib 4* 4" be )x + abc 

= \X-Vii)\X-\rb){x->(‘c) 

“ ( 2 a 4 -^ 4 -6')(^* 4 - 4 -r)(rt 4 - 4 - 2 c). 

Exorcise CXXIII. 

Resohe into factors 

1 . .r" — 3,r - 4. 2 . x' ~ x'-^ — 4. 3 . .r" — 3.V 4- 2. 

4. v'’— 19^4-30. 5 . .t'"4-2.r” — 3. 6. x^—7x-6. 

7. .v^ - 7x^ - 80X' 4- 5 7O. 8. x‘^‘— -• 12.r 4 -144. 

9 . .v'* —2a.v®—5aV—12a". 10. 2 a''* 4 - 9 .r“ 4 - 4 ^—15. 

11. 3.r‘’ — I yx " 4-190:4-11 • 12. 4.1'" 4- Sx'^ 4- 3 x 4- 20. 

13 . X* - I ox^ 4 - 3 5.1'’' -• 5o.r 4- 24. 14 . O'* - 2 X^ 4 - o' — 132. 

16 . -v* - 6x^ 4 * 6a-^ 4 - gx - 4. 16 . .1* 4 -12-r’ 4- 4^“ - »92- 320. 

17. .r*—Idr^4-350--4-232.1'4-180. 18 a:* — 9.a:*4-3Q.r’ —25. 

19. (.y 4 -iX-^ + 3 X-^“ 4 )U'- 6 ) + 24 ' 20. (A' 4 - 2 )(:*r 4 - 3 )('*^ + 4 )(^ + 5 )“* 35 - 
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21 . x(2x+i)(x^2)(2x 22 . 4x*-~20x^ + 24x~+6x-g. 
23- . 1 ^®+(<* + ^ - 2c)x ■{‘{ 2 a-b- c){ 2 d -a-c). 

24. a^-gb{2a + 'ib'^)-S. 25. «''+a®+a- 84 . 

36. + 1 - 4ab{ab + 1 )'■• - (<*** - (m. m. i 899 ). 

27. a{b'^4‘C^-d‘‘)4-b,c^-{‘a^-l^). {yi,u. 1865 ). 

28. a\b^-c^)->r4abc-b'^4-c^. 

29. bcx'^-{ac-b'*^)x'^-2abx->fd^. 30. x^+x^-hi- 


Miscellaneous Factors. (Harder). 

Resolve into factors ;— 

1. 

2. {2a-{-2d-ab)'^-{b--4a){d^-4b), (M. M. 1877). 

3 . 4d“ 4-17ab ■{■ ^ac ■{■ <;)bc ■{■ 4b'^ 

4 . (i+j'y^-2(i+y 0 .r’‘^ + (i-_v)“.r*. (M. M. 1893). 

5 . Cr-i)(.r-2) —2( V-i)(.r-2) + (_y-i)(,V-2). (M. M. 1896). 

6. {a‘^4‘b'*f-{d^~b‘f-{d^ + b'^-c^f.{M.M. 1898). 

7. d{a-{r^)~{'b {b•{• — (tb{ii — b)^. (m. m. 1898). 

8 x^ + {a- i)r/-rty- + (a- l).i' + (a^'+ 

9. {d^ — + b)-{‘ (b- — c^){b 4 -6") + - d‘){c + a). (M. M. 1899). 

10 . (a^-b^-f-{-{c^-tr-r‘-{a-i-bf{c-d)'^-{a-by^{c:‘{-dT-. (M. m. 1876 ). 

11 . {b-{-rY-2{b“ ■{■c^)<t‘-{-{b-c)\i‘^. (M. m. 1899). 

12 . .r- - I. (c. E. J885). 

13 . d^x^-^-x^-\‘y^ (P. E. 1889). 

14 . ;r'''-2.;r“-23v+6o. (H. M. 1887). 

15 . x^ + yx'^-sx^-^S- 1889). 

16 . (.*-- + 4 jr)“- 2 (.rS + 4.r)-15. (it. M. 1889). 

17. 8 .r='- 5;ir + 3. (b. m. 1894). 

18 . a{b — cy^4-b{c-ay^-{-c{a — by^-{-Sabc.{li.u. 1890). 

19 . {2b-ay ■{■{2a-by-{a + bf. (IJ. M. 1900). 

20. {a‘{-b-{‘cy-a'‘'-b^-c^. 21. jr*-5jr^+9.r^-7-»^ + 2. (b. .m. 1901). 

22 . .r*-5;r®+.a:^4-2i.r-18. (b. M. 1902). 

23. a^b-{‘b'c-{‘C^a — {ab^ + bd‘ + ca^). (m. m. 1892). 

24 . {a-{’b+£:Y-3{a+b‘{-c) + 2. 25 . (a + 3)*+(a4-2)’* - 1. 
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II. HABDEB IDENTITIES. 

337 . We s]iall in this Section consider some important Iden¬ 
tities of a somewhat harder type than those considered in Section 
III. of Chap. and establish their truth with the help of the 
preceding Formulae. The following are illustrative Examples. 

Ex. 1 . Prove that a{b ■{■c')^-{-b{c+aY+c{a-\-by~— {b-{‘L){a —b)y: 
(a —- fr + a){b - a){b -1) — (a + b){c — a){c — b)^ilabc. 

We have, m{b + cy + h{c + + c{a + by 

= a{jy-\-' 2 .bcArC^)->rb\{'^-\- 2 ca-\-d^)’\- c{d~ + + b“) 

= -h c^) + b(c^ + d^) + r{a^ + b‘^) + 6abc 

= P + 6abc. (Art. 329 ). 

Again, {b + r){a - b){a - c) = (b + i:){et^-~(b + c-)a+bc-\ 

= d\b + r) — a{b 4- cy + bc{b 4- f )■ 

Similarly, {c+a){b — d){b~c) = b“{i' + a)-b(c + dy’]-ca(i a), 
and (a + bX^ — ~ (') = i Xa + />) - 4 + ^)* 

their sum (adding vertical columns) 

= P — (P 46 (',«^t) + P = P- 6 (^//f. (Art. 329 ). 

Hence, the Exp =(P 4 Cf*^t')-(P — 

* 

Ex. 2 . Prove that «■' 4 ^'' 4 -c'4-24rt^c 

= 4- ^ — 31 a{b — c'f 4 b{c — a)' 4 c{a — ^)“ J. 

Since a{b — c)^ 4 b{c — a)- 4 c{a — by 

= a{b“ — 2bc + c^) + b' r- - 2 ca 4«*) 4 c{a- — zab 4 b^) 

~a{b^-¥ c^) 4 b{c^ 4 a**) 4 c{a" 4 b'^) — (>abi 
— (iabc. (Art. 329 ). 

and {a-\-b-\-cy — d' 44 r® 43 «“(^ 4 c) 44 <*) 444 (xibc 
~ct b^ c -\-(3ubc- (Art. 329 )" 

/, Second side==rt’’ 4 ^’’ 4 r '’4 3 P 46 a^r- 3 (P — 6 «^r) 

= d 4 4 4 24 ^^^:. 

Ex., 3. Prove that (b + cy(2a+b + c) + (c+ay(2b + c+ti)+(a + by 
X (2c-h^~i~b) 4 2(b + c)(c -h a)(a + b) = (2<z 4 ^4£')(2^ 4^'4^)(2C 4i2 4<^)« 

Putting ;r for 4 1:, jK for c+a and ,7 for a + bj 
The first side reduces to 

:*•“( ^ 4 +y\7 4;r) 4 d{x ^y) 4 2 xys 
==‘P-\r2xy7^{y-\-zX^'^^)i^'^y)' A.rt. 329. 

= ( 2 rt 4 ^ 4 0(2^ 4 <r 4 a)( 2 c 4 a 4 ^). 
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Ex. 4 . Prove that (<* + if+ c)- - 27adc « ^ {( 3 +<; + 7n) (/^ ~ t*)® + 
j++ 7 ^)(<^ — «)* + (<i + 3 + 7c){a - ^) 3 J. 

Second side ■» +r + «)-f 6 a){b -1)*+((t+« + ^>+ (>b){c - aY) 

4 * {(^ + ^+c)+6 c^(a - ^)*] 

* ^ + c}[id - £Y + (c- - af + {a - 3 )"*} + 

3{<^ - 1 ? + b[c - aY + ^(a - bf) 

=^ ® — 3abc +3(P — (mhc). 

Arts. 327 and 329. 

—(a’ + />•" + ^■'’ + 3P + 6 a 3 ^) - 27adr 
= (rt + ^ + t:)"-27adtr. Art. 172. 

Ex. 5. Prove that ( 2 a + ^ + t;)^(^-£r) + ( 2 d+ f+fl)^(c*-/*) + 

(26' + a + b)\a ~ b) — — {b — c){cct){,a — ^). 

Putting X for a + ^ + the expression reduces to 

U' + afijb -c)+ (x + ^) 3 (r - rt) + (.r+ c:Y(a - /^) 

= (.V? + 2. u‘+ a-^Xb — c)+ (.f*-* + 2d.v + - fr) + ( 2 :® + 2f.r + -- d) 

=.r -^(3 - r) + (t: - «) + (a - b)\ + 2x{a{b - c) 4- b{c - a) + c\a - 
+ a\b - c) + b\c - a) + (”{a - b) 

— aXb - c) + b\r - a) + c^a — b\ for i st and 2nd group = o 

.\rt. 322 (5 & 6) 

= ~(b — cXc-(tXa — b). Art. 333. 

338 - We shall now consider certain important general Condi- 
t^ional Identities, and shew how to employ them in establishing 
'he truth of other Identities. Each of these results should be 
arefully committed to memory. 

339 . In connection with conditional Identities, the following 
pportant results should be carefully noticed. 

If fi’+^+r=o, we may obtain by transposition of terms ; 

(i) 3 + cr=-tj \ 'I 

(ii) c-\-a——b . and b=—(c+a) 

(iii) rt+^=*—c ; c—- (/j-f 

,‘ 340 . If rt+f>+c= 0 , prove that 
1. = - 2(6c +ca + ab). 

Since {a + b + cy^=ea^+b'^ + c^ + 2bc'r2ca + 2ab. Art. 93. 

, o* =* rt® + +1 ® + 2^1: 4 * 2ca 4 - iab. 

H ence, by transposi^tipn, we obtain 
''\a^ + b^ + iY=^ 2 (bc+ca+ab). 
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- 2. a^ + Z»® + r!'^=3a&c by four different methods. 

(i) Sinc& a + <J= -<r, 

Cubing, + + + Art. loo 

Transposing, a^ + &^ + c^= ~^ad{a + d) 

= - 3(2^ X - c= 

^ (ii) Since — ^a6c—(n + + c){a^^ 6c — ca - ad), 

y c Art. 327 

== o X'(a^+6“^ + c'^ - 6c ~ ca - a6)=o, 

/, by transposition, + + 

^iii) Since a^(6+c)+6^(c+a)+c^(a + 6) + ^a6c 

={a-\‘6 + c)(6c+ca+a6). Art. 329 

a%-a) + 6\-6) + c\ — c) + 3a6c =iOx{6c+ca+a6) 
or —d^ — d^-c^-^zadc^o. 

Hence, by transposition, ■¥= ^adc. 

(iv) Since (a+^ + c)^ = rt^ + /J''-|-c’'4-3(^ + c)(6' + rt)fa + ^). Art. 172 
/, o^=a^ + d^ + c^^3{-a){-d){-c) 

— 6“^ •¥ ~ 3adc. 

Hence, by transposition, n^-¥d'^ + c^=3adc. 

’■ 3. + />■* +o'*= 2 ( 6 V®+ by two different methods 

(i) Since 2p‘c^-^2c^a^'¥2a^d-—a^-d‘^ — c^ 

= (rt + ^ + c){a + d — c){a + c-d){d + c-~a). Art. 331 
=ox(a + d-c)(a + c- d){d + c-a)=o, 
by transposition, a* + d^ + c* = 2{dh‘^ + c^a^+a^^). 

, ^ii) Since a+6= -c. Squaring a- + 2ad + d'^ = c^, 

U Transposing, a®- c®= - 2nd. 
if Squaring, a* + d *+— 2ah^ — 

Transposing, a* + d* + c*=2(d^c^ + c‘‘a^+n^'-^). 

A. a« + 66 q. ^5 — _ $abc{hc + cev + ah) = ^ahc{d^ + 6* + c^). 

Since a + ^= — £■, Raising both sides to the 5th power, 
a® + 3a*b + + loa®^ + ^ad^ + — c®. 
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Transposing, a® + - Sab{a^ + 2a^l> + 2aP + 

— - Sa^{a + d){a^+ad + d^) 

= $a^c{a^+a6 + ^*), for « + ^ == - r. 

= 5<i^£‘<(a + - ad) 

= 5a^i:{(a + ^) X ~ ^ 

= — 5a^fc'(<J^+ta+a<!^) 

— ^adcia^ + d'^^ + c^). Art. 340! 1. 

■ 

5 - + 6 ^ + = labci^bc + ca + abf. 

.Since a + d— —c^ Raising both sides to the 7th power, 

of + TaH + 2\a^d^ + 35 +• 35*2^3^ + 21 ii^b^ + ’]ah^ + = — c^. 

Transposing, +6*^ - 7 ad{a^ + ^a^d + S<^d'^ + ^aH'^ + '^nd * + d-'^) 

= - ’jad{a + d)(a^ + ad + b^f 
= 7«^£‘(rt!® + <2<5 + ^'-)^, for a-\-d~-c 
• ^']abcijbc-Vca-\-ab'f. (as above). 

Ex. 1. If^«+^:t-<;=^=o,, shew.that- 

{be + ca + ad'f — d“c'^ + + a^b“ = + d" + c '^)“. 

We have, {be 4- <ra + ad'f = b^c^ + (fa^ + a^d'^ 4- 2abc{n 4- ^ 4- f). Art. 93 

ioY a^-d-^-c-^o. 

■ ■\rc^'f. Art. 340, 1. 

Ex. 2. If rt4-^4*^'4-i^=o, prove that 

d 4-4- c‘^ + — “^{ded 4- eda 4- dab 4* adc). 

We have, a+b— —{c-\-d). Cubing both sides, 
cf 4- ‘i^b{a -)rb) + b^= •}cd{c 4- //) 4- d^). 

Transposing, rt®4-^^4-t®4-rf^=» — 3d!^f^i4-3) —3irrf(c4-rf) 

= —^ab X — (c+a)- "^cdy. - ’a-\-d) 
=^-^{abc-\-abd’^acd+dcd). 

' Ex. 3. Prove that (/^-0^4-(^r-ri)®4-(a-<^)®=*3(//'-^)(^'-'?)('^ -'^)- 

fc. E. 1866 & H. M. 1895). 

Let d — c~x^ c — a—y and a — b=z. 

then x+y-\-s—d — c-¥c-a+a — d=o. 

/, x^+y^+s^ = ycyz. Art. 340. 2. 

Restoring values, we obtain 

{b - + {c~ af + {a- df= 3(3 - c){c - a)(a - b). 
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Ex. i. l^rove that 

{(^ - c-y^ + [c- af + {a- = 2{{d - + (^ - a)* + (a - d)*). 

(I 1 .M. 1866 ). 

Let b~c^x^ r.—a^y and a-d — s^ 

then x+y + s=b — c + c — a + a — d=o. 

Now, sig|e x* +>'*+-*= 2y^c^ + 2j:‘-^x- + 2x‘^y^. Art. 340, 3 . 

Add x*-i-y*^+x* to both sides, 

2(x* -i-y* + s*) =»,r^ +y* + 3:* + 2 y^x‘^ + 2s^x^ + 

=^{x^+y'^+s^)^. Art. 128 
Restoring values, we obtain 

2 {(^ - c)* + (^ - a)* + (a- = <(^ " c)- + {c-af + {a - 

.Ex. 5. If x = b-\-c — ay y—c-\-a~~b^ x^a-yb — prove that 
^ +3^®+-r*' - ^ 4(rt* + + c® — ^abc). 

From the given relations, we have 

xyy-{-z — {b'^c--a)-\-{c-\rii-b) + {a-\-b-c) = a-\-b+i. 
y~x = (c' + a — b) — (a + b — ^) = 2((:- b). 

f V 

.7-x = (a + b— r)-^(b + (: — a) = 2(a - c) 
and x—y=(b + c ~a) — (c'+a — b) = 2 (b — a). 

Now, x''+y^ + 7 '-;^xy 3 : = ^(x+y + 3 r){(y- 3 ^/“+(j 7 -x)- +(x-y)-}, 

Art. 327. 

'= ^{a b c)\^{c — + 4 (^ “ c)'' + 4 (^ ~ 

= ^{a’\-b-k-c){a^ ^-b'^-^-c^ --be-at —(lb) 

= 4(a'* + + c'' — 2 )(ibc). 

> Ex. 6. if 2 s=a-^b-¥Ct prove that 

{s — + (j — b)^ + (f — e)^ + jabc' s'. 

W^e have s-= 3J — 2js= 3J — (« + ^ +<:) 

<■- ^{s-a) + {s-b) + x,s-c) 

Cubing both sides of the above equality, we get 

^ 5 * = (j - a)^+(s “ b )^+(j - c)^ + 3 (^ - b - t-)(2J -a- c){2s -a- b). 

Art. 17-' 

= (i -a)'^ + (J- ^)^ + (j-for 2 J*=rt+^ + c. 
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Ex. 7. Prove that (d--c){i + ad)(i+ac)+{c-a){i+dc)ii-\-da) 

+ {it - ^)( I + ca){ 1 + r3) =s (^ - c){c — a)(a — 3). 

* I St Exp. on the left =^{3 — c){i +a{3 + c)+aHci 

= {3-c) + a{S* - er“) -H n^3c{3 - c). 

.Similarly, 2nd Exp. = (<:-«)+ —a®) 

3rd Exp. — {a — 3) + c{a^ - 3*) + a3c^{c^^). 

Hence the Exp. on the left (adding the columns tertically) 
^{3-c+c~a+a-‘3)+a{3^-c^) + 3'c^-a*) + c{a^--3^) 

+ a3c{a{3 - <:)+ 3{c —a) + c{a — 3)\ 

= a{3^ 3(c‘^ - a^) + c(a^ - 3®), Art. 322 (5 & 6) 

‘^{^-C){^-a){a-3). Art. 332, 

Ex. 8^^ I’rove that + 

s= {3c+ca + ab){3 — c){c — a){a — 3). 

1 St Exp. on the left= a^3'^ — ^3c{3 - c) — r’l 

^a\3'^-c'^y-3a^bc{3-c). 

Similarly, 2nd Exp. = 3‘\c’' ~ «') - '^ab^c{c — a). 

3rd Exp. = c^{a^ - b^) — ^a3c\a — b). 

Hence the Exp. on the left (adding the columns vertically) 

= «‘-(^’ - c^) + b\c' - a") + c^{a^ - 3^) 

— ^a3c\a{b - c) + b{c — a) ^ c{a — 3j\ 
^i^{b^-c^)-¥3^U^-a^)-¥c^{a^-b^\ .Art. 322(6) 

= a\b^ — r") — b'c\3 — c) *- a^{3‘'^ — c®), (re-arranging) 

= {3 — c){a\b'^ -^bc-^- c^) — — a" [3 4- c)\ 

=» (3 — c){d\3 -1- C)“ — b~c^ — d^{bc ■+ ca -f ab)\ 

=^{b — cybc-V ca -f a3){a[3+c) —be— d^) 

= {3 — c){3c+ca + a3) y. — la® + 3c — a{b + c'j) 

*=» (3 — c){3c + ca -h ab) x — (a — 3){a — c) * 

^{3c+c<i + ab)(3- c){c - a)(a - 3). 

Exercise CXXIV. 

Establish the following Identities :— 

1. a{3+cW + - -*^) + Kc ++a* - 3®) -f c{a + b){d- + b'*- - c®) 

= 2a3c{a-^b-¥c). 

2 . 4 (,r -yf - {x - 4^)(2.;r +/)*■» 27 xy^. 
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3 * -j/-z){x + 2y- 2S) + j( J - s){ 3A' - 2 y- 2s) 

^x{x -s{x-‘ 2 z). (P. E, 1891). 

4. (X - a)^+(7- +J'* - I) 

= {ax+dy —if + (aj' - dxyi 

5 . (I - a-‘)( I - ^®)( I (a + +ca){c + ab) 

=fi + abc){ i-~a^ — If-(f ~ 2 abc). 

6. {a - x){a — 2 x){a - 3^') + gx{a - x){a - 2x) + i Sx^a - x) + 6 x" 

^a{a-\rx){a-\- 2 x). 

7. x^ + 6 (_y+z)x^+i 2 {f+zfx + S(_y + zf 

= 4 ( 3 :»r + 2j+6rr)y'* + (-v+6j' + 2r)(j' + 2S’/'*. (m. M. 1881). 

8. a{a — zbf — b{h — 2<i)^ = {a — b){(X + bf. 

9 . a{a + 2bf - b{b + 2af = {a + b){a - b)\ 

10 . A{af + + b'^f -{a-bf{a + 2 bf{ 2 a + bf = i^.^bVa + bf. • 

fM. M. 1888). 

11. a{b+£ — a)‘^ + b{c + a-bf + c{a + ^ - cf + 

{b-^r c — a){c+a — b){a + b — c) = ^abc. 

12. a{b - cf + b{c — af + r{a — bf-\- ^abc =(« + ^ + c){bc + ca + ab), 

18 . x{jy+sf +j'{z + xf+z{x +^)‘^ - ^xys={y-^z)[z-^ x){x +y). 

14 - 8(fl! + /' + c)^-{b + c)^-{c+a)^-(a + b)'' 

— 3(2a + b+c)(a + 2b+c)(a + b + 2 c). (m. m. 1881). 

16. a^ + b^ + — 3ab — be — 2ac■\-a[a-^-b-\'C) — {b — cf -- {a — b){2a — i). 

16. a^(b - c) + b\e — a) 4* c\a - b) + {b — c){f — a){fi — b)=o. 

17. ff{b -c) + &^{c -a) + f{a -b) + {a + b + c){b - c){c - a){(t ~b)=o. 

18 . (b - c)(b + cf +{c-a){c+af + (a - b){a-h b)‘^ = - (b - c)(c - a)(a - b) 

19 . {b-£)(b + e)^+ (e-a)'c + a'f + (a-b)(a + b)^ 

= — 2 (a + b+c)(b - c)(c - a)(a - b). 

^ 20. [c -K2rt+ 3 bf{b + c - 2rt) + (rt + 2^ + 3c)^{c ■^a-2b)y 

{b + 2c^‘3a)\a-¥b-2c)-\-{b-Vc- 2a){c +a - 2^)(rt +3 - 2c)=o. 

21. {b — c)(x — b)(x -c) + (c- a)(x - c)(x -a) + (a- b)(x — a)(x - b) 

=B —(b — c){e — a)(a — b). 

22. a(b - c)(x -b){x — c)+b[c - a){x - £){x -a) + c{a - b){x — a){x - b) 

= - x{b — c){c — a){a — b). 
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23 . - f)(I + ab){i-\-ac)+b{c — a){i+ bc ){i + ba) 

+ c{a - ^)( I + ca){ I + c 3 ) = — abc\b — c){c — a){a — b). 

a{d-cf + — a)*+ c{a — bf=^{a + b + c){b-c){C’~a){a - b). 

25 . (i\b — cf+b^ic-‘af+c^{£t — bj^-^3<ibc(b-c)ic — a)(a — d). ■ 

26 - {b+c - 2ay + {c+a 2b)^ + {a + b - 2cy 

= S{b+c—2a){c+a-2b){a + b~2c). ^ 

27 . {b - c){b +£.• - 2af+(€-a){c+a-2b)^ + {a- b){a + 2cf =o. 

28 . (x - a)\b “ cf + (.ar - bf{c - nf + (;ir - cf{a - b)^ 

— 3(a' -a){x’~ b)(x - c'Xb - rXc~ a)(a - b). 

29 . 9(a^ ■hb^+c^)-(a + b+cX = (4b + 4^+ 

+ {4c+4a + bXc - «)‘^ + ( 4 « + 4b + - bf. 

30 . {y-s)^ + {z-x)^4-{x-yf 

. = 2^^ - zf{a - xf + {z- xf{x -yX + {X -yXiy -* zX\ 

= 2{x‘‘^ +j/“+ s'^ —yz - zx — xyX- 

31. If a+A+<r=o, prove that 

. i r) > - ca=- .*<5 = + <52 + ^^). 

f2) + + + 

(3) ^{b^ + ^“ -■ ®= b{c^ + a® - ^= rCa‘“+ b- — t®) = - 2abc. 

( 4 ) {be + ca4- ab'f = bh"^ + c\i^ + aW = + b- + c®)®. 

(5) a{(i +^)(a 4-c) = b{b+aXb + c)=c{c+aXc + b\ 

( 6 ) bc{b +0 + +i*)+ (zb{a 4 - ^) + yihc= o. 

{ 7 ) a{b - cf + b{c - a)®+^(a - bX + gabc—o. 

i' (8) (a®+^®+<:®)®=2(a*+/i^ + 0=4(^^+^^ + «^)®> 

'■ (9) 6(a'-' + +^) = 5(a® + d® + ^r®)(a® + ^ + f®). 

(10) 2 5(a^ + + cy.a- +b‘+c^) = 2i (a^ + b- + 

(11) {b4rC-aX-k-{c-4-a-bX4r{a4-h-cX 

= Z{b 4 ‘C-aXc-\-a-bXO' 4 -b-c)^ - 24abc, 

(12) a(^-c)® + d(c-a)® + t(a-d)®=o, (m.m. 1878). 

32. If a+^+^:+</=»o, prove that 

(1) {a + bXa+cXa + €i)^{b+eXb+d){b+a) 

— {c4r + bX^ +/^) = (^+ ^X^ 4 bX^ +^). 

(2) a® + Hh +rf* + ^{b + eXc ++^) s= o. 
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33. If and c=s^~-xy^ prove that 

—ah—siax + by cz). 

31 . Show that the expression a** 4 -— fra-is not altered 
by adding the same quantity to a, to ^ and to or b\ 
subtracting the same quantity from each. 

35 . Prove that the expression b'‘^c + (^a-{‘d^b -bc^ — ca" —ab^ is 

exactly divisible by the difference of any two of the 
quantitief* a, b^ r. 

36 . If .r=a** — 3 f:, —fra and s^c^ — nb^ shew that 

ax+by-^rcz—{a-^-b’\-cyxyyyz). 

37. If .r‘ = ^ + r, j = fr+« and =a + ^, prove that 

.r* — ‘^xyz =2(rt ®+— ^abc). 

'.. 38 . If a—x^—yzy b—y^-zx and c = z^ — xy^ prove that 
a* + ^"+fT® — Z^bc— (.r® + V®+- sxysy. 

I 

39 . If x=2a + b+c,y=2b + rya and z=2t:+a + b, shew that 

jfrS q. o-s _ ^xyz — 4(a® + b^ + fr® - ;^abc). 

40 . If 2s=a+b+^:, prove that :— 

(1) - fr) + (.V - a)(s -b)=«‘ab. 

(2) 2(s - b)(s -c) + 2(s - c)(s -a) + 2{s - a){s -b)^ 2s^ - d^ -b^- c^. 

(3) {(-^ - «) + (r - /dl" “ (-^ - + (^ - + 3{-^ - «)(-^ - b)c. 

. ' (4) 2b^<^ 4 - 2fr®a® + 2a?d® - a* - — f* = 1 ts{s - a)(r - b){s — <r). 

(c. E. 1867.). 

41 . If 2'S'=a* + ^®+fr® and 2j=a + <5 + f, prove that 

{S- a *)(5 - b^) + (.V - - fT®) + (5 - c^yS - a“) 

SB 4j(f - d){s - bys — c). 

JbSl. If jssa + ^ + r, prove that 

{s - 3a)®+(.F - 3<5)® + (r - yY - 3{s - 3a){s - 3b)(s - 3c) = o. 

43 . If 3S=‘a + b + Cf prove that 

(j - a)* + (j - ^)* + (j - f)* 

= 2(.F — ^)*(jr - c)® 4- 2{s - fr)^(j — a)® 4- 2(r - a)2(.v - by. 

44. Prove that (or* 4- 2yzy 4 - (y* 4- 2zxy + (s^ 4- 2xyy 

— 3 (^ 4 * 2yz){ y^ 4 - 2zx){z^ 4 - 2xy) =(.r® +z^- 3xyzy. 

45 . Prove that 2{{b+c—2ay-^{c-\-a — 2by-\-{a-^b — 2cy\ 

= {(d 4 -fr- 2 a)® 4 -(c 4 -a- 2 ^)® 4 *(a 4 '^- 2 f)®p. (C.p:. 1896). 
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46. Prove that 2 S{( 6 -cf-^(c-ay+(a~- 6 y\{( 6 -cf + {c-‘af+(a-df) 
= 2i{{d — cy + (c- ay 4- (« - 

47- Prove that (d-cy + (c - fcy+(a — dy 

= 5(<5 — cXc - a)(a - d)(a^+d^ + nd). 

48. Prove that (if+ 2 c- ^ay + {c-\- 2 ii - ^l/y+{a + 2 d - yf 

= 3(^ + 2^: - 3a)(^+2a - 3^ )(a + 2I1- y). 

49 . If X=a.v+dy-{-cs, Y^dx-^cy^-ac and Z — cxyaj^+bs, prove that 

(1) X* + Ya + Za-YZ-ZX-XY 

= (a* + 4- - ca — 4- —yz — sx — xy). 

(2) X^ + Y« + Z»-3XYZ 

. = {cy + ly +-t'^ — ybc){x^ +y* + :r® — yyz). 

50. If a + ^ + (?=»/, bc +m+ab-f' and abr~r, find the values of 

(I) (b+cXi;+a)(a + b). (2) aXb + c) + b^(c+-a)+£^(a + bl. 

is) e^ + b^ + c*. (4) Pr’ + tya^+a^b^. 


CHAPTER XIV. 

HARDER I'RACTIONS. 

I. BEDUCTION OP FRACTIONS. 

341. I'o simplify a fraction by resolving its terms into factors. 

Ex. 1. Simplify 


a* — a^b — aP + b* 


+ 3a^^ + + 3 ^ 3 ^ + b* 

N umr .=aXa — <5) - b^ia ■~b) = (a — ^)(a^ — />®) 

= {a — b)ia — b)(fy + ab + b‘-^) = {a — b)\a“ + ab 

Denr. =- {a^+a^b'^ +ib*) + ybia^+ab + b^) 

= (a*+— ab + b^) + yb{oy yaby b'^) 

=s (a®+ad + 

= (a® + rtd + + 2ab + d*) =» (a® + rtd+)(a+d)'-*. 


Fraction 


=i“-\ 

\a + bf 
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Ex. 2 . Simplify 

N umr. --= (a/f +1 )’^ + {(« — ^) + 2!((« — ^) — 2 ad] 

= (ad + 1)^ + (<7 — ^)“ - 2 (tf - d){ad - i) - 4ad 
— {(cid+iy^--:^ad)-^-{a-dY- 2 {a-d){ad~ i) 
s=s{ad~ i)'^ + (a ~ d)’'^- 2 (a ~ d)(ad - i)=^{(ad- i)~(a-d)y‘ 
Denv. = — i) + (« — b)){{ab — i) - (a - 5 

• Krartinn - 0 “ + I) - (« + 1) _ («_+ I )(d- ij 

' • " (ub -i) + (a -b) " b(a- 1) + (a~ i) ~ (a - i )(b+1 )' 


£x. 3. Simplify 


ij + - )\_7 -z) + is + ,r )^( z-:l) + (x +jyf(.v — j/) 


(y + ^y\y - S') + (5- + -x)-k- (x-^yf{x -y) 

then b-r^(z + x)-(x +y) — c 

c-a = {x+y)~-{y + z)==x-a, 
and a- b ^{y + z)-(z + x) — .i. 

Now, Numr. = — c^(b — <r) — b\c — a) — c\a — b) 

= - {n^ib - ^) + b\c - a) + c\a - b)] 

= (a-\-b-\-c)(b — c){c-~a){a — b). Art. 332, Ex. i. 


Let + ’ 

z-\-x = b 
and x+y=^c . 


and Denr. = — a\b — c) — b\c — a) — c\a — b) 
= — {a'^ib — r) + b“{c — a) + (r(a — b) 
= (b — c)(c — a)(a - b). Art. 332. 


Fraction = a + / 5 » + <:=2(.r4-^ + "). 


Exercise CXXV. 


.Simplify the following expressions :- 


1 . 


3 . 


{a + b){{a + df~c^ 

4bV^'-~(a^-b--cy 


2 . 


(.r ^-yy — x"^ — y" 


(x +y y — x‘^ —y" 


g2Xx^ 4. g-iX 


.'.•1. 


,--- . (C. V. A. 1863). 


2^.r“ -- F'*® — 2f* + .r^ — I 

2 {x~+y^) 

r — gxz — syy + 4c^ — oyz - 1 2y- • 


2X 


5 . 




REDUCTION OF FRACTIONS. 


+f)® + +.r) ^ + (.f -jF)(.r 

(V + j - S')”+(^ +x){s - jr j=* + (A-+y) (a - j)® ' 

(xM. M. 1892 & B. M. 1888). 

{It + £- 2a) ® + (<:+«- ‘^df_+{a+b - 2cf 

(d^c — 2a)lc+a — 2d){a + d-2c) ‘ * 


+ + /^+ <r) (r+a)(a + /^) . . 

a® 4 -+ r® + 3 a/Xa +/^) 

8a>^c2 ^ (^2 ^2 _ - ^2 j (^2 + ^2 

(a + d+c){a + d- c){a -/f + c){b ^c-a) 

2{rt® - I ){b“ ~\)ab + \a^b^ - (a® + ^“)( i + a^b^) 
2 (a® + ) ){b'^■^i)ab- 6,aH^ - (a® + U ^)(i Wa^V-)' 

(* - (g + ^6 )(^ + t‘a )(6'+ ab) 

1 -a^ -b'^- - 2abc 


^! 44 «+^ 4 )^+<«”+^* . (,. M. .896). 

A'-^ - (2a+^) a-^ + (g^ + 2g^)A - g-^ 

{b + c~ 2 ay-{c-\-a- 2 bY' , » o . 

(c+g-2^j®-(g + ^ —2 <:)- ^ 

{a-bf^r{b-cf-^{€-af ^ ^ 


gA'« - 




8 (g + ^+c)" - + cy -{c + a” - (g + bf 

3(2g + ^+<:Xg ■\-2b-\- c){a + ^ + 2c j 


. (M. M. 1881). 


{<^+l>>Jcr + ^-b^cr-{ 2 i ^acf ^ (KE. ,896). • 

{a-\-b pJcy-Via-b Jcf ' ^ 

7 +<: ®)+gg(fr -g)(c® )+ ab{a-b){a^- ]rb^ ) 

b^c\b — f)+c®g®(c- a)-^d^b\a - /Jj 

- ly -/— \—jy ...i when m = o. i or 2. 

b'^{a - d){c-d)-\- d"'{a -b){b~ c) 





3i6 


MATRICULATION ALGEBRA. 


II. ADDITION AND SUBTRACTION OF FRACTIONS 
342. The following are illustrative Examples. 


1. .Simplify 

1 st fraction=4 Q + (/^a + f-(^fi+ + f + 

2 nd fraction = i ^ 4- i ^ d*4- - -^- 4-^4-^ ^ • 

3rdfraction = i(l + 0(«^+«>=-r=) = i(«+.^|-f+e%^_^). 
/, sum'=fl4-^4'r. 

Ex. 2. Simplify ^ 4- - -- 

vm A-m 

1 st fraction: 


’.r»*(I 4-.:r’‘-»»‘) .r® 4-Jr« 


2 nd fraction: 


.r" 


-r” 


;r»‘(i 4*^”‘"’‘j .r«+.r®' 


x^ + x^ 


,\ sum = 


X^+X'^ 


I. 


Ex. 3. .Simplify -S’” + »i.i- 

^ X" - I Jt:** 4-1 X” - I A’* 4-1 


The Exp, = 


jySlt _ I x"*' — I 

.r»* - I A'’* 4- r 


Sii 


= -•0f-y^" 4-A » 4-1 ) (A^*4-i)(.r«- i) 

~ ' A’*-I ." .^ 4-1 

= (;r2« 4-A'» 4-1) - (-1^" - I )=.v-«4-2. 
iSx. 4. Simplify 


za 


<A - ^i)’* (a-"- 1 (A' - a)«-® ■ 

(a. E. 1898 & M. M, 1865). 



\DDITION AND SUBTRACTION /PV FRACTIONS. 


3*7 


The 


Exp.s 


2a(x -a) (x^a)^ 

(x “ <*)» (x—a)*^ (x — aj” 


+2a(x ‘-a)+(x — a)^ 

(X - «)« 


ia-\-(x - a))‘^ _ x^ 

(x — a)" (x~aj**' 


Ex. 5 . 

I'he 


. 3 ^-*2 
Simplify p- 


5^-3 


$x +6 x‘^~2x~ 3 

j, __ 3.ir--i2 5£"~_3_ 

~(x- 2)(x - 3 ) (x +1 ){x - s) 


X^~$X~fi 
.r —13 

(.;ir+iXJ-’6j 


t 


. _ 3 
.r — 2 A' — 3 


6 


IT ^ 

p'i' M 


+ 


I 

x — 6 


Up + - 

/ \jr -3 

6.ar —36 + ^: —2_ 

p-2yp~'^"" 


)-( 4 i 


X 


7.Y_7 38 
p-2)(.r "6) ■ 



343 . 'I’here is a certain peculiarity in the arrangement of the 
hiee letters a, c, known as Cyclic Order. In this order, if we 
inange them round the circumference of a circle, thus (as shewn in 
• !>f; diagram) they are said lobe taken in Cyclic Order, if starting 
it any letter and moving in the direction of the arrow.s, we take 
hem in the order in which we meet them. 



Thus, starting from «, we come next to b, and thus a — b or a + d 
are m Cyclic Order. After b we come to c, and thus <5 —c or d + c are 
in Cyclic Order. After c we come back to a, and thus c~a or c+a 
are in Cyclic Order. 

The following are important Examples. 

Ex. 1. .Simplify. tt-■ 

(a-b)(a--c) (b-c'Xb-a) (c-ciXc-b) 
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Considering the first denominator, we see that one factor a~, 
is not in Cyclic Order. But «-<:=—(tf-rt), so that {a-d)(^a — c) = 
— {a — d){c-‘a\ and thus 

dc _ he 

(a — h){et - c)'^ (a-h)(c-a)' 


Similarly, we have 

ca _ ca , ah 

(h-e)(h~a)~ ~(h-ej(a~h) (ir^-ajCe-h) 

Now, L. C. M. of the denrs. = (h — e)(e — aXa — h). 


Thus, the whole expression 

_ —he(h — e) — ea(e — a)~ah{a — h) 
~ (fi - ej(e - a)(a ~ hj 

(h - eX^ - 


(h-e){e-a)in-h) 


= I. f’Art. 322 : 1 2) 


ah 

{c--a){h~c)' 


£x. 2 . Simplify 

{a~F)la-€){x-ay (h-c){h - a)(x-h)'^ {c-a)(e- fi){x -c) 
The expression in ('yclic Order 

_ I___r_ _ I 

(a -h)(e ~ a)(x -a) (b — c'Xa ~b){x - b) {c - a){b -- c)(x - r) 

The L. C. D. is now = (h — e)(e — nXa - b)(x - a)(,r - bXx ~ r). 
Fraction = 

~(h- eX^' - hXx - e) ~( e~a Xx - e) 'x - a) -(a — bXx - aXx - b) 

(b -eXe- aXa — bXx - aXx - bXx ~r) 

N iimr. = -(/;- c){x" -lb + r)x+bc\ 

— (e-~a){x^~(e + a)x + ca} 

-(a-‘bXx^-(a+b)x+ab} , 

= -{h~ c)x^ + 'b^ - c^)x - bc{b - c) 

- {e - a)x^ + — a^)x - ca{e — a) 

-(a-b)x^ + -b'^)x - ab{a -h) ) 

, = - +(c- a )+(« - b))x'^ +1(^« -c^) + (e^ - a^) + {a^ - h%^ 

— {hc(h - <:) + ea(c — <ir) + ab{a - b)) 

=s->{he(h-e) + ea(e-a)+ab(a~b)} Art. 322 (5 & 6). 

= (h - eXc - aXa - b). Art. 332. 


Fraction = ;;- 


(x - aXx - hX f - 
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34 ft- The following results, if carefully committed to memory, 
will be of great service in simplifying Harder Examples in Fractions. 


1 . If 7 


(a-b)(u-ey 
and 




(6 - c){b - a) 


= r 


■ y • 

I 


(c-a)(c-fr) 

then, (i) X+P+Z^O. (ii) aX + bT+eZ^Q. 

(iii) a^X+b'^r + f-^Z^l. (iv) brX+cal +abZ=l. 

(v) a^X+ b^y+c^Z=a + b + e. 

(vi) a*X+b*Y+cf^Z +h^-hc'^ + br + ra+nb. 

(a-b){a~<;)('jc±a)~^'^ {b-a){b~e){ji'-irb)'~^'^' 

( ^ - ( ■+ V i/v' + ’ 

(f;t-a)(r-/>)(xi c) ’ (■x±a){:x^±b)(jc±v) 


then, (i) J *+0 + Jiz=S. 

(iii) a^r + b'^Q + f;^R = Sx\ 
These results can be easily verified. 


(ii) a P + bQ + eli «= Sx. 


346 . The following Examples illustrate the use of the above 
formulae. 

Ex. 1. Simplify 

pa^ + ^n -t r pb'^ + qd + r pc“-^-qc+r 
(a - b){a - c)'^ (b — c){b ~ a) (f - n)[c - b)' 

The expression = 

r or _ ) 

-b){a-c)'^ (b-c){b-ay (c-a)(c-b)j 


+ '/ 


f « _ + J __\ 

\(rt - b){a — c) — c){b — «) (o' — a\{c — b) I 


'^^{ia-b)(a-c) 


c) (b — {;)(b — a) (c — a)(c—/?) 
=P X I + xo + rxo=^+o+o=j2J. 

Ex. 2 . Simplify 

pa^-\-qa-Vr _^ pb'^+qb + r 


Pc^-^qc+r 


V- • 7 - - • ,_■ U. __ 4 . ^ ' 7 - ■ 

{a — b){a~c)(x+a) {b - c)(f-a){x + b) {c~a){c — b}{x + c)' 
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The expression = 


\(a-’d)ia-c){x 

'{{a-d)(a-i:){x 


. _ . ._£!.. 

c){x+a) (i^ - cf(d - a){-x+(c-a)(c—~SXx+r)^ 


c){x+a)'^ (d‘‘C)(d-a){x'+d)‘^ {c-a){c 


-^)(.r+r)} 


( _I_ I _1 

^^\(a- d){a — r)[x +a) (d - c){d — a){x + d)^ (c-~a){c—d)(x-\'r) 

= V® . - ^ 

ix-\-a){x+b){x-\-c) {x-¥a){x-^b){x+cy (x + a){x+d)ix + a 

_ px^ ■\-qx-\-r 

“ (;r+V)(;r + ^(A''+^r)' 


Exercise CXXVI 

Simplify the following :— 

-- .c-\-a~~b)-)r - -An + b-c), 
2 bc 2 Ca 2(10 


.r'-^+Ar+1 

A-'-* 

-X+l 


.r-i ^ A + j 

.r^-.r+1 

X'^ 

'+.r+i 


r+ I ■ .r - 1 

.v^ - ;r +1 

2X{X- l)'^ 


2A{x^ - 1)2 

.r^+,r+i 

,t:*+-v“+ I 

+ 

,ir'^ + .v« + l 

/« + 6^^\ 

« i 

i a — 6b'' 


t a y 

\ 6/j=‘ ; 

+ 1 

1 6^ 

) 


+ 

1 


(b-cY- 


, <5 +1; - 2rt 

h — a 

(a 

- b)(a - 

i'-) 

+ 

c-a 

“ jL 

> 

1-w 4- 

2 

4_ 

{f> 

-cf+{€~nY 

r- 

-a 

a-~/f 


{b-c){c-ii) 


(m. m. 1868 ). 

(!'• K- j888). 


{x — a)lx^ii-^b) 2{x — a) x--^bx — a^~ab ^ 

^ b^ — ab[tr + b-) i2aH^ 

*■ [a+if la-if ■*■ 


(m. m. 1882 )^ 


-r - a 


•jx^- */<? v'A'+ .r + rt 


(J\ K. 1896 ). 




ADDITION AND SUBTRACTION OF FRACTIONS. 


1 . dc- t , 

10 - 7 IT ,—; n —■ (m- *870).- 

{a-d){i+ax) ( 6 -~a){i+dx) 

■■ u ("“) - 7 (.yr- 


a-^x) * 

(B. M. 1876). 


(at+ «*)'* (x + ay^-^ (,v + a)'‘'" (.r + a)’»-*‘ 


q -{ei^+6c)^ iac + dd)^+iari+dcy , * . 

■■ 'TaTi)ic+dr ■ “• 


^7 


I I _ _ ^ _ 


(P. E. 1903). 


^ + cr 4 -a a-f~^ + ^ 

fi — c c — a a — d"^ (d - c)(c-~a){a — d)' 

b-^c c —^ (^ - — a)(a - b) 

b-{- c r + a (Z-\-b (^“f" "J" ^X^ *h 


'''* + 3 ^“+ 5 -^+i 5 . + ,,, 

.r’* + 2 ;t:» + 5 J»:+ lo"^ A* + 2 .r^ + 3 a -2 + 4 .r -4 ' '■ 


_ _ ^ - + A, -.+ *- 3 ^ .. 

AT’ - X^ +A — I 2A'^ - A 1 ‘lx'' + + 2,r + 1 


(M. M. 1898). 


10 _1_ J. __4. _ £..15 _ 4. - ? - 4. - .‘*T „ 

d —(r-aXa-^~) (a ——t') a - - tr) ’ 

(A. E. 1893) 

.r*-(.ar-i)^ . i)2 . .r3(.tr- 1 y-* -1 , „ ^ 

^0- r-rrS-’ ” 2+ "t?—:— -■ (m. m. 1871). 

{x^ + iy-x^ -r“(A' + i)--i \ / 

21. ^ t£(^s + _ ,,S) 4. ^ 4- ^ _ ^ 3 ). 

2^^: 2ca ' 2a/5 ' 

Simplify the following :— 

22 . _ .... _4._£!1_ 

{a - b){a-C) (b — cj{b-a) (c-a)(t -' 

when ?«*=o, i, 2, 3 and 4. when (c. E, 1865-87). 

a(a-^a-"7)‘^ b\b-c){r-a)'^ ^-'a)Cc^b) ‘ *^<^‘5*72)- 


M.A.—21 
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25 . f + r -r + y ■ -7 (A. E. 1892). 

{r^p){p-g) {p-g){g-r) ' 

Oft __^ ^ 


28 4. “iw _ 4. ~ 

{x - rfi){x - ri) '^{x- n)(x - p) {x - p){x - m) 

{x ~j^)ix -s)'^ ij'+^Ky ~ x) x)Cz +^y ‘ ■ " 

a* + fl + i . ^* + ^+1 . ir* + r+i , _ ^ 

[a-i)(,a-c)*(,i-c)(.i-a)*(c'-a)(c~-d)- <*• ®-'*92)- 

**• \+i (“• “«• ’*® 7 )- 

(a-oXa — c) (6-c)(fi-a) (c-aXc-^) '■ 

OA (x-S){x-c) (x-^cXx^ a) (x-a){x-i>) • 


* 


a*-PK:^)2 , 

(a - ^)(a - fT) -"t)f i - a) (c- «)(<: - i) * ^ 

_ j. 4._^^f£z£L 

HjHjP^^} {fi~cj{d-a) (c-aiic-d)' 

"+J-2a“’ , ^2 + ^8_2/5* ,i24.^2_2c2 , 


jg + a)(A-^ 4 -^^ ) (ajfj[||H^) 


3 fl + 2^ + 2c 3 

dc(x-a'j^^l 




2<* + 2^ 

EX?^ 




. (b. m. 1901). 


i (« - ^)(« - (^ - - «) (/:’- a)(tf - ^)' 


. (B. M. 1897)- 


‘"Jfm*P!i!T)'wmy''^r' 

Wky, ilriKlZili* {x-c)(x-a ) . ( 4 ;-rt)(;r-^) 

(a-ix«-f)'^ (^-cK*-«)‘^‘''{r-'3)(7“/(T ■ 

j, a + ^ , d + ei j, 
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41. 


42. 


a 


m 


rtM 


■■:v + 


(a - ^Xa - cXx+a)^(A-~ aX^ - ^X^+^)'^(c- a)(c - ’ 

when m=i, o and 2 . _ 

fim. 


a 


.in 




(a - dX^ ~ ^){x -‘a)^{d-aX^ ~^(jr-(f-ef)(£--^)(;r-4 ’ 
when w = i, o and 2 . 


. „ />"+p+i y*+y+i _ y^4-r+i 

(a-dXa — cX^+a) {d - aX^ - cXxr+6) \c^a){c~~lX-^+^) 


44. 


d + Cr U 


+fr _+ 

, • ^ ■ _ \/ _ R\/ 7 * * 


a + l> — r 


(d + cX^-aXa-d) (?+«)(a-—<r) {a+d)[fi-~cXc — a) ' 




III. SIMPLIFICATION OF PBACTIONS. 
346. The following are illustrative Examples. 


X, 1. Simplify 



I I I ^ 








aW 


a^ — b'^ a^-^b^ — i 

'"’Iff 

_ (^*2- ^2)( a2 
“a^ ■ ■ 


2nd 






t 

¥ 

+ ^2 


a2 + d*+a(5 
ab 


I 


« rr.1 _ T7 _ + . a2+<JZi+^* a2+a3+^2,. a^(a.^ 

• . The Exp,= >« a^+ab^ 
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£x. 2. Simplify 


a^x b—x C-x 


^ _l__ _ I_J[_ 

* X’-a X'-b x — c 

Denr.= (-- .1 \ ^ « *-\ 

Vr x-af \x x-bf \x x-cf 

= <-'» I I -'/ “ + .i_4. \ 

x(x-a) x{x-b) xi^x-c) x\a-x b-x c-x) 

The Exp.= (-^ + + -- ) -H ~(— + J 

^ \a~~x b-x c-x/ ;r\a-.i' b-x c-x/ 


Exercise CXXVII. 


1 . 


Simplify the following : 
a-\-b a — b 


a’-b+~~i a + b+~--. 
a'^rb a — b 


. (m. m. 1897 ). 


2 . 




• 

X \ 

- 

~+2 

_ L 


y 

X 

- + I 



y J 


(P. E. 1894 ). 


3. 


4. 



a-b A 

ft - -; 

\ — ah 

1 

a{a - b) 

1 .* i+ab 

l-ab) 

1 +x 4x 

, 8 -sr I - 


~ (i"” rt) ■ 


l-X^ l+X^ 1 —X^ l+x 


I+X* . 4^ 


1 —x^ 

I -X^~^ I +X*~ I +x^ 


(c. E. 1870 ). 


X 

6. 




x — b x-c 
a [' b ^ c 

r-a^T-b^ x-c'^^ 


G. 


X—y y-^z g-x 

x+y . y-{-z . s+x . 
— ^ __ ^ -+ ■? 
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^8 




tr 


I _ J 
b a 


8 . 



b\ ta 

b \ 

r> — • 

III 




a* b* ab 

a 

a 

a-ir b 

1 . fLri 

a — b 

a + b 

a — b 

’’ rf + ^ rt® 

J 


a-\-b 

a-b «*-f d* 

a — b 

a + b 

a — b 

a-{ b 




^ a-^rb-k-c ^ a-^-c-b a^^-b + c 

- a-^b — c b^c — a aArb — c , « » . 

9. , , ■•■■ >, --i-?- "" (m. M. 1875). 

a-\-b - c ^ h-k-C'-a b-v^-a ' ' 

a + c — b a-^b-¥c a-^-c—b 
a — bx 


10 . 


‘ + c+te 

x-2{tr-^c) 


1 + 


T + 


X 

X 


a — bx 
c-ybx 


x — 2 {a-\-c) 


(m. m. 1871). 


a-^-c — x X 

I H- - - 

a + c- X 


11 . 


tf-l 


\ c a\ 


a\ 



|+-r( — 


\b cf \ 

\c a! 

\a bf 


(c. F. A. 1880). 


12 . 


■■■ Ji' 


_ 


1^3 v' 


. (c. E. 1878). 


13. 


4_.3__ 

[{i+n^ (i+/*)U 


u. 


n/U8- I) 


“ (l^-;^s) +(I+^V- 2 / 2 - 2 . (C, E. 1895). 

'V(k:) 


X+V{x^-l)-l’ ^7 


n /(^“0 




" I J 
X-l \ 

\^+I/ 

(p. E. 1899). 


^^f (x ^ l) - <^{ x - 1 ) 
X- ^(.r“-i) 


+ i 
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IV. BVAIiUATIOir OP PBACTIONS. 

347. The following are illustrative Examples. 

1. Find the value oi whtxi 

/• x-2a x — 2b a^rb 

(C, E. 1865, 13. M. 1^83 & P. E. 1899). 

The Exp.- (~ -1) + 1) +2 

x-2a^x-2b^ {x- 2 a){x- 2 b) S 


_ f_ {a +b)x- 

^Xx^-2{a+bj. 


— 4 ab 


—^r—--j > +2 = 4 XO + 2 = 2. 

2(<*+^)jr + 4a^j 

[for {a+b)x — 4 ab =o]. 


2. Evaluate —- ^, when x = a + b. 

x^ — ab x~ 2 a ’ 


(B. M. 1890). 

The 1 + 

{fl-\-b^-ab {a + b) — 2a 

* 4ab + b^ _ bY 

a^+ab + b^ b — a d^4-ab-¥l^ a—b 

=(« —^) —(rt-^)=0. 

£z. 3. Find the value of whenjr= 

\2x~bf b—x^ a+b 

Here, Hzf = ( - A 

2x^b V« + ^ / \rt+^ / a4-b rt+^ 

_ a(a~b) a + b __ a 
~ a+b ^b(^a-b)~~ ~b' 

.. j a — x ( ab \ /, \ a* _ 

b~x^ y^a + b) \ a+b/^a+b^a + b 

d^ a + b a® 
a + b^ b^ **^3 • 

Hence the Exp.- ( .e^ 
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E2:eroi8e CXXVIII. 


f'ind the value of :~ 

^ x — a x-~b , a* 

1. ^-7--, when x^~ —5;. 

b a a — b 

.r+ 2 a x- 2 ^ 4 ad . 

2i-;t:^2i+.r .r®-4i=’ " a +6 

3. (C-K lSU 

*• G^i) ■*'(?^) ’ in + l)- 

^ /r-a\® x-2a + b , « + ^ 

\x — bf x+a-2b 2 

ft ^ * l_-u * 1 whena + ^ + r=3; 

a + b£^y+ca c + ab' I 

Y bc + £a + ab=^4 ; 

- _i _ I I_ 1 

{b-^cf^\c^-a.f^\a\-bf' j and 




when a + b + c=$ ; 


8. -— ■ + -^—7 - *, when x = 

.r-a x — b a a+b 

ft , a+i , rt(3 + 0 

9 . ——, when -r= -r-and yj-:—. 

10. — -h —IT-, when X"" -. 

2na^ - 2nx 2nb'* - 2nx 2 


V. PRA.OTIONAL IDENTITIES. 

348 . The following are illustrative Examples. 

Ex. 1 . Shew that * 

,(C.E. 1868). 
\ 2 bc / 4 b^c^ 


2bc+ b^+£^-a* 2bc--b^-c^+a^ 
2bc ^ 2bc 
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# 

mtm . I ■ ■ !■ Ill ■■■ "I X ■ 

2dc %be 


(b+c+a)(b-irc — a) {a + 6 ~-c){a’-d'^c) 
2dc “ibc 


(« + ^ + f)(3 + c- a)(a + d — c^ic - b) 


Ex. 2. Shew that 

[a + bf-{b^c)^ + {C’¥af- {d + af 


‘i{a + b + c + d}. 


(m. m. 1873)- 


Since {{a + 6 ) + {c+d))^~{(b + c) + {d+a)\^ ; 


Expanding each side, we obtain 

{a + b)'^+ {c + dj^ + ^{a + b){c+d){a + d + c'+d) 

= {b + cf ^(d+af+s(b + r)(d+ a)(a + b+c + dy 
By transposition, 

(a+b)^-(b + cf + ic+df-(d+af 

= 3(^ + z!’ + + d){{b + c){d + rt) — (<2+ b){c + d))^ 

Again, since {(«+ ^) + (f + rt?’)}® = K^ + ^') + (^+«)P ; 

Expanding each side, we obtain 
{a + bf + (^++ 2(dE+ b){c +rf) = (/■ + cy-i-{d+a)^ + 2 {b + c){d+a). 

By transposition, 

{a + bf -{b + cf +{c + df - {d-^af = 2{(<5 + cfd^ a) - (« + b){c+d)]. 


Hence, left side* 


^(a + b-^c-i-dji'b + c:')(d+a) — (^T + b)(c 

2 i(b 4 -c)(d+a) - (a i bj(c+d)i 

^(a + b + i: d). 


Ex. 3. 


Shew that — 1 - 





We have 



(g + i)~i 
a* — I 


a+j i. i_ I 


Similarly, 




a 




and 


a' 





FRACTIONAL IDENTITIES: 

■1 

Hence, adding and cancelling like terms, we have 


a or i 


a 


I a® — I a - I — I 


_ ? \ 

2 \a - I ft® - I / 

i/o+i «®+i\ 

2\a —i a*- I/ ’ 

Ex. 4. Shew that (^+ (i+ “)'+ (“ + ^) 

hert s.ae= 

A 2 lc\ b'\ . /a= . a2\ 


3J9.V 
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Sz. 5. Prove that 

±__.+ -1_+ ._l_ = f *- + -?-+ ±-\ 

— cf^{c-ay (a-dy \d — c c — a a-d) 


(d- 


d-c~x, 'I 
a—b=z ) 


(B. P. E. 1886). 

then x+y+s = d — c + c — a+a — d^o. 


Let b-c~x, 
and 

-Since (jrz+sx+xy)^=jf^3^ + s^x^+x^jf^ + 2 xjyz{x+jf 

zr-j/V® + S'V + for x+y + z=o. 

'•\-zx-\rxy \“ + s^x^ + x’^y^ 


" \ xys 


-} 


X“y'^3^ 


, (dividing by x^yH^) 


\x y zf -r* y^ z^ 

c 

Now, restoring values, we obtain 

( I ' ! * * * I * 

^ « rr b-^±r-d^ c^ + a^-b'^ a^ + b’^-c^ 

JiZ. 6. If - * , y= -, sr=- - — 

^bc 2ca 2 ab 

shew that {b + c)x + (c+(i)y -¥{a + b)z^a-^b + c. 

Let + c® = 3 J®, then a® + =» (a® + ^* + 1 '“) — = 2 (j® — c‘‘). 

Similarly, = 2 (- «“) and +^Jf® — *= 2 {s- — 


Hence, the expression 


{b + c) X 


2(^2 _a2) 


2^^r 


4 - (£■+a) X '■ 


2(j2-.i2) 


2(ra 


f(^z + ^)x^ 


2{s^-c^) 


2ab 




= * (aj* — 32 — + y(2j* — — rt®) + -(2j® — — 3 *) 

u b c 

(collecting the coefficients of i/rt, ijb and ifc) 

= - xa*+£ x^® + - xt**»a+3+^. 
a b c 



/' 
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Sx. 7 . If shew that 


n° 


+ 




+ 


■ o. 


20 ^+be 2b^+ea 2c^+ab 
Since a+b + e^Of .',«*=-(^ + 0 
/, a Xa or a^= ~a(b+e). 

3 a®4- «a® — a(b+e) + be=(a — b)(n — c). 

Similarly, 2 b^+ca = (b — a){b — c) and 2c-+(xb={c-a)(c — b). 


Hence, the Exp.= - 






+ 




{a — b){a’~c) {b-'a)(b — c) (e — aXc — b) 

^a + b + c {Art. 344)=»o. 


/; 


Ex. a if -+T+- 


a b c a-\-b + c 


, shew that 


. 4 ....'_L_ 

^S« +14.^211+14. ^-aa+l ' 


r I I bc+ca-^ab i 

•Since -+i+'~or - - , —«—rrr > 

a b c abc a-\-b-k-c 

{bc-\-ca-^abXa-k-b-\- c)~-abc^o. 

l^ + c)(c+a)(a + Z 0 = o- (Art. 328). 

any one of these factors, say ^ + (?=o. 

• • i V- *• K 


he ''‘be 

2m+1 




b 

j \ 2 m+1 


or — 


^ 2 ,,+! y ^ 1„+1 * 

since 2» + i is always an odd number. 


T I 

+ 


>0. 


•- ^2«+lT^^2w+l 

Similarly, ^*»»+i=s( —£r)2«+ies — o. 

Hence, left side = ^^ 


33^ 
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1 . 

2 . 

3. 

4 

5. 

6 . 

7. 

a 

9. 

10 . 

11 . 

12 . 


Exercise CXXIX. 


Prove the following Identities : 


{a - bf +(3 — cY + {c-ay 


{a + 6){b+<){c+a). 


(' ‘ ■*'i) 


(Ui)^ 4 =(e±i_ ’ y. (m,m., 865 ). 

\i( £■/ {a^-cf \ ac a + cf ^ 


i^'bc i-\-ca i+ab^ {i ■\-bc){i-^ca)l\+ab)' ^ 97). 

m-^-ab m-^r bc m + ca {tn ^ ab){m-k-bc){m-k-ca)‘ ^ * 

If£a! + ^ + r=o, prove that 
a^ + b'^-^i^ ti i i\ 

(b-c . c-a , a-b\ i a . /i 6 \ 

V“<r +T+ T") \i^c*c-'a*a-i) ='>• 

* «» 

(m. M.’ 1897). 

Shew that (« + .V + 2'5)(«+-lL)’-_(2« + 3^ + «^+.i:)’^^l 3 

(a + 2;t + <5) 

(M. M.^ 1899). 

Shew that U^^-b'^T+ib’^-^^f + ic’^-n^T {a^b){b-^c){c^a) 


a\b - cr + b\c - af + c\a - bf 


abc.\ 

(I!. M. 1895). 


If prove that 

T. ,, , ^)! 4-2^ - 3^)* (3 + 2t'-3a)^ 

Prove that rr-, - ■ -;r; - r+ / - ru~'~ni':' 

{b + 2c- 3tj)(f + 2a - 3^) (c4- 2« - 3b){a + 2b- ^c 

+ /— -= 3 ' (m-*896). 

(ai-2^-3^)(^ + 3r-'3a) ^ ^ ^ 
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li Prove that 

(M. M. 1898). 


if i + ~ + ^ = —rTT“> 
a b c a-^b + c 


14. 

'* + /+ \ 
b'^ r 

15. 

('+!+-' 

\£l 0 Cj 

16. 

/I I 1' 

V«* b Ci 

17 . 

Prove that 


(a + i + 0^ 


(rt+^ + c)®'*+^ 


18. If {b + c — a)x={c + a-b)}'^{a + b~c)z = 2^ 

prove that Q + j) =„& 

19. If ~ =a , prove that 

i-ab ai-\ ^ 

i + b-¥c+(i=abc(i(~+j+ + V 

\a b c dj 

90. If "--4+ --- ^—o, shew that 
i-^ab i-\-cd 

_ b-^ . «+£ b-^-d 

I ■¥ad"~ I +bc • I -ac’^ i-bd' 

01 ^ b d *u e ^ b'^d^ 


(M. iM. 1866). 


If 2 s=‘a+b-^c^ shew that 




j[ _ ^ I ^ r _ I ^_ ab£_ _ 

s-a^ s-b^ s—c s s{s-a){sbj(s--c) ' 


23. 
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24 

If ct'^bA 


s-b 


s-^c 




(j-rt)(J-^) {s - a){s - b){s - c) 


. f 1 % 

i -' 


If a + b+c=>o, prove that 


a 




b^ 


20^+be 2b^+ca 2c‘^+ab 

26 . Prove that 

be * ca 


— I. 


ab 


(“• “■ > 873 )- 


{X'-'b^x-c) {x-c){x-a) {x--a)\^x-b) 

.-I I /I 1 l\ 

if = -( --+ j 4 - ). 

^ 3\a b cf 

27. If x^ -, j/= -— , -, prove that 

a-i b-i c-i ^ 

= (f! .tJ ±jX^!±il 

(jyx + ij{zx + i){xy +1 j {be+i){ca+i ){ab + 1} 
y S' s X , X y 

28* If 4* ■ = ^) ■ + ■• = ^) ■ + = C) 

s y X X ^ y X ^ 


. (M. M. 1874). 


prove that =4 + abc. 


29. I f .*• +JV + - “• xyz^ prove that 


J^xys 


+ J'- + . 

i--r^ i—y^ i-s"^ {i -x-){i ^y^){i ~s^) 


. (C. E. 1898). 


' 30 . If Ar+jf/=»33’, show that ~-^=2. (h. m. 1882) 

X z y z 


31 . (iiven the relation 


I -2bx+b^ 


i-^“ 


i-b‘^ i+2by + b^* 

prove that--« - (b. m. i 

^ \-xy 


32 . If b^^aCy x=^{a+b) and^/ssK^+f), prove that ~ + ‘'=a2. 

X y 

(b. m. 1893). 

33 . If + and >'+*« I, prove that sr+^=i and;rj/ 3 ’ + is»o. 

(b. m. 1887). 

oj ir ^Hb-c) b\a-~c) I . I I . I ^ 

34. If - —r — j ', then will -+ -.+ - or a^b, 

a-d b — a abed 
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35. 

36. 


37. 


sa 


39. 


40. 

41« 


42. 

43. 

44. 


45. 


xr+jf jy+s s^+X 


If x+j/+js^=axj'2:, prove that 
x+^ ^ Z±£. . £±£* 

i-xj/ i-j'sr’^i^sx i-rv i—ysr I'-jsrx 
If a+fi=i;+{ff prove that either of them is equal to 
abed f I 


ab + ea 


u+i+^+y- 


If 


ad—be 


ac — bd 


a — b — c+d a— b+c—d 

the former quantities = |(rt + (5 + i^’+<»). 
If + m + 1, prove that 


, then will «+^ = r-fV; and each of. 


i _ bl _ c\\\ 


4 aW 

t * I +d^ I + <J® I +e^) 

(I +rt^)(l +e^)' 

If y + z=ax, s-tx — by and x+y= 
" a + b + c=abc — 2. 

cZf prove that 

Shew that 



(^4^+£)(^+^+£) = , + | 

\y z xf\x 3 yf 

(?+■' 

\y 



If xy=ab{a-\- b) and x^-xy^-y'^=a^-\-b-^ 

prove that -fj ( *-■?) =o. (li. M, 1876). 

If + and = , 

4 (« + ^)’ - 4 « + /» 

prove that {x-a)'^ — {y — by=b'^. 

If a + b+e=o, prove that 


a—i a —2 I j. b-i b -2 i 

It -= - and-« , 

X y b X y a 


: 0 . 


shew that 


e — i c —2 


X 


—y (M. M. J869). 


If:re= - —^y^. 




2r=a-- — 

2 ab 


2 be ’ ^ca 

shew thsLt a{x+y0) = biy+zx)=*e{s+xy). (m. m. 1871). 
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46. Prove that 

aix-~d)ix ~£) d{x-c)(x-‘a) c{ x-a){x-d) /m m 

dc{a^d){a — £) ca{b--c){b^a) ab{fi — a){cb') abc' ' * * 


47. 


If ,r +j/+5 r=o, shew that 


I 1 1 

«■+ .1 + 
X" j/’ 



(m. m. 1899). 


4n X—y * V-Z , Z-X , , 

48. If —^ shew that 

x+y y+z z + x 

(i-a){i-‘b){i'~c)—{i-\-a){i+b){i+c). (a. E. 1901 ). 

An i> ,1. * ^ . 2 , (b-cy^+ic-ay^ + ia-b)^ 

49. Prove that H-^-r+ , , - -r;;— -'~ = o. 

b — € c-a a — b {b^c){€-^a){a — b) 

(P. K. 1888 ), 

4ft If d^-\-b-*'-c^ , .u . „ 

. 50 . If “1 -P + — v- — = 1 , shew that * 

2 bc 2ca 2ab 

{byc-a){cyci-’b){ayb — c)=o^ and thence prove that two 
of the three fractions on the left &ide = i and the other* — 1 . 


REVISION PAPERS III. 

Paper I. 

1 . Shew that {ay-bxfy{bz — cy)'^-\-{cx-‘azy^-{‘{ax-\-by-^es)^ is 

.divisible by a^-k^b^yc^ and (a. e. 1897). 

2. Find the H. c. f. of 4 ^* - ()x^ + 6 ,r - r and 6 .r^ - 7 ;r 2 + 1 . 

(a. E. 1897). 

3. , imp 1 y jf-x x+y)^ b — a ayb}' 

(a. e. 1894). 

4. ^Extract the square root of 

A:« + ^ 4 - 6 ^.r*+*,j+i 5 ^.r 2+^^^4 20. (M. M. 1899). 

5 . Reduce to its lowest terms . 

(M. M. 1899). 
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0 . Solve the equations ;— 

(i) S-t-4^-6^ + i6««o*4.r->'~£'-5=;r-3;/-4£r + i 2 . (m.m. 1899). 
( 11 ) ;»: + 2y+3£'=-V*-> 2.r+3[y+5’=2, - 4 y-~ 7 s>s,^. (m. m. 1899). 


7. 


Simplify 


x'^—^x+6 


5^ + 3 _ .r+iS 
;r’*-2jc —3 jr*-* - 5;r - 6 ’ 


(M. M. 1891). 


8. If 3 he added to the numerator and denominator of a certain 
fraction, the fraction becomes f ; if 5 be subtracted froifl the numer- 
aior and denominator, it becomes Find the fraction. (M. M. 1894). 


Paper II. 

1 . Kind the H. c. K. of .r® +1 iJtr* - 54 and 2:1:®- i ijr^-q. 

(m, m. 1894), 

2 . Sinvplify - , - - 4 --2 ~ - - (m. M. 1896). 

^ .1 '4 3^ + 2 2 ;ir ^4 5.'f + 2 2 .r ‘*4 3 .r 4 i * 

3 . li'wklc {x+}')*— by x+jy— 2 s. (.\. E. 1894). 

4 . Find the square root of 

«i n * IL* loQ2}« 

4 tf4 - 1 2 ac ^ * 

5 . Simplify tlie follovving fractional expression 

k i/a” 4 24 ^“ 4 192 rt® 4 512 ) * ^ ■ ‘ ^ 

6. Solve the following equations :— 

1 


443 

2X — - - 

3y - 2x 
= 7 +- 

4 

5 

X — 2 

3 r 4 i 

4 ,+ „ 

= ^ 


‘-I 


. (m. m. 1892). 


(>0 


'+3-?=6. ] 

X y s ’ I 


3 + i= 5 , [ 

^ y ^ J 

, Simplify the expressions : 


. (M. M. 1896). 


0 ) 




Pf 


^ ^h+9 ^ 2 

(P. E. 1888). (ii) m. 1870). 
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8. One person starts from a place A to walk to a place B and 
back again at the same time ab another perbon starts from B to 
walk to A and back again. They meet first at a distance of 2 miles 
from A and afterwards at a distance of 4 miles from A. Find the 
distance between A and B. (m. m. 1896). 


Paper III. 


from 


1 . Subtract :-—v _ 

.r- + 3r-io 

2 (.v“ 4 - 4 ^-8) , 

encc by H— 7 -—— . (B. M. 1902 ). 
x~ + iix + ^o ' 


,, , and divide the diffei 


+ 30 

O o‘ rr A-'' + 2 .r»- 29 -r- 3 o , 

2 . Simplify —r---— . ( 15 . M. 1901). 

jr-— 3:1;^ — 34A'+120 

3. Find the H. c. v. of a'‘’+ i i.r - 12 and x'< + i i.v’ + 54. 

[p. K. 1895; 


1 . If {u-i-c){c'"i"= {u-i--i-CI 
prove that ac=^bd. (li. M. 1884). 


5 . Find in terras of a the value of the e.\pressi()n 

x(y + 2 )+’^+'^, when x=: — - and (ii.M. 1889: 

9' 2: .y +1 2 

(n. M. 1887 : 

7. Solve the following equations . 

(i) j:-h2j' + 3- = 2o, 2r + 3>'-5^=-7, 4 .t'-5r + 7 -s’-21. (c.E. 1898). 


(2) 2 .r + 3/ + 43 ' = 38, 3.r-2_y + 52 '= 26 , 4 x + Gj/- 2^ = 21. (c.E. 1901) 

8. A man walks one-third of the distance from A to B at die 
rate of a miles an hour, and the remainder at the rate of 2b miles 
an hour, and travelling back from B to A at the rate of 3d: miles pci 
hour, takes the same time ; prove that i/a+ i/d= ijc. (n. M. 1885). 


Paper IV. 

1 . .Simplify by using factors :-r;r, 

.. x^-yxy4ri2}r x^-- + 

* + 5.ry + x^+xy^- 2 v* 


(15. M. 1891 ). 
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^ ^ a^ — a^b - ab‘^ + 


2. J)ivide + + +a^)(fl^ + ^^) by a^ + ^^ + r^. 

(P. E. 1895). 

3 . Prove that ,, (n. M. 1867 ). 

4. Simplify Ir X 

\ ^{by) ^{a-{-b){x -yY J x^-y^ 


X ^l{a^-\- 2 ab-{-b'^Y (m. M. i860). 


5 . Solve the equations; — 


(1) 69;s-^^=] 82j, 491'-^^= ii2i. (I’. E. J900J. 

{11) 2j + .7 = 11 , 2:r+.^■ = 12, 2x +y =13. ( w k. 1 900). 


TTr) 

7 . Find the H. c. f. of 3,r’ - 23.1-^ + 43.V - 8 and .-i - 5.v^ - 6 x ^ + 
35 ,r-7. (l*. E. 1894). 

8. There is a certain number whose three di^dts are in descend¬ 
ing order of magnitude and ditfer from each other in succession 
jy the same amount. If the number be divided by the sum of the 
ligits, the quotient will be 48 ; and if from the number 198 be 
-.ubtracted, the digits of the difference wall be the same as those of 
tlie original number but in the reverse order; find the number. 

1’.. M. 1864). 


6. Find the square root of Vx+ 


Paper V. 

1. Divide + 6 ( 2 :^ — x~'‘) + (.){x* — x~*) 

by 3 (j: 2 -.r-‘-^). (p. e. 189 * 9 ). 

2. Express ^X]'^ in terms of a, b, c, being given 

\- = <5 + <r — <2, \'= Clb^ b — c. (p.e. 1898). 

3. Find the H. C. F. of — 3 a‘'*-r — 2 a" and — 4 a*, and the 

.. c. M. of 2 x^ — ’jx — 2 and 2 F-—.r- 6 . (P, E. 1898 ). 

4. 1 f ,r—rt* — bc^y = b'^— ca, z—c^ — ab^ prove that ^ 

bX'>rCy'\-az-siO-T^cx-^ay-\‘bz. (p. e. 1900). 
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5 . 

6 . 

7 . 


Simplify the expression ;— 


I +-+---v: 4 

•J- ^ i V __ u ♦ — /it 


cx^ 


{x - a]{x — S] {x — a)(x — b){x — c)‘ * ^ ' 

Extract the square root of 

{bC’\-ca-¥ab-^a^){bc-\-ca-\-ab-^b^){bc-\‘ai-¥ab-\'C^). (P.E. 1897), 
Solve the equations ; — 

»/* a — bx b — ay X y , „ , 

(1) b { a ^ b ) x = a{a - b ^ y , -^ +'^- (1895)- 

(il) cy-\-bz—bc^ az-^cx^ca^ bxyay—ab. (p. E. 1897). 


8 - The sum of the three digits of which a number consists is 9 ; 
the first digit is one-eiglith of the number consisting of the last-two. 
and the last is likewise one-eighth of the number consisting of the 
first two ; find the number, (it. m. 1874). 


Paper VI. 


1 If x = a + b-2L\y—b-¥i —2a^z^c-^a-2b^finA the value of 
+y^+3^ — ^xyz. (c. E. 1900). 

2. Find the H. c. f. of 2 ,r^-f 13 ^'^ — 4 :r'-f 6 ;r-f i and 

x^ + 7 .r" - 2.r^ - 21-v - 3. (M. M. 1899). 

3. Simplify 


(i) 




X* + 2X^ X* - 2X^ 


x* + 4,x‘-^' 


^M. M. 1899). 


r i - . 4. \ _?_ . l_ .l 

((.V+ <»)'■*A'(a-.rj^j 

(m. M. 1899) 

4 . Two ships 56 miles apart sail towards one another at the 
rates of 7 and 9 miles an hour. Find, graphically, when they meet. 

5 . Extract the square root of 

' (i) i-l-(.r+i)(;r-l-2)(.^ +3)(.r + 4). (a. le. 1900). 

(ii) {a-b)* — 2{a~+b'^){a-b)^ + 2{a*+b*). (a. E. 1901). 

0 . .Solve the equations :— ^ 

(i) a{x yy) + b^x -y) = 2a, y(a + b)- x(a - b)^ 2b. (a. e. 1902). 

(ii) {a + b)x + {a^b)y=i2ac^{b+c)x+{b-c)ys^2bc. (a.E. 1895). 
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7 . The expression is equal to lo when x ==2 and 

>ind it is equal to 25 when and y = 2y a and d being constants ; 
nnd a and (a. k. 1900). 

8. I wished to give a certain number of old men la. 8;^. each, 
and I found that 1 had not money enough in my purse by 11 annas ; 
.,<) I gave them la. ^p. each, and then I had money enough find 
3 annas 3 pies to spare. Find the number of old men. (a.f. 1902). 


Paper VII. 

1. Reduce to their simplest forms 

(i) 11- ~+ i - (m-M. 1895). 

( x-i A--3j( x+i :i + 3j ^ 

(\[\ /dq-~ dp^ + lapqy ,'.1 m 1X8,^ 


^ a~~/> b~c 

2 - If a=-, v=a- 

m -c m—a 


c~ a 


, find the value of 


3 . Simplify 


m-b 

x+j^-t-:^-hxyi;. (M. M. 1875). 

_ 

^a + Jx - J(a + x) yf Jx-\- V {a + x)' 

(M. M. 1875). 

4 . Shew that, if fi + d + 6= I, + = 3, jV» / 

then -7-7 +■ . / +■ " / i;= ~ • (^1- 1878). 

a-^bc b-yta c+nb 4 

5. IMol the following points and find the equation of the graph 
which passes through them (o, 1^), (i, 2), (2, 2.',;, (3, 3?), (4, 3). 


6. Solve the following equations 


2.r + 3V ab ax + bv , . 

-f^= -j—F.= , A- ■ (>'• I9o0- 

5 a + b a^-b^ (V+b- ' 

... {a-b)x+[a-{’b)y ab ab{x-y)-{a\v-b'^x) 


(i) 

(ii) 




a — b 


2 ab^ 


. (K.M. 1902). 


7 . Find a homogeneous and symmetrical expression, of the 
ijecond degree in x and v which shall be equal to 3, when x and y are 
each equal to unity, and shall be equal to i r, when jr=2, 

(P. E. 1900). 
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8- A walks half a mile per hour faster than B, and three 
quarters of a mile per hour faster than C, To walk a certain distance 
C takes three-quarters of an hour more than B, and two hours more 
than A, Find the rates of walking of A, B and C. 


Paper VIII. 


1 . Divide .r(i +ir®)+j(i +x^)+z{i -1-A'^)(l +_y^) 

4-4^vs'by i +.rjf + y::: + sx. (c. E. 1878). 

2. Simplify and extra,- 

the square root of the result. (i‘. e. 1891). 

3 . Find the H. C. F. of ,r^- i and i. (a. e. i8g6). 


4 . Simplify 

it^ -I- nr(n“ -f + li^ \" + ax 


. (a. k. 1897). 


5 . Find the G. C. M. of A®-h6A“-l-1 lA-f 6 and A^-f .r^-4A-*--41 
and the L. C. M. of .r^-A-^-141 +34, a-'-2a-- 5,r+6 and A---4A-+-3 
(C. E. I go I and 1902). 

6. By performing the operation of extracting the square root, 
find a value of a' which will make A"^-f 6-t‘'4-i F3A'-l-3t a perfect 
square. 


7. Solve the equations : — 

(i) {a + d)x + /ff=ax+{a + d)y=a^-d\ (n. M. 1896). 

fii) + ^ = c + = ^ (A. E. 1896 ) 

X jy ^ X f * 

3 2 

(iii) 2A-|-^=4, 3.i^+j;=5. (A. E. 1898). 

8. The gross income of a certain person was /i’.s’.4 more in the 
second of two particular years than m the first, but as he paid 
income-tax at the rate of 4p. in the rupee in the first year and at 
the rate of sP’ in the rupee in the second year, his net income in 
the second year was J^s.6l less than his net income in the first 
What was his gross income in each year? (m. m. 1895.) 
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Paper IX. 

1 . Find the G. c. m. of 7x^ — 2x^‘ — ()x-‘2 and g.r*- 6 .t'“- 6 r- ii. 
! m . M. 1892). 

2 . Divide (/5 - c){x — a)^ + (^ - ci){x - bf + (a - b)\x - c)"^ 

by ( 3 -r)(c-«)(a —d). (m. m. 1897'. 

3. Simplify 

^^(64.1*® - 48.r* + 12A'' -!)-'/(i6.r* - 64,1-^ + 24.1-2 4 - 8o.r 4-25) 


(i) 


/ ' O 

(.r-«r 


4X'‘ - 12.r — 7 


r-N 4. _y'^ 

" (6'-a)(f-^) 


(n. M. FQOO,'. 
. (a. k. 1900), 


4. Add together the squares of 2 [>J{ab{i +f<!)(i + 

-rt)(i and V(i -rt3)}{/i- J{\^b‘^)\~ 

{a- J{ \ v'(i -/»“)!, and simplify the result. 

f.M. M. 1875). 

5 . Solve the equations : - 

'i) (I +/J)(a--; 5 v)= (j j . (li. M. 1900) 

Hi) + =-•=/»= M- 1898). 

rt —<v // + /; 

a b b a , , „ . 

rill) - = /, -+ ^d, (p. K. 1894). 

' X y .r y 


6. 'I’wo passengers have together 7 maunds of luggage, and 
for the e.xcess above the weight allowed free one of them is charged 
A’,s. 3 and the other A^.5. If all the luggage had belonged to one 
passenger he would have been charged A*.?.ii. What amount of 
luggage IS each passenger allowed free of charge? (n. M. 1900). 

7. A straight wire joins the top ends of two vertical posts, 17 ft. 
and 24 ft. high respectively, 35 feel apart. By means of squared 
paper, without actual measurement, 6nd the length of the wire to 
the nearest foot. 


8 . IMnt the points (10, 5), f-5, 15), (10, 22) and find the area of 
the triangle formed by joining them. 


Paper X. 

1 . Divide {i—a'^)[i ~ b'^){i—c^)-‘{a4-bc){b4rca){c‘4-ab) by 
i —d^ — b^ -c^- 2abc. (a. e. i900). 
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2 . Find the first four terms of the square root of and 

from the result deduce the square root of loi correct to six place-> 
of decimals. 1877). 


id-c){c-d} (c-ri}(d-a) 
3. Express a->- 5 — ivr~ l^ + 


{d— a){a — b) 


{c—d){d—a) {d-a){a — b) i^a — b){b-c) 

as a fraction whose numerator and denoniinatoi 


{b--c)ic-d) 
consist of four factors each. (m. m. 1894). 

4 . Choosing a suitable unit, draw accurately the graph of 
3y*2Jr- + 7. 


5. Plot the points (o, o), ( 8 , 5), (12, 18), (o, 23) and find the area 
of the quadrilateral formed by joining them. 

6. Solve the equations :— 


a b b 


- (M- 1895). 


(ii) {c^ — b^)x~{<^~ab->rC^)y = a{a — 'ib)— 

H ** u 

X ^ 2a 
a b 


(m. m. j88o). 


7. If the telegraph posts by the side of a railway be 60 yards 
apart, shew that twice the number passed by a train in a minute gives 
roughly the number of miles per hour at which the train is moving. 
If eleven posts be passed in a minute, in what time would the distance 
traversed, estimated by this rule, be one mile in error? (11. M. 1876). 

8 . 50 articles cost 4s. lod. Construct a graph from which you 
can read off the cost (to the nearest half penny) of any number of 
articles up to 50. Write down the cost of 23 things, and the niimbei 
you would get for 3.?. 


Paper XI. 

1 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 



these simultaneous equations, and verify your solution by algebra. 
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3 . Find the h. C. F. of — and 2 ;>r 3 +.^*+ 4 ^- 7 . 

(A. E. 190J). 

4 . T he sum of two fractions, which are reciprocals of each 
other, is 2 i. Find their difference, (p. e, 1893). 

5. Solve the equations :— 

(') ; + 'c + *=f+ ';==23. (P. E. 1893). 

4 5 54 

(ii) 3r + 2jj/ = 2,rj/. (a. k. 1899). 

X y 


6. Simplify - - -— —^—: + - 

^ ^ l+X+X^ l~X+X^ I-'X^^+X 


'4. (A. E. 1901). 


7 - The expression ax—^^ is equal to 30 when x is 3, and to 42, 
when .r is 7 ; what is its value when x is 4*3 ; and for what value of x 
.s it zero ? (c. k. 1874). 

8 . A walks at 4 miles an hour, and 4 hours after his start B 
hicycles after him at 10 miles an hour. Find, graphically, as 
ai curately as you can, how far from the start B catches A up. 


Paper XII. 

1 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
area of the quadrilateral formed by joining them. 

2 . Draw the graphs of the equations : — 

1 ^ + 4^^-3y^o,y~x = 2 ; 

and shew that they all pass through one point. Find also the 
co-ordinates of the common point. 

3. Taking 7 cms. = 276 inches, draw a graph which will enable 
you to convert centimetres to inches and vice versa. From the 
graph read off the value of 

(i) 3'8 cms. in inches. (ii) 2'25 in. in cm 5 . 

4 . The distances through w'hich a body would fall freely in 
certain times are given in the following table :— 


Time in secs. 

1 

K 

] 

1 1 

ri 

j 

U 1 

1 , 

2 ' 2.i 

3 : 

Distances in ft. 

I i 

1 

1 

4 

9 

i 16 

! 

36 

64 1 100 

1 

144 
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Draw the graph, and estimate the distance through which a 
body will fall in 2^seconds. 

6. A clerk is paid at the rate of AV.1200 a year ; make a graph 
to determine (to the nearest rupees) his salary for any given numbei 
of weeks. Write down his salary for 23 weeks. 

6 . Find the area of the triangle formed by the graphs of i' = 8, 
.v== 18, .r-_>' + 8 = o. 

7. The prioe, (I-') shillings, of carriage cases of length (L) inches 
IS given in a certain price list as follows :— 


1. 1 .8 

20 

24 

26 

1 ’ 1 9 

10 

12 

13 


What is the probable price for a case 22 inches long ? 

8. Two cyclists A and B set out at the same time. A' rides foi 
2 hours at a speed of 9 miles per hour, rests 15 minutes and then 
continues at 6 miles per hour. B rides without stopping at a speed 
of 7 miles per hour. When will B overtake A ^ 

9 . Find by plotting and careful measurement the co-ordinates 
of the point in which the straight line 2y —3a'4-7=o meets the 
straight line joining the points (6,-2) and (-8, 7). 

10. At 8. A. M. A starts from P to ride to Q which is 48 miles 
distant. At the same time B sets out from Q to meet A. If A rides 
at 8 miles an hour, and rests half an hour at the end of every hour, 
while B walks uniformly at 4 miles an hour, find graphically (i) the 
time and place of meeting ; (ii) the distance between A and B at 
II A. M. ; (iii) at what time they are 14 miles apart 



CHAPTER XV. 

* 

DIVISIBILITY AND REMAINDER TFIP:OREM, 

I. DIVISIBILITY. 

349 . We have already considered in Art. 115 nhe divisibility 
ul the expressions and + by a — d and a + ^, where « is a 

positive integer, or in paiticular cases. We now proceed 
to establish the propositions generally. We shall have to consider 
four cases. 

When u is a positive integer. 

1 . The expression is always exactly divisible by a-b^ 

whether n be even or odd. 

Divide ft” - by rt —and let Q be the quotient and R the 
lemainder, so that R docs not contain a. 

Since, Dividend =■■ Divisor x Qluotient + Remainder, 
ii** — b'' = Q(f« - ^) + R, (identically). 

Now, since R does not contain cq it remains the same whatever 
value be given to (i. 

Put a=b^ in the last equation, and we have 

l)n _ /;ii — or o = Q' X o + R, 

where Q' is the \alue of Q when b is substituted for a. 

But Q xo--=o ; /,R~o. 

Hence the remainder being the truth is manifest. 

Thus, a'^ — />" = {it - b){w^~^ + «'•'-/> + +.+ 

2 . The expression -/>’* i.s exactly divisible by a + O, if be 

©ven, but not if n be odd. ^ 

With the same notation as above, we have 
= Q{a + bj + R, (identically). 

Since R does not contain it remains the same whatever value 
be given to a. 

Put a=b in the last equation, and we have 
(_^)n_^n,=,Q(_^ + ^)+R=Q'XO+R. 




348 


MATRICULATION ALGEBRA. 


Now, when n is even, ( ——\ /a i- 
and.odd, (—^ 

J^ence R=o, when n is even but not when n is odd, there bein^ 
a remainder in the latter case= —ib^, 

/, is divisible by a-Vb^ when n is even, but not when n 

is odd. 

Thus, = + + . 

3. The expression + is exactly divisible by €it + &, if v be 
odd, but not if n be even. 

With the same notation as before, we have 
^?** + ^''=Q(« + 3)+R, (identically). 

.Since R does not contain «, it remains the same whatever value 
be given to a. 

Put -b in the last equation, and we have 

( —^)’‘ + 3’* = Q( —/> + ^) + R = Q'xo + R. ' 

Now, when is odd, ( — /')’* + />“=+ = o ^ 

and.even, (—= + 2 ^" j it.ijjj)- 

Hence R=o when n is odd, but not wdien /i is even. 

/, + IS divisible by <*4-^ when « is odd, but not when n 

js even. 

Thus, + = + +««-"/>--.+ 

4. The expression «” + />« is never divisible by a — b, whethei 
ft be even or odd. 

With the same notation as before, we have 
+ + (identically) 

Since R does not contain it remains the same whatever value 
be given to a. 

Put a = b in the last equation, and we have 

+ ^** = Q(<J- ^)4- R = Q' xo-^^, or R = 2^'‘. 

Since R does not vanish for any value of w, rt’‘4-/^’* is never 
-divisible by a — b. 

II. REMAINDER THEOREM. 

350. We have already seen in Art. 2i8 that the theorem is 
true in particular cases. We now proceed to establish the theorem 
generally. 






REMAINDER THEOREM. 


349 - 


351 . If a.ny rational and integral expression which contains x 
be divided by x — the remainder is found by putting a in the place oj 
r in the given expression. 

I 

Let the given expression be ax**+bx>*~^ + c.x^‘-+ .Divide 

ii by a and let Q denote the quotient and R the remainder, sa 
that R does not contain x. 

To prove that R = a:a" + /Ja’‘“^ + t:a“"‘-^+. 

By the nature of division, we have 
ax^ + bx‘'~^ + 2 +.=»Q(;i* - a) + R, (identically). 

Since R does not contain x, it remains the same whatever value 
l)e ijiven to x. 

I'utting a for x in the above equation, we ha\e 

«a’* + ^ +.= Q'{a -a) + R=Q'xo+R 

= R, 

(where Q' is the form of Q when a is substituted for .r). 


352 . If a rational and integral expression which contains a 
\ inishes identically when x—a, then will the expression be exactly 
divibible by -r — a. 

To prove that ntjr"+ .is exactly divisible by 

1 - a, if aiV + ba'*~^ + ca’*~^+ .= o. 

Since by the above Art. the remainder on division = rtc"+M’*'*- 

+ ca'*"^+ .; hence, if the last expression be zero, the given 

expression will be divisible by x—a. 


Ex. 1 . Find the complete quotient of {x- —y^)'^{x+y). 

Since 7 is odd, therefore x" —y’' is not exactly divisible by x+y. 

Mow x~ -y'^ = {x'^ and x‘+y‘ is divisible by x + y. 

, x'^ -y^ _ x'^ + y'^ _ 2y'^ j 
* * x+y ~ lr+3^ x+y 




- x^y + x*y^ - r+ x^y^ — xy^ +y* - 


2y^ 

x+y' 


Ex. 2 . Shew that the last digit in 33n+i4.22M+i is 5, if n be any 
whole number. (M. M. 1868). 

Since 2«+i is always an odd number, 

3-»*+^+is divisible by 3 + 2 or 5. 
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Again, since is an odd number, for all its factors are 3 ; 
and 2'^'*+^ is an even number, for all us factors are 2 ; 

3®”^^+ 2“'“^^=an odd number + an even number 
= an odd number. 

Hence 32«+i-4-2“«''‘i is an odd number divisible by 5. 

Now, since + is odd, the last digit must be one of the 
numbers i, 3, i, 7 or 9. But since it is divisible by 5, the last digit 
must be none of the numbers i, 3, 7, 9 but 5 only. 

Ex. Shew that .r + 2 is a factor of .r-3.r + 2. 

Butting x= —2 in x^— 3^4-2, wc have 

(-2)”-3(-2) + 2= -8 -H 6 + 2 = 0. 

rherefore .ar^ —3a' + 2 is exactly divisible by .r —( —2) or ,r + 2. 

Ex. 4. Shew that a'*-«.r + «- i is exactly divisible by (a - if, 
when « is a positive integer. 

The Exp. = (ar” — 1) — n{x — 1) 

= (2; — j)(.r’*“^ + ;r""‘^+.i’‘’'’ + . ... + i) —//(a - r). 

Dividing by x— i, we get 
(.r'*"i+A'’‘~'‘+r"-^+.+.r+ i)~;/, as quotient. 

Now breaking up n into i + 1 + i + L c. n ones, we get the 

quotient = (.r'*'^—i) + (.r’*'^—i)+.+(a'—i), every part of 

which enclosed by brackets is divisible by .1-1. 

Hence the expression itself is divisible by (.r— i)(a'- i) or fa - i)' 

Ex. 5 . Shew that {^-c)^ + (c-/i/’+is divisible by each 
of a~~b, b — c and c — a. 

Putting a = b in the given expression, we have 

= [b — c)"' — {b - cf = 0. 

Therefore the expression is divisible by a-b. 

Similarly, putting b^c and c^a successively, the expression ma> 
be proved to be divisible by each of b-c and c-a. 

353. Indirect Multiplication. Sometimes it is convenient 
to find continued products without the trouble of actual multiplication. 





REMAINDER THEOREM. 


351 


Ex. 1 . Find the continued product + + a*)(.v® + a*^). 

Let P denote the continued product required. 

Then P = (:r+ a){x- -I- a^){x^ +‘)(:r‘' + «*). 

.vlultiplying each side by x - a, we have 
{x — = {x — a){x + a){x^ + -v* + 

= (,r^ — a-)(.r “ + a^){x^ + a*){x^ + u^) 

—by successive multiplication, 

= + + . +a^^x^ + a^^A +a^ 

X — a 


' 354 . Find the condition that + r may be a perfect 

square. 

losing the ordinary rule for square root, we have 


ti.x“+k\+c{ >fa.x + 


ax- 

, b ' /cr + r 

2^7r..r+ ,-j 

4 « 

h'^ 

4 ^^ 


b 

2 sja 


I'herefore <i\“-^bx + c will be a perfect square, if c— =0. 

4a 

Hence = the condition required. 

Otherivise thus : .Since ax'^-^b.x 4 -c is a perfect square, 

('U'- + /u' + 6'=( v^«.r+ v'0'^ = <^-i'" + 2.r ^/fit 4-r. 

Now, comparing coefficients, we have 
b-2 ^'ac^ and b" = 4rtc. 


Exercise CXXX. 

In each of the following examples, state whether the first expres¬ 
sion IS divisible by the second, and where it is so divisible, find the 
•quotient ; — 

1. -t- b^ by a + b. 2 . a'* — by »+ b. 3. a‘^ + b^ by a — b. 

4 . a*’+ by «-H 5 . rt'’—by6 . by «-f 

7 . a' + b'^hya — b. 8. — b"^ by a-^b. 9 . rt- + ^'’byrt-^. 
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1®. a-b. 11^ by 12. a‘ 5 --< 5 “ by rt+^. 

13 . by + b\ 14 . + b^^ by a - b. 15 . «“+ b^^ by + b‘K 

16 . Shew that 22*'*"+^+1 is divisible by 23, if n is any positive 
integer. 

17 . Shew that (2Ji:+^)’‘ + y'' is divisible by when n is odd. 

\ 18 . Shew that i is divisible by (i -.r)^, when n is 

I any positive integer. 

^(3 

19 . What must be the form of in in order that — may 
have both a'^+x** and «« - .r" for divisors, n being any positive integer ? 
(M. M. 1875). 

20 . Shew that 2**‘-i is divisible by 15, if// be a positive 
.integer. (M. M. 1875). 

21 . Assuming that is divisible by ;r-_y, when n is any 

whole number, shew that {aby*-{bf}'*+ {c'^)^-{day* is always,divisible 
by ab — bc+cnl— da. (m. M. 1873). 

i 

22 . Shew that {x- i)‘-* is a factor of w.r’‘+*^-(«+ i)-r”+1, when n 
is any positive integer. 

23 . Shew that (i -;r)‘““-(4 —7;ir -,r-)" is divisible both by .r + 3 
and 2 jc~ I, if n be any positive integer. 

y \ 24 . Shew that (2/1 +-(/* +2^}'*-£/’*+ 3 '* is divisible by a^ — b'^. 

lichen n is any whole number. 

25 . Divide x^+x*y^ +xy^ by x* - x^y+x^^ - xy^ + yK 
(C. E. 1870). 

26 . Divide x^- i ~ 5(.ar - i) by {x - (p. e. 1893). 

27 . If is a positive whole number, shew that the last digit of 
1 is o. 


28 . Prove that 6®" +7"+6 is divisible by 7, n being any positiv 
integer. 

^^ 9 . Shew that 4(4“+ 3®) ends in two ciphers. 

3 Q. Shew that 5‘’ + 7® is divisible by 12 and 4® + 3® by 25, without 

a rems^nder. 

►A /. 

-.jp,^Divide 1by + 

(B. A^,i^88). 

!. Shew tha^^^^^ is a factor of i-x — x"^ +x^. 

' ^ 33 . If be a perfect square, shew that the 

. coefficients satisfy tl^iy a p i ibns 
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Shew without actual division that the following expressibns are 
exactly divisible by each of a — b^b — c andV-«. 

34 . bc{b — (^’\‘Ca{c-‘a)’^ab{a--b'). 

35 . d\b:*. c) + l^{c -a) + £^{a - b). 

36 . - c)^ + b{c - af 4 - c{a - bf\ 

37 . + 

38 . Shew that x’'{x- i)+>''•(i) is not divisible by what¬ 
ever positive whole number 7 i may be. * 

39 . If be divided by x—y, shew that the remainder 

2 y*^. 

40 . Write down the product (i 4-rt),i +«“)(! 


CHAPTER XVI. 
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365- Number of Roots. A Simple Equation cannot have 
more, than one root. i 


The general form of a simple equation is ax->rb» 

If possible, let a and j8 be the two different rrots of the equation 
n +^ = o. 


Then, we must have identically 

aa-|-^=:o ).(i) 

and a/ 3 4-^ = 0 J. (2) 

By subtraction, a(a —/ 3 )=o. 

Now a is not zero, (by supposition) 

a —(Q=oand a = A 


lienee a and /8 are not diflferent from each other, whichfis 
contrary to the hypothesis. 


'Therefore a simple equation has only one rl 


\ 


356. Principle of Identity. If a simple equation is satished 
by more than one value of the unknown quant^ it is an Identity, 


M.A.— 23 





354 


MATRICULATION ALGEBRA. 


Suppose the simple equation rtA'+^*»ois satished by two different 
values a and i 8 of ; then as in the preceding Art. 

rf(a-/ 8 )**o 

and *,* a - /3 is not zero, a is zero. 

Substituting the value of a in (i) or (2) of the preceding Article, 
we evidently find b=^o. 

Now, because a and h are each equal to zero in the equation 
a;»r + 3 ==o, any value of x will make the left-hand side=o. Hence 
the equation is an Identity. 

357. Common ^Factor. When an equation is reduced to 
the form 

AX = o, 

where the expression X contains the unknown quantity x and the 
expression A does or does not contain x at all, then 

1 . When A contains .r, the equation is satisfied by either 

A=to or X=so, 

from which equations, the roots of the given equation may be 
obtained. 

2 . When A does not contain .r, we can divide both sides of the 
equation by A, and obtain 

X=o, 

from which equation, the root or roots may be obtained. 


I. EQUATIONS NOT INVOLVING FRACTIONS. 

358 The following are typical examples. 

Ex. 1. Solve 3(;r-|-i)‘‘^-|-4(jir-+3)^ — 7(.r-t-2)®. 

Since 7{x + 2)^=s{x + 2)^+4{x + 2)\ by transposition, we get 
3 U-r + I - (-1^ + 2 ) 3 } = 4 {{x + 2 f -{x-{- 3)*}, 

3(2.1^-^■3)x-I=4(2.r-h5)x -I, Art. 124. 

Pividing both sides by — i and multiplying out, we have 
6.r-h9=8.r-f2o, /, -2x=i\^ /. ,r=--V-=-5i. 

Ex. 2. Solve {x - a)* -|- (,r - bf +(.r - cf =» 3(.r - a){x - b){x - c). 

By transposition, we have 

{x - af + (.r - bf + (;r - cf - 3Cr - a){x - b){x - £•)=o. 
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Now, the left-hand side 

Art. 327. 

= cf He-af -t-(a- b)\ 

i( 3 ^-a- 6 -c){{d-cfHe-af + {a- =o. 
.*• Art. 357, or .r=^(a + d+c). 


Exercise CXXXI. 

Solve the following equations :— 

1- Ci' + 5)^ + 5(^ + 7)^=6(.r+9)l 2. 4(^+i)'‘^ + 9(^ + 2)»=s i3(;r + 3)^ 

3. (5.V -f 21 )** -1- (7^: + 36)^ = (7-^^ 4* 41)® + (5-a^ +13)®. 

I 

4- (.'»^-3)*-3(^-'2)* + 3(;r- i)®-.r=**9-;r. 

5 . {x-a){x — b) = {x — a-b)^. 6. - l )* = ^(.f — l )(^ - 2). 

7. (x+a)^ •¥{x+bf -f [x ■{■€)'■ *= (r - af + {x- b)^-h(x - £•)*, 

8. 27 (x-2)^+(2X - 5 ) 3 +(3^ - 7)3= g(x - 2)(2,r - 5 }(3;r - 7). 

9. (x-2a)" + (x-2b)^ — 2(x-a-bf. 10 . (.v-5)“ + (:r- 7 ^ 3 -a 2 (jr- 6 )’. 

11. (3« 4 - 3^ “ 2.r)® 4. (3^ - 3a + 2.r)® - (3^ 4.3^ - 2:v)® == (3^ - 3<r 4* 2x)^. 

12. (.t: - 2)3 4-(;r- 5)® 4- (^ ~ 7)“= SC-e -2)(x- sXx - 7). 


II. EQUATIONS INVOLVING FRACTIONS. 


^ o 

359. Multiplying across, ad-be. 

Equations such as the following can easily be solved by the above 
method. 


Ex. 1. 


Solve 


63 

7.1^ 4-3 


45 

9 ;t: 4 -n' 


7 

Dividing both sides by 9, we have 

Multiplying across, 7(9.*^4-ii) = 5(7.*^4-3) ; 
or 63Jc4-77*'352r4-i5 ; /. 28jr«:-62 and 


__.5 

9 .r + ii ' 
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Ex. 2. Solve . 

A* + 5 2X + 7 
Multiplying across, we have 

( 3 A- - 7){2X + 7) = (a- + 5 X 6 jr - i) ; 
or 6 x^ + 7 X — 4 g= 6 x‘‘^ + 2 gx— 5 . 

Subtracting 6 x^ from both sides and transposing, we get 
7:e‘-2gx=4g~s ; - 22 ;r =44 and/. - 2 . 


360. Convenient transposition. In Equations like the 
following, combine by transposition of terms, the simplest fractions 
with like denominators. 


Ex. 1. Solve 
Transposing, 


] o.r + 17 i2;r + 2 5.ar--4 

18 ILV —8”" 9 

12-r + 2 _ S^~ 4 1 or + 17 

nr-8” 9 18 

_ ior-8-lor-I7_ _ 25 
18 “ 18 ‘ 


Multiplying across, i 8 (i 2 .t' + 2 ) = 25 (iir - 8 ); 
or 2 i 6 r + 36 = 275 r- 2 oo ; 2 i 6 r- 275 r= - 200-36 ; 

or - 59 r= - 236 , and /, r= 4 . 


-n n I 6.r-7^ , 16.V+1 

Ex. 2. Solve - + 2r -P ■' ~ 4 r '5 ~~ 
13 — 2 r 24 


Transposing, 


6 r — 7 ij 




i 2 fi - 8 r 


-- -- 2 .r — 


12;- 8 r 


j 

16 r 4 -1 


i 3 - 2 r 3 24 

_ 6 - 10 14 - 64 . 1 ^- r - 1 6 r- I 


= 4 =■! 
• 2 * «' 


Multiplying across, i 3 - 2 r= 6 ( 6 r- 7 j)=a 36 r- 44 , 
- 38 - 1 ^=?-57, and = i = 


361. Reduction by Division. Sometimes it would be 
advantageous to bring improper fractions to mixed quantities, so as to 
make the integral jparts on both sides of the equation the same. 
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Bxl. Solve 3 '^ + "+ 

Jtr-i X + 2 ^ 

By division the eqaation reduces to 




or 


5 


8 


'O. 


- I X+ 2 

Transposing and multiplying across, we have 
5{A: + 2) = 8(;r- i), or 5.V+ io = 8;r — 8 
- 3.r= - 18 and /, x= 6 . 

Bx. 2 . Solve - 3 ^—» = - 3 ^ " , 

^ ~ 5 - 3 -tr - 11 x-() 

By division, the equation reduces to 

h*.ris)- (3 + .V-T,)- U-^xU) 


• • r-5 ^-3 ;i'- II .t:-9 ■ 


Simplifying each side separately, 

f'-3)-(^~5)_ (^-9)-(^-lO 2 _ 3 

^ • SIS ^ ^ ^ ^ “ ■■ • ....... 

'‘'-3)U'-5) (.r-9X-^-ii) (vr-3)(.r-5) (x -9)(;i:- 11)' 


Dividing both sides by 2, and multiplying up, 

(x - o)(.r - 11) = (.1' - 3)(j: - 5), or .r'-^ - 2o.i' + 99=.r- - 8;r + 15. 


/. - I2;i =-84, and /. .r=^5=7. 


Ex. 3. 


Solve 


6.r+1 
3^-5 


2^-5 ^ 4 
3^-4 3 \ 


Multiplying all the terms by 3, we get 

3 r -5 3 .r- 4 “'^* 

By division, the equation reduces to 



.J 3 
3 ^ 


h )-{- 


3^-4 



or 


33 

3^-5 


+ ---- =0. 

3^-4 


Transposing and multiplying across, we get 

33(3^- 4 ) = - 7 ( 3 ’^-5). or 99jr-i32= -2IJI- + 35 ; 

/. 1201=167, and f'=H^f=»TVu- 
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362. Suitable traDSpositiou and grouping of terms. 

The following are typical examples. 


Ez. 1. Solve 


11 


2.r+u 2 x+g 2X-g 2 X -7 


II . 7 f I I ) 

By transposition, —^—+ *=9<-1-- > 

^ ^ ’2.ir+ii 2 X -7 ^^2.^-9 2.ir + 9j 

• iU2.r-7) + 7(2jr + ii) _ 2:r4-9 + 2Jtr-9 

'* ( 2 A-+ii)( 2 .r- 7 ) ”^^( 2 .r- 9 )( 2 .r + 9 )’ 

S 6 x ^ 6 x „ . ^ 

or - -9 TT- 5 = —^—5- . Hence a:=o, Art. 357 . 

4-1:2+ 8 .V -77 4jr2-8i ’ 

and 4;ir2+8A'— 77 = 42 :^- 81 . 

Cancelling 42:“ from both sides, we have 

82 r- 77 =- 8 i, /, 82:=-4 and /* x=-^. 


Ex. 2. Solve — = 
io.r + 9 452:4-2 

Here, —^^7—+ ~—= a'” 7 . 

102:-1-9 4SX + 2 i82: + 5 


1 

18-1' "H 5 

, — 3 . . 4. 

182:-!-5 


(m. m. 1884 


182:+5 ■ 


By transposition, 


, _3 

102: -1-9 


3 


18 .r - 1 - 5 


4 _ . . 4 

ib-r + 5 451:+ 2* 


Simplifying, 


_3/8-r - 4)_^ 4(272 -- 3) ^ 

(io2:-f’9Xi82:-f 5) (i82r-l-5)(’45-'’^ + 2) ’ 


Multiplying by 182:4-5 and dividing by 12, 

417 +2= •• (=>*->)C 45 ^+ 2 )-Cio;r + 9 )( 9 x-i); 

or 902:--4i2'-2 = 9o.r®4-7i2:-9 ; /, -412:-2 = 712-9 ; 
/, -ii2-r»-7and /, 2:=TTff = TV 


363. Alternando. ^ , then will 

•'6 iV 

The following are illustrative examples. 

■o 1 o 1 2:*-82:4-i5 x -7 

Ex. 1 . Solve _7 


a__ b 
c~ a' 
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Alternately, we have 


.ar*-8;r + i5 .r^-6i.v+6 


x-1 


x~S 


8 1 

By division, -v - i + - i + 


.r -7 


x-^S 


8 


.^_7 —^-7 = 8Cr-s)=:8;i'-40 ; 

- 7 -*^= - 33 and V = 4^ 


Ex. 2 . Solve 


/"ijiiiy 

\2x-13f 


^-J 5 

x-13 


M. .1 (2A'-It;)2 {2X-\3f 

Alternately, we have - ^ -ii-; 

x-\s .r-13 

4;r^ — 60X +225 4,r’* -* 52:r +169 


or 


.r-15 


.r-13 


By division, 4x-\-- ^ ~ =4,1 + -—^— ; 

^ ^ ;r-15 ^ ^-13 

225 160 

• • ;i'-15"" .7^3 ’ 225 (-«^- 13)= i69(.r- 15) ; 

225,r-2925= i69.r-2535 ; 56^=390; 

• • ■*”“ .16 “tJ'iiA' 

(M/ C 

361. An Important Formula, if then will each 

. mfi+nc ma-nc 

fraction = ———= or = - 


mb + nd 


mb -nd ’ 


where rn and n may be any quantities whatever, integral or fractional, 
positive or negative. 


Ex. 


1. Solve 

\.r + 8/ (.r + 7)(A: + 9) 


^ j;® + 24.r+i44 jr®+24.r+i43 

M ultiplymg out, - , f-- = -r-- - -. 

r j ;r’‘+i6;r + 64 ;r2+i6;r+ 63 


each 


diff. of numerators 


_ 144-J43 ,, , 

— x:. * » 


diff. of denominators 64-63 
;r® 4 - 244 r+144==^® +i6jr + 64 ; 

/, 8.r«>: -80 and — 10. 
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‘ Ex. 3 . Solve 5 £±i.i , 

\2X + 7f 2 X+S 


Multiplying by 


+ 7 /?£+? Y = {2X-\rii){2X+7) ^ 

2.r + 9’ \2X+7) {2X+$}{2X + ()) * 


4;c^ + 36A: + 8r 4.t:^ + 36x4-77 

Multiplying out, ^ - ^ Hi Lr . 

' ^ ^ 4.r- + 28 ,r + 49 4-r^ + 28 A: + 45 


, 8i -77 ^ 4 . 
diff. of denominators 49-45 4 


. ,, diff. of numerators 

each = j- 


/, 4;r^ + 36A' + 81 = 4^2 + 28-r + 49 ; 

/. 8.ari= -32 and-.'. .r= - 4. 

Exercise CXXXII. 

Solve the following equations :— 


1 , 

3 . 



X 4 

_ 5^' 



2. 

i 

- ^X X 

I 

■ + 

7 

” 2 “ ^5.r 

14 ■ 



3 


4x ~ 

2 

2X + 

3 + 4 f'_ L 

6 -r 4 - 

+ 


i'+ 1 
✓ * 


4. 

:> _ 

2 

4 

3 ' 1 ' 

n 


6 



4-^-3 

y- 

.V 

1 -- 
2 


i(- 

5f' 

— i 

) + 5 *^- 

f 40 


6. 

2X + S 

ss 

x+7 

6x~ 

3 ^“ 

2,r 

I -^-V_ 2. 

1+7 _ 

I - 

- . ( 15 . M. 

1885). 

8. 

5 £r 7 = 


3 ” 

4 ^- 

12 

2 


.r+ I 

3 ^H 

,o(. 

^ + j)-=3 


— 

‘).(C.E. 

1859). 

10. 

^ + 3 ^ 
2r- 3 

2.r 

4 .r~ 

4x- 

17 3S-;22;r_ 







9 

33 

.1 ~ 

.r* 

1 sd 






X 

6 


12 . 


^ (A. 1C. 1891). 

x-i 5\r-i 3/ io(r —i) 


13 . "■"- 3 = . 14 . 4 ^+ 3 + 8:»^+>9 (p. E. 1868). 

5Ji:-2 5:r + 37 9 i2-$x i8 


15 . 

2(4:1:+3) j 

i =^* 

16 . 

8 ^+J 

A -+3 

-r+r 


14 

17 . 

-“ 3 ^ I ^ 

£.“ 3 . 

4 

18 . 

3 - 4 r 
j \ H 

ar + 2 2 

2jr— I 

30 -A) 


6 . 1 '+ 2 




fO M 
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x(2X + 2) * 

19 . ^ ^ ^'4- -=.tr+I. 

2x +1 3,r 


20 . •'■-+ 4 +.:= 

SX+S (> 2X + 3 


21, '“■+V_ '=-^.+ 38 ^ 5 .^ + n . „ .J, ). 

18 13^ + 23 9 ' 


6 ^- 4 - 13 3^'4-5 2X , n , 

22 . —T-^- -^ = . (n. M. 1871)- 

15 5'1^-25 5 


x -7 2 .t'-is 


.r4'7 2x-b 2(.v4-7) 
7.r4-i 35/^4-4\ . i 


24. 

3.v4-r -r-[ 


25 . + 3 - • (A. E. 1896). 

.r - r 9 \ .r 4- 2 / 9 

26 . * 4- —. (c. a. i860). 

-r - r .r - 4 .v - 3 


27 . . (c. E. 1871). 

3.1- - 5 .r - 5 2;r - 5 


6 .r 4 -i 7 3r—10 i-2.r 


29 - * 4 . 

12.1:4-11 6 .r 4-5 4 -v 4'7 


ou, , “-■' 4 - 

15 i 4 (;r-i) 2 T 6 lo:; 

31 . ^;ri^+i^ 4 L 5+’-3 

.r 4 -i 3 'i' 4-2 -V 4-1 

32 . 3 /^“-i^tl), 

2\ 3,r-2 / 

33. «±3^ 4^+5+ 3 .^ + 3. ,88 

-r 4 -i 4 -V 4-4 3 -^+' 

34 . =6-2{^j^~y (C. E. 1873). 

.r4-2 \.i:4-l / 

35 . ‘ - J:- ^^ . (c. E. 1888). 

3 61 - 3 x 3 X-2 


■ --‘— 4 - - -- 0 . (m. m. 1887 ) 

-I .*■ .r + 3 ;i: 4-4 

.v-i .r-2 x — 3 x — 6 o/t v 

- = —f - . , (C. E. 1865 ).' 

X — 2 'V *“ 3 x-^o X — 7 


37 . 
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X-a A'-!; A-7 X-4 


h 

1 

0 

1 

x-y 

x-g 

x-6 

X 

i.. 

9-x _ 


8 -.r 

AT— 2 

7-x 

a:- I ^ 

6-x' 

a: - 2 

- + 

x-3 

x-4 

AT- I 
A~2‘*' 

A '-4 
A-5* 


2 ,v 4 -ii 4^+13 15-1^-47 b ox 

41. --. = - - -- -. (C. E. i 860 & B. M, 1895 ). 

»-J-C '51'— .I I'-l.'l ^1'— 10 ' 


42. - 


x + S 3X-4 x +3 3 A'-io 

6—5,r _ 7-2,r® i i + 3A 

■' ^ •_ -J-5_- 'J. _ -J. 


_ X -I--— —^ -X+-- . (M. M. 1867 ). 

14 -r-1 10 ' 7 55 


43. 5+23_ ,33 

3 A --4 .Y+i 

44 i£.“ 17 ^ 155 ^^: 7.13 ^ »f_7_30 5 f' - 4 

;r~4 2A--3 “ 2t-7 


•::—: 4 -"- •^ + " -- '''•^3. 
a -5 .f -9 -r-i 


.^-4 A‘-7 .r —2 , „ , 

46- (M.M. 1875). 

47 . 5^-34 3 ^ “ 26 ^ Sx -24 3 X - 32 

x~7 x-g .r-5 .f-I'l 


1 & ^Z£±J + •’^!±£.+1 49 . '±^- 

A-1 a‘4-1 I’-x 2-3X 


^ ±5 _ -1A5 == I + J_±l-1 
i—x 2 - 3 X i - 3 x 


cA -^ — 4 x — 7 x-g 3 , „ , 

■ 50 . . ,/ ' + is-w^-Z\+, N/-- -ZT“ ' ■ (M. M. 1874). 

(j:-i)(a-- 3) (:t^-i)(jr-6) (-r-3)(.ar-6) .r ^ 

51 '^*+ 3 .^ + 2 ^ A^ + 8.r+i7_ A^ + 4A'+5 A^-f 6 .v 4 -io 

-r + i .r+4 “ x + 2 x + 3 

_« I A- 4 I A-16 2 X- 36 92 

Ow* * ' "P • “ ■ *" « 

5^r-9 9 -1^-25 13 ;c-49 585 


63. - - + * 

X-g AT-25 AT —49 


54 20 

3 a :-4 4 .r+i Ar + 7 


55. 3.m.-5*+5:r^) + ,7o=29(i^+?^) 

\ AT+I Ar + 4 j X+2 X + 3 ) 
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Sft (8^y_4£rJ. 

\ 4 A^-I/ X—I 

+4X^ + 5 ) .r + 6 


58. 

«0. 

61. 

62. 


(.r+ 6 X-v + 9 ) .v+12' 

(x+i)( x+g ) _ (x + 6)(x +t o) 
(x + 2Xx + 4)~‘ (x+ s)(x + 7) ■ 

4 ' 0 ‘; _ '3 _ ij8 3 6 

gx 8 - 2 X X 2’4 — 6 x 

(x+9)(x + 7) _ (x + 2)(x + 4) 



67 . 

j:- IT_ 

/2-r— ig'v® 


x-9~ 

\2J»r-i7/ ' 


59 . 

2 X — 1 
-4. 

A' — 2 3A + ^ 



:r— I 

.V - 3 X 2 ' 

(m. 

AI. 

1889). 


(c. 

E. 

1881). 



(x+6Xx + Jo} (x + J)(x+5)‘ ^ 

J^+3_-r* + 3^ + 7 .5 /^-A 

”• ;t + 5 jr* + 54:+g- \ x - S / ~ (. r ~4 i (^- S ) 

66. (x + 1 )(.r + 7X''^'‘‘ - 20) = (x^ - 3.r+2X.v“ + n a' +18). 


63. (^y= its.. 

\.r + 9/ ,r+ii 
f^-7\* f-v-5X.ir~9) 


67. 5 


4 -x 


29 

■ 5 ■ 

(a. e. 1893 ). 


68 . 


I. (U. M. 1891 ). 


7 - 

7 - 


7 ~x 


69. — --+ —-.8=0. (M. M. 1873 ). 

■^-3 ^' + 9 x-27 


I - 


X 


70 . I— . (p. K. 1890). 

S-x x-s ^ 


71 +j£z * to 

(.r + O'+^r-1/ 

(M. M. 1877 ). 


365. Literal Equations. The following are typical examples 
of Literal Equations, 

Ex. 1 . Solve " + - *a2 4.^a. 
bx ax 

Multiplying by abx^ the L. c. M. of the denrs., we have 

< 1 * + ^8 *a ab{c? +5®)jr, 

' a® + 


I 



3^>4 
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Ex. 2. 


Solve 


x + 2 a 

X b -T ■+■ ^ 


(c. E. 1892). 


Multiplying crosswise, we obtain 

(x + aj{x + « + (&)*=■ (a- + 3 a){x + b), 
or x“ + { 2 a + b)x+a{a + b)—x“-{’{^a + b)x + ^(ib. 

Ciancelling .r® from both sides, we have 

{2a + 6 )x+a[a + b)~{3a + b)x+ :^ab. 

« 

liy transposition, i 2 a + b)x ~ + b)x =i 

or {{ 2 a + b)-{3a + b)\x = ^{3/; - (a + 

.. ~nx = a{ 2 b~a\ and = - 2<5, (dividing by a). 


■Pv Q ^ 1 ffi{x + w(A'4"i5) 

Ex. 3 . Solve , '+ A 

x-k-b x-^a 

By division, 

, mia-b) n{a-b) 


or — ---— , (dividing by a — b' 
x + b .r + a’ ^ 


X -^-b X + <i 
ffi{x + rt) = n{x 4-^j, f)r mx -1- ma — nx + nb^ 

By transposition, {m — n'x = iib — ma^ and x — 


7 tb — tna 


tn - n 


Ex. 4 


Solve (ill±^y= -'■-t'' 
\ 2 A- 4 -o+i 7 + 


Alternately, we have • 

x + a x^-b ' 

Mulliplying out, *^-±^^+£)-^^±Sr ^ +4(<> + f)?±(« + ‘Z'' 


-r+rt 


x-\-b 


By division, 4 (a-+ 1:) + ^ ^ = 4(.r + r) + 

x+a x+b 


"" x+a x+b 


/. {a~cY{x ^b)^{b^cf{x + a) 


Multiplying out and transposing, we have 

« cf -(b^ if)x = a{b - cY - b{a - cY ; 

(rt - b)Kti f ^ - 2<:) i'= a{b- - 2bc +- b{a^ - 2ac + c^) 

= (a - b)(^ - ab{a -b) = [a-‘ b'y{£- - ab) ; 

X =“c- ’ 
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^Bx. 5. Solve 


ax '^■b ax^ + bx'\-c 
fix 4 - " px'*' + + r 


H ere ^ ^"*■ ^ . 

' px-Vq xi^px-^q) px^^qx-k-f^ 

• ' k— n um erators _ c 

. , eac — jjefjQUjinatorsj”' r 

.*, 7icix-\-b) — dpx-^q)^ 01 arx -)thr--=pcx •\-cq 

{ar-pc)x^iq-br^ and Z. a- = ^^ 

ar—pc 

Ex. 6. Solve -^y.^ -- —T = 3« (<-• K. 1896). 

3 b + Sf 5t+« ‘i + 3''^ 

Here, ( - ;) + - lU ( '^'-5^ - lU-o, 

v3^'’ + 5^' / \ 5<''+" / \^ + 3'^ / 

, .a -tf- 3 ^_-■ 5 f .r-a-y;-5f .r —a-3i^-5i- 

’’ 3*^ + 5^ 5r+« '*’ a + 3^ ” 

Hence x -u-:^b-Si =0, Art. 357. 

X = a + 3b+ ^c. 

Ex. 7. SoKe , ' +—- + I ~ '’■ . 

.1 +b(i X — ^a X+ 2/1 x+a 

j 2 C) 

15y transposition, - > + = -- - — . 

A + ua X — 3a I'+a .f + 2 a 

, ;i' - 3<i + 2 (x + 6tf) 6f.v + 2a) — 3(.v 4 - a) 

** {x + 6aXx-3a) (x + a){x + 2a) ’ 

• __ _ 3-^' + 9^ 

' * (x + 6aXx - 3a) {x + a){x+2a)' 

/. 3-T + 9<^=o, Art. 357 ; 

3.r= ~ga and /. x= -yi. 

The other equation, (.r + 6a)(;r-3i/) = (.i' + a)(A +2<0, «i) madm^ss 
'ole, for it will be found not to contain x at all. 

/ 

-Cl— o ».■ I ix-~a\^ x—2a+b 

, Ex. 8. >) 
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Adding i to both sides, we have 

{x - af -^{x- b)^ x- 2a^-b -k-x-^a — ib 

{x-bf ** .r+rt-2^ * 

{{x-a) + (,x-b}){{x^a)^-{x‘-n){x-b)+{x-by) ix-a-b 

. - 

(2x-a -b){^ - {x_ - a){x - b)-\-{ x-bY \ _ ix - a-h 

, {x~bf ~~ x^-a-2b' 

2x-a-b~o^ Art. 3^7. 

/. 2A- = « + ^ and /, .r = K^-r< 5 ). ^ 

The other equation, namely, 

{(jr ~ -{x — a){x — b) + {x- bf +di - 2b) = {x — b)^, 

when simplified, wilV be found not to contain x at all. 


Exercise CXXXIIl. 

Solve the following equations :— 


^ bx ax — 

1 . a -- —^— 

a c 


n a b d 

2. - + =0. 

X c e 


^ ^ A. ^ . 

o. - + , =* r. 

a b 


4 . 

6 . 


axb _ a _ cx-\-d 
c b~ e 


aba rO 

- s=a^ — b“. 


bx ax 


- a(rf®+jr®) ax 

o.- ~z -= ac + ~r • 

dx d 


„ ax cx I , y, , 

7 - j + j =gx -irykfh-- cx). 


8. 

__1_ r =: 1 . 

b(x+c) a{x+c) 

ab — ax 

10. 

6 x+a 3x-b 
j\x+b 2x — a' 

11. 

12. 

%x a+x 2 a^b 

13 . 

aJf-x X 2.V 


. (B.M. 1890). 


2 X-{-a , "Kx — a , 


3(.r-a) 2 [x-\ra) 

P-Q _ p-^q 


qx\r px — r 
14 .' (a+,r)(d+;r)-«(^ + f)=*‘-y+:«r2. 1868). 


(c. K. i866). 


tPc 


15 (c. E. 1866). 16 . ^ 

b~ a a —b ' ^ 


2x-‘a 2 x — b 


1 . (C. E. 1899); 
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17 . 

19 . 

21 . 

23 . 

24 . 

25 . 

26 . 

27 . 

28 . 

29 . 

30 . 

31 . 

33 . 

3 ft. 

35 . 

36 . 


* . (P. E. 1862 ). 18 . 


x-c X-\r2C 
a h a — b 


X —a x — b x — ‘ 


(C. E. 1859), 


a—x^ b-x c-x b-x^ 

cx 


bx-^p ax-p 

on ?±^’ 

x - k - a ^ x+k x+c 

22 ~ - - 4 . - ^ - _n. —' _ 

x+a^ x+b x + a+b^ 


(c. E. 1886). 


bx c b 
^-«+^-i^.£rr_£riS+*±£). (C.K. 1865 and M.M. 1863). 


1 


abe 

* f ~. (A. K. 1894). 


x^a x->cb x-^a^rb x 

-=-;- , . (C. E. 1890). 

X'-a x~-a-\-c x-b — c x-b 

x — a X — a —i _ _ x- b'- i 

X-a-l x-a — 2~ X-b-l x-b-2' 

yxbc (Pl)^ {2a'^b)b\v 

a~Vb^ {a+ bf‘^ ~a{a^^~- ' 


bx 

a 


{c-(^{x-c) {a-b){x-b) {c-d){x-dY 

(C. E. 1891). 

(£±‘«)C£J^)_ !£±£l(£i/.). (A. E. ,892). 
x+a+b x+c+d 


^2x — a\^ _ x—jz 
—b) x—b' 


32, 


\ 2 x-bt x-b' \x-bf x-2b' 

( 4 ^>-a)(jr + ^) x{x - c) - bix ■¥ c) 


\x-a+b 


x-b-c 


. (m. m. 1886J. 


-+_ 

vO ~ t* / 


{x-^af-b^ —«* x^-{a-{-bY x~-{a-bf 

fi+c b+c a — c b'- c 


x — 2b x-2a X'^zb r + 2a 
Sb + S^ Sc+n a + $b 


(M. M. 1888). 
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40 . 


a 4-.r 

a — x 


a^-\-ax+. 


x{a* + 

v + n _ i 

f 2.1: 4-« + z' \ ^ 

1 < 1 * 

30 . j6 

x+m ' 

{zx^-m-^-rf 

. 

a 

b a —c 

b + c 

+ 

.v+a X 

■vb x + a — c 

.^4"<^ 4-1 

.1' + 4 a + b 

X 4-a + b 

4jr4-«4-2^_ 
.r4-rt—^ 

5. 42 . 


. (h, m. 1882).., 

- , '' 

ntx ~ a —b mx — a —c 
nx — c-d~‘nx — b — d ‘ 


III. EQUATIONS INVOLVING SURDS. 


366 . The followinjj general method is observed in solving 
Irrational Equations : — 

Rule. Transpose to one side of the equation a single radical 
tenn by itself^ and then square or tube (as the case may be) 'both sides 
to get rid of this radical. Repeat this process until any remaining 
radicals in turn are removed. 


Ex. 1 . Solve '/(i2+,v) — 2+>/.r. 

Squaring both sides of the equation, we have 

i2 + .r = 4 + 4v'-i^ + A' ; /, 4's/’;r = 8, (by transposition). 
Dividing by 4, •/.r = 2, and .1=4 (by squaring). 


Ex. 2 . Solve 34-A'- v'(-^''‘ + 9)‘=2. 
Transposing, i; 

.Squaring both sides, ;r‘'^ + 9= i+2,r+ ; 

Transposing and taking away .r^ we have 
. 2 .i'=- 8 and .t: = 4. 


Ex. 3. Solve (b. M. 1865}. 

Raising both sides to the zm\.h power, we have 

{{a+4 - Sax + b-)- •*», 

or {a+xf=x‘^-^Sax + b'^ ; /, a^ + 2ax+x^=:x^+Sax + b^ ; 

Cancelling .r® and transposing, we obtain 


6rt.r=a--^“, and x= 


6 a 
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4- Solve +3) = + ■/{'IX +7). 

Clearing of fractions^ i.e, multiplying by '/(2;c+3), 

2 ^ +3“5+ N/(2:r + 7)(2:ir+'3) ; *y(2Jr + 7)(2;r + 3)='2Ar-2 ; 

Squaring, 4;r* + 2or + 2i=»4jr*-82r+4 ; 

Taking away 42:® and transposing, we obtain, 

^ 280:= - 17, and -3|. 

I 

Bx. 5. Solve ‘N/’( 4 ;r + 5 )—,y(;r + 3). 

Transposing, ^(4Jf + s)— ^X’>r -^(^ + 3). 

Squaring, 4;r + 5 + 2 ^{x^ + 3.r) + jr + 3 

Transposing, 2 J{x^ + ^x)=z{x-\-i). 

Dividing by 2 and squaring again, we have 

.1 2:® + 3ar=jr®+2^+i ; ;r=ai, (by transposition). 


1 . 

3. 

4 . 

5. 
7. 

9. 

It 

13. 

15. 

17. 

19. 

21 . 


Exercise OXXXIV. 


Solve the following equations 

15 +■s/(^+ 7 )=“i 9 - (c.E. 1880). 2 .''5+ 7 *^( 1 ^-6) =19. (C.E. 1859). 
-/( 3 ^)- 4 = n/( 3 ^ + 4 )- (C. E. 1863). 

^(5jr-i) = i+v^(5.r~2). (c. E. 1875). 


n/5(-^ + 2)= ^/5.r + 2. ^6. i ^r(i7j:-26) + |-iyV. 

^(;r+9)=i+ ^fx. (c. E. 1861-62). ''8. ^/( 22 r+io) + 2 ^(jr-H6) = 2. 

~10. 

(c. E. 1§68). (c. E. 1873), 


Jx- 

V {bx) + V b{a ^jr) ^ sTx. 
J(x — a)^ ^x+ J{b+x). 
a+x-^ ,J{ 2 ax+x*)^b. 


13 . = 

>ir 4 . (s/(Ar+2r*) = 1 4 -;r. 

16 . a+x— J{a*-k-x*)*=b. 

18 . «+2:+ '/(a®+/>:r+2r*)=»^. 


- Jx-^ s/2: + 2 +«*)«- s/«- ’^O. 2r + 5« >/(.v + 5)+6. 

s/(9tr+i)+V^(4r-H)=‘/( at-I-i). N/<2:®+2;-2)»3-2r. 


M.A. —24 
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23 . 

v^ 4 . 

25 . 

27 . 

V 30 . 

31 . 

32 . 

33 . 

34 . 

35 . 


^(5^+9)- *2)» V(3;«r4-i). 

x+ %/‘{.r3+9) = 9. (M. M. 1889). 

(c. E. 1879). •^ 26 . X- ij{ 2 ax+x^)=‘a, 

'>/'{{x — a)“-^ 2 ab-^b^\=x — a-\-b. (u. M. 1886). 

.-+ V39. .A(^+9)= 

2{x + 2 )^l+ J{ 4 X^ + 9.V + 14). (c. K. 1877). 

^(.r“ + iiA- + 2o)- v''(.^“ + 5^“ 0 = 3- (t'- E- 1881). 

^( 4 ;c* + 20 jir+i 7 - •/(i 6 jc''*+ i ia +io)}=3(;r + 2 ). (c. K. 1878 ). 

V{a^ +x^) + Jia^ - x^) - d. ( 1 *. K. 1892 ). 

> s /(^ + 5) + + 6 ) = n/ 3(^+ 11)- 

V.r-^«=\/ {I+V («+p)}- 


/ 367- Method of Identity. The following are typical 
examples. 

£x. 1. Solve Ay( 4 ^ + 5 )+\/'C 4 A’-ii )=2 .( 1 ) 

We have ( 4 A' + 5 )-‘( 4 A'- ii)= 16 , (identically) 
i.c. { V’( 4 ^- + 5 ))* ~ ( n/( 4 .^ - 11 = 16 . 

Dividing this by the original equation, we get 

+ '/( 4 A'“Ii )=8 . 

Adding (i) and ( 2 ), 2 ^'(4^ + 5)= 10 5 

Dividing by 2 and squaring, we have 

4 A- + 5 - 2 s ; 4 ^ « 20 and /, x « 5 ^'*, 

Ex. 2. Solve J{ 2 x+i)- V{ 3 x + 2 )= >/(4^ + 3 )- ■^(5^ + 4 )..-(i) 
Since ( 2 j: +i)-( 3 jr + 2 )“ -(^■ +1) —(4^ -l-3)--(5-i^ + 4 ) (identically) 
/, Dividing the above by the given equation, we have 

^/( 2 Ar+i)+ V'( 3 ^ + 2 )= ^/(4.a: + 3 )+ ^( 5 Ar + 4 )....( 2 } 
Adding ( 1 ) and ( 2 ), we obtain 2 V'( 2 jr + i)“ 2 >/( 4 Ar+ 3 ); 

Dividing by 2 and squaring, 2x+i<=^4x+3 ; 

2 x=t — 2 and /, x^’ ~ i. 
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368 - Rationalisation of Denominator. I'he following is 
an illustrative example. 

Ejf. 1 . Solve * + il' - ‘'1 +' = 4 - 

y( I - .r) + I -/(14- -r) ~ I ^ 

Rationalising the denominator of each, we obtain 

^ ^ ^ y *)- 

*^/(l -x")~ yf(l~x)~ ^'(l +:r)+ 1 


oi 


— X 


----- + 


J{ 1 - x^) + J{i +x) + J{i ~ £) + j _ 

~x ■“ 

M ultiplying by .r, and adding up, we have 

2 J{i +x) + 2 -.r)=4.r, or + v)+ */(! -.t*)s=2r. 

SqiTaring, 2 + 2-/{i - jr“)*=4;r£ or 2 -/(i —-r“)5=4.r'-‘- 2. 
Dividing by 2 and squaring again, we get 

I-.i‘^ = 4x*~4x" + J ; /. +r* = 3.r2; .r"-o or 4a- = 3. 
.r = o or x= ± } V 3. 


369. Componendo and Dividendo. ^ will 

a-\-b _ C'^-d 
a-h~r-d' 


The following is a typical example. 
1 Cl a+x+ s/i2ax+x^) 

Ex. 1. 

r>y Componendo and Dividendo, 


2(rt+jr) 


^+r 


a+x 


d^ + i 


2 <i/{ 2 ax + x^) 1’ + :r“j 

a^ + 2ax+x’ /d^+i\'^ , 

Squaring, i • • 2«.r+;;5+ ’ 


• _/£!±ir-i=-4^ 

’'' 2 ax+x’*’^ 

2aJ^+;ir* i)^ 


Inverting the terms, 


a* 
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Adding i to both sides, we obtain 


a* 


f 'Ext. the sq. root, 


4 ^* 

a+x +1 


. /a+x\ 

+ 1 , or 


a+:r\* 


4^3 


a 


Transposing, 


X 1 

a” 


X 3 “ + i 

= —T— , or IH—=« —r- . 
-■='^.and 


Exercise CXXXV. 

Solve the following equations 

1. s/(5;r-i4)-V(5Jt-2i)=i. 2. Jx- •/(x-16)^2 

3 . >/‘(;r-2)+ ^/(3r-IS)= V(3^-io)^ '/(.v+ 7 ) 

^ * 

4. v'(t*+9)+ >/(^®“9)=4+ >^( 34 ) 

*• fc,Ei865). 

B 1 I_!_ 

J(l-jr) + i B,/(l+^)-I x‘ 

„ y,/(X+T)-s/(^-^l) , ^ J;r+Vf3 ^-I)_ 

7- (B‘M.i863). 8. 


0 N/(2-y+0+ v/(3y- 2)_T 

s/(2r 1 1 )->/(3jr-2) 

11 n/<^~ * 


a- J{ 2 ax-x^) 
a+s/{ 2 ax-x*) 


12 . 

f 

13- 


_ l+A _ I -X 

I +.»: + V(i +.r*)'^l-2:+ J(l+;r’) 


=sfl. 


I. (c. F. A. 1882 ). 


JX- J{X-2) JX+ sJ{x-¥2) 

14. ^4^C32r*+i6 )-b/(3^*“I6)*8-4s/2. 

V ■/{«+ ■/(««-**)}+ V{a- ( a+ 
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370. Special Artifices. Some equations require special arti* 
iices for their solution. 

Ex. 1. Solve + 

3+s/(5^) 2 

We have — ^ 5 -^) ^ 3 ^ ^ — 

3+s/i5^) 3+JM ‘ ^ 

Hence the equation reduces to . 


or ^/(5x)=5. 

Squaring 5^ =25 and ;ir=5. 


Ex. 2. So\\^V{a-^ y/x) + lf{a— s/x)"»^b. 

Gulping both sides, we get 

«+ Hi’x+a- /v^^ + 3^{(a+ Jx){a'~ Vx)) x{^r(a+ Jx)+^X^-' ‘/x))^b. 
Substituting y^for y(«4- tJx) + V{a— -/x), 

2^i + 3^(a*-.r)^=^, or 3 ^y^{a^-x)d=b-2a. 


Cubing, 27(a^-x)d={d-2ay ; or • 

. 2 {h-2af 8 <*'*+ i5a*^ + 6 <*^“ — 

•• rjh 

Ex. 3 . Solve “ +-■^)„64. ' 

a- »J{a^-x^) ^ y(rt+:r)+v(^*~;r) 

c- <»+ ^{c^-x^')jza’^2^{o?-x'^) ^ f y(<g+;t-)+ iJ(a'~x) Y 
a - J{a^-x^) 2a-2 J{a^ -.r^)“ \ ^l{a +;r )- >J{a--v)] ^ 

therefore multiplying both sides by ’ 

^ f x/(a + .ar)+*y(a-jr)V * 

Extracting the cube root, 

J{ a-¥x'^ 5 . a+x 25 

y/(a^x) 3’ ^ ® a-a: 9* 
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Sx. 4 . Solve 


9 ^ + 3 


9^-9 


v/(9^4-7) + 2 n/(9^+i6)-5 


-- = 6 . 


Since gx + 3 - (9^ + 7) - 4 = { + 7) + 2}{ y/{g.v + 7) - 2^ ; 

and 9.r-9s»(9.r+ 16) - 25 = ( >/(9x+ 16) + 5}{ ,^/(9a- + 16) - 5J 
Therefore the equation reduces to 

^/( 9 .t- + 7 )- 2 + >/’( 9 r+i 6 ) 4-5 = 6, 

or V(9.r+i6)+J(9.r + 7) = 3 • • -(0 


Now, since (9'f + 16) —(9;r4-7) = 9, (identically). 


Therefore dividing the above by the given equation, 
J{gx+i 6 )- J( 9 A'+ 7 ) = 3 .(2) 

Hence, adding (i) and (2), we obtain, 

2 Jigx + 16) = 6, or J{i)x 4-16) = 3, 

Squaring, 9.r+i6 = 9 ; 9.1= -7, and x= - Zr. 


Ex. 5 . Solve +■ 39;r + 374) — J{x^ + 20.r + 51) 

Transposing, + 3gjir + 374) - 

= “/ (x^ + 20.r + 51). 

Squaring and observing that .r*+39,1'4-3745* (,i' +22)(.r+17). 

( X 4- '»2\ 

X + 7? / “ + 5 T ■ 

'I’ransposing and simplifying, we have 

... ,/a:4 -22\ ,r4-22 . 

o''^+-r ,=95 X.JX- 4 S. 

19^ + 418—20.1+340 and /, .r«n,78. 

Mt. 6. Solve ^(-L) + ^(.i ) ^2^ 

Transposing, ^^ (3^) -(5^) 
Extracting the square root, ^ (jir)""®' 
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'Fransposing and raising both sides to the 4th power, 

S+x " 3-x 

I 3 y Art. 369, ^ = ^ = 4; and /, = 

Ex. 7. Solve - s/(a+x)+ ^~s/(n + x)= i\/x. 

a X •> % 

Here, v^(a+.v) or 

\a Xf ax & 

. (a+xY^ .r’- a .s 

.. - 

Squaring and taking the cube root, we have 

Bx. 8 . SoIve 6 ^{ 5 :r)+? 2 iti^ 2 .'{(. 5 £)=^+;, 

9^—5 

Transposing and resolving into factors, we have 

(3v^+ n/5)(3V-^-^/5) ^ ^ 5 ) 5 . 

Cancelling the common factor and clearing of fraction'^, 
40 v'S = ( 3 s/-s^- -v/ 5 )“’o^ ( 2 x/ 5 )^=={ 3 v'-^- s/SY- 
Taking the cube root of both sides, 2 V5=3,/^- v^'S ; 
Transposing, n/'^= s/S and /. .r=5. 


Exercise CXXXVI. 


.Solve the following equations :— 
x — ax ‘<fX , . 

1 - ■ ■ (C. K. 1885). 

^ rV 

2. (C.F.. .885). 

yj{ax)4rl ^ 2 
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aX'^V^ ^(ax)-b ^ , //5±?\«,4, 

J{ax)-\-b'^ n * V U+^/ zU+c)' 

Jx^a _ ^/x-\rlf Jx-^^c 

(V’;r-a)(^^.r~^) 

(c. E. 1867). 

if{i+x)-¥ V{l—x)^ ^2. (c. E. 1885). 

V{a+x)+ tf{a-x)=^b, 

^{( 2 a+;tr) 4 ^ 2 )+ J<(2a-^)2 + 3 «} = 2rt. 

V{a*;»r» + b JUa^x^ + a' + b J()a^x^-±2iibx)) ==ax+ .V 


X- Jjx^-c^) 
*y(;r + a)+ •/{x-a) 


■ 2 Ja. 


'12 » + Jx+x _62 1+ ^/A • 
I - ,^/;r+.»r 63*1-, ^/'.v 


s/Cat* + 33A? + 260) - -/(at* + 1 Sat + 35) = V >y^ (^ +13) ‘ 


' tr(<*+Ar) + - V^(fl+Ar) — i^*/x. 




^(i+Af+Ar®)^-J(l-Ar+A2) = 2ir. 


/at a\^ ix a\^ A/at’* a®\^ 

(a+ 3 ) ^Aa^b) 

19 .^ 

i + SxSJ \i-9Ar/ A 


2a>/(l,± A») 


V 23 . 


I +A+ N/(2A:+Ar^) p V'(2 +a:)- 
I+AT- <^,/(2A: + Ar*) ' s/{2+x)+ sjx' 

(M. M. 1866). 

^A + I 2 

+ (B.M. . 875 ). 

...-^■"g- + . (M. M. 1864). 

AT— )s/<l A+ is/rt 2 
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21 

25 . 

26 . 

27 . 


^(l 5 - 9 ;ir)+^(io-4:r)='/( 5 -;r). (M. M. 1874). 


IV. EXPONENTIAL EQUATIONS. 


371 - In Exponential equations, the unknown quantity or 
quantities enter as an index or exponent of a quantity. 

Thus, «*=d, is an Exponential equation. 

372 . The simplest cases of Exponential equations that we shall 
here consider present the following obvious facts 

(1) TJ then x^c. 

(2) If a*— I, then x=Oy for i. (Art. 106). 


Ex. 1. Solve 3*”^ = 27. 

Since 27 = 3 *) /. 3*‘* = 3^ and /. ^-’4 = 3- 

/. .r = 4 + 3 = 7 . 

Ex. 2 . Solve 2*+®.3**'’ = 648. 

Since 648=8 x8i =2'’X3*, 2*+“.3*+^ = 2^3*. 

2 *-fS 

/. — X = I, or 2*-i X 3*-^= I. 

/. (2-3)*'I ; .r-1=0 and 


Ex. 3. 


Solve .(i) 

.(2) 


J . (c. E. 1879). 


From (1), /. ;r+^ + i«7 or;r4-_y=6 .(3) ) 

From (2) /, 2j + 3:r+5 = 2o* or 3jr + 2ja« I5...(4) / 

From (4) subtract twice (3), thus at=3. 

Hence, from (3 )j^=6-a:= 3. Thus jr«»_y»*3. 
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■ .( 0 ) 
...(2) J 


Ex. 4 . Solve 2*+^ +3>' —97 ... 

2 * + 3 "+ 3 = 737 .. • 

From (r) 2.2*+ 3*'= 97, and from (2) 2*+ 9 3"^ 
Now writing A'for 2* and I'for 3", we have 


and 


2A>F=97 1 
A'+9 1^=737 j 


whence A'=8, 


Therefore 2* = 8 = 2'' ; so that .r = 3. 
Similarly, 3" = 8i = 3^ ; so that ^=4. 


737 - 


Exercise CXXXVII. 


Solve the following equations :— 


1. 

2X+2 22, 

2. 3.2*+^ = 48 

3 . 

^jVHX-H— J _ 

4 . 

fjmx~V — lfinx-p 

5 . 3 *"^ = 9 fl’*'*. 

6. 

2a-+l_2*- 16 = 0 

7 . 

4*+-. 5*+^=-40000. 

8 3=^-9" 

-1, 16" 

-* = 8"-". 

9. 


10 4''»-J'= 16*+^' 

1 

11. 2®.4’'=I024 > 



^X+?I/ _ y XI 

/ 

3 *-- 9 "=?. J 

12. 

2X_8J/+1 'I 

13 . 2'*= 16x4*+' \ 


14 . 4 *. 2 '' = 2l" 


9 " = 3 *'*' J 

.v = (yf j 


27 x+a 2 ^'' 

15 . 

+ . 16 . 7 = 
a“0'‘ 

2401, 


17 . 

^2* ^1-w ■! 

18 . 3 *+i + 2" = 85 1 


19 . .i"*+‘-s = 4y* 1 



3* - 2’'+2 = I I j 



20. 

^ _y2*^ 2* = 2 X 4*, 

X+J' + ^= 16. 




V. HARDER PROBLEMS. 

373. We shall add here a few Problems of a harder type thar. 
those considered in Art. 162 with their solutions, 

y Ex. 1 . A farmer bought equal numbers of two kinds of sheep, 
one‘ kind at Rs.ti each, the other at R5% each ; if he had e.xpendcd 
his money equally in the two kinds, he would have had three sheep 
more than he did. How many of each kind did he buy ? (c, E. 1898 

Let X be the number of each kind of sheep bought. 

Then 2.x is the total number of sheep bought. 

The sum expended on one kind = /fj.6A' and that on the othei 
kind«^j.8ar, so that the whole sum expended = /?j.(6Ar + 8A') = /?J i 4 '‘ 
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If he had expended the sum equally in the two kinds, each kuid 
would have cost him Rs.yx^ and then he could have bought sheep 

7x 

of the first kind and V sheep of the second kind; thus the total 

O 

7 

^ + g j sheep. 

Hence, by the question, we have 

7r yx . 

+ g =2x-i-Si whence .1' = 72. 

Thus the number of sheep bought of each kinds*72. 


Ex. 2 . A bankrupt paid onl> 17^. 6d. in the pound to his 
neditors, and then gave i of whqLt hp still owed to the lawyers. This 
left him ^^20 for his current expenses What was the amount of hi.s 
flebt.^ (C. K. 1886). 


Let X be the amount of his debts in pounds. 
.Since, in £\ he paid 17^. (>d. or i7Ly. 


in £x. 


“•*'20 oi' £ 1 ^- 


Thus, he still owed ;^(r —i.r") or £l.x ; but of this amount he 
gave away ; 4 ths, 


/. \ of £1-1 or remained. 


liy the question, we have 

^\,,r = 20 ; whence .r=:8cKJ. 
Hence the amount of debts = ;^8oo. 


Ex. 3 . Divide the number 127 into four such parts that the first 
ncreased by 18, the second diminished by 5, the third multiplied b> 
and the fourth divided by 2I, shall be equal. (1;. m. 1883). 

Let X be the common result in each case. 

» 

'Fhen, since the first part+i8 = .T, /. the first part = A'- 18. 

The second part-5 = jr, the second part=s.r+5. 

The third partx6=,r. the third part = ^,A'. 

The fourth part2.]»A', the fourth part = 2j x.r 

By the question, we have 

» 

(a - i 8 ) + (;r + 5) + ^jr+2l xx=‘i2y ; 

whence .*■"•30, and the parts are 12, 35, 5, 75. 
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374. Work and Oistern. If an agent can do a work in m 
days, then the average daily work of the agent is i/»*, taking unity 

ffl 

to represent the work. Similarly, if an agent does — ths of any work 


in one day, he will do -th of it in — th of a day, and therefore the 

tt tn 


n 


whole work in - days. 

ifi 


Ex. 1 . A*and B together can do a piece of work in 15 days; 
A can do it alone in 24 days ; how long would B take to do it alone ? 
(C. E. 1877). 


Let X be the no. of days B alone would take to do the work. 

In one day, B does |th of the work and A does ^i^th of the 

work. Therefore they together can do of work in 

one day. 

But, by the question, A and B together can do of the work in 
a day. 


/. -!; + sV = i^s ; whence ^==40. 
Hence B can do the work alone in 40 days. 


Ex. 2 . A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to help him, and they finish it together 
in 2 days. In what time would B have done the whole ? 

Let X be the no. of days B would have taken. 

In one day A does -j^jth of the work and B does * th of the work. 

X 

Therefore in 4 days, A does or |th of the work and in 2 days, A 


and B together do — + - or ( ^ ) th of the work. 

10 ;ir \5 x! 

By the question, “ + * • whence jr*=» 5. 


- Hence B can do the whole work alone in 5 days. 


Ex. 3. A cistern can be filled in half-an-hour by a pipe A, and 
emptied in 20 min. by another pipe B. After A had been opened 
20 min., B is also opened for 12 min., when A is closed, and B 
remains open for 5 min. more, and now there are 13 gallons in the 
cistern ; how much would it contain when full ? 

Let X be the no. of gallons that would fill the cistern. 
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In one min. A brings in gals., and B carries out gals. 
Now A is opened altogether for 32 min. during which time it brings 
in or \*^x gals., and B for 17 min., during which time it carries 
out gals. 

By the question, ; whence x^6o. 

Hence, the cistern can hold 60 gals, when full. 

375. Percentage. Problems relating to percentages require a 
knowledge of Profit and Loss. 

(i) If an article be sold at a profit of a per cent, then 
the selling prices ^ i + <^osi. 

(li) If an article be sold at a loss of a per cent., then 
the selling Prices ^ i ~ x tost. 


Bx. 1 . How much are eggs a score, when a rise of 20 per cent, 
in the price would make a difference of 4 scores in the number which 
could be bought for Ps.10. - 

Let X ns. be the price of a score of eggs. 

The number of scores of eggs which can, be bought for Ps.io 

10x16 160 

= -or-. 

X X 


On a rise of 2^ per cent, in the price, the price of a score of 

eggs will be x (i +i^o) o’" number of scores of eggs 

, . , , . , , r, lox 16 400 

which can be bought for /cj 10= —^— or 


3 ^ 


160 400 


By the question, — — —=4; whence .^=6)5. 

X 3 ^ 

Hence the price of a score of eggs is 6a. 8/. 


Bx. 2 . A person bought an article and sold it at a profit of,, 
6 per cent Had he bought it at 4 per cent, less, and sold at Pe.i. 3a. ; 
more, liis profit would have been 12 per cent. For how much did he 
buy it? (P. E. 1891). ^ 


Let X be the cost price in rupees. 

The actual selling price at 6 per cent, profit 
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If he had boujihl the article at 4 per cent, less, the cost price 
would have been AYjtr(i - ^ and the selling price on tins 

cost at 12 per cent, profit 




By the question, 0 ^o-v 4 -1 ; whence .i;«=78J. 


Hence the required cost is /i*.f.78. 2a. 


Ex. 3. How many bundles of hay at A’j’. 5. per thousand must 
a j^/iasTi'a/a m\\ with 5600 bundles at J\*s 6 per thousand in order that 
he may gam 20 per cent, by selling the whole at 11 as. per hundred. 
(C. K. 1875). 

Let X be the numbei of bundles required. 

Price of x bundles at AV.5 per = 

.5600.-A\f.6. >^ 0 =Jis.^*}^. 

/, the total cost of (.^ + 5600) bundles= A’5.(.^t,,-v, 

The selling price at 20 per cent, profit on the above 

But the selhng price of (.r 4-5600) bundles at iirt.?. per hundred 
“ d* 5600) as. = A.r. ^ d” 

/. By the question, + i Aoo(^+ 5boo); 

whence .r=i 2080. 

Hence the no. of bundles required = 2080. 


376. Mixture. The following are illustrative E.\amplcs. 

Ex. 1 . There aie two bars of metal, the first containing 14 u/ 
of silver and 6 of tin, the second containing 8 oz. of silver and 12 of 
tin ; how much must be taken from each to form a bar of 20 o/. 
containing equal weights of silver and tin ? 

l,et .1" be the no. of oz. to be taken from the first bar, 

then 20 —.r is the no.second. 

Now, since 144-6 = 20, or {‘q of the first bar, and therelore 

of every oz. of it, is silver ; 

and since 84-12 = 20, ./o or ii of every 0/.. of the second bai 

is silver. 

Thus, in x oz. of first bar, there are silver and in (20-x) oz- 
of second, there are ‘^(20-.r) silver. 
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Ilut there are to be altogether 10 oz. of silver in the compound, 
by the question, 5(20 -at) = 10 ; 

whence :r=6r?, and 20-.r= r3;\. 

Hence 6;^ oz. to be taken from first and 13J oz. from second. 

Bx. U. A vessel contains a mixture of wine and water, so that 
j(ir every 5 gallons of w'ine there are 3 gallons of water ; another 
vessel contains a mixture of 9 gallons of wmc and 7 gallons of water. 
What quantity should be taken of each mixture so as to produce a 
new mixture of 30 gallons containing times as much wine as 
.vater ? 

l.et X be the no. of gallons to be taken from the first v'essel. 

then 30 —.r is the.second. 

Since 5 + 3 = 8, in every 8 gals, from the first vessel, we take 
^ gals, of wine and 3 gals, of water. 

in ,r gals, from the ist, we take ijA- gals, of wine and JJa' gals, 
of water., 

.Again, since 9 + 7=16, in every 16 gals, from the second vessel, 
we take 9 gals, of wine and 7 gals, of water. 

in (30-x) gals, from the 2nd, we take gals, of wine 

gals, of water, > 

Thus, wine in the new r.ii\iiire = <g.i + i'',5(3o-.r')l gals, 
and water.={i;;r+ ,"^(30-r)l gals. 

By the question, ii.r+iV,( 30 -.r)= i ?j;j.r + i",t(3o--v)}; 

V hence x— 18 and 30 —.r= 12. 

Hence 18 gals, to be taken from ist and 12 gals, from 2nd. 

377 . Provisions, in questions involving provisions, bear m 
Mind that the total quantity of food consumed— number of mcti xt/me 
\rate of alloufance per man. 

Bx. 1. A gairison had sufficient provisions for 30 months, but 
u the end of 4 months the number of troops was doubled, and 3 
uionths after, it was re-inforced with 400 men more, on which 
accounts the provisions lasted only 15 months altogether. Required 
the number of men in the garrison before the augmentation took 
place, (B. E. 1871). 

Let X be the required no. of men, 
and a the monthly allowance per man. 

Then the total quantity of provisions=30rt.r. 
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Again, x men in the jfirst 4 months consnmed 4ax. 

7 .x .next 3 months consumed tax. 

and 2jr+4oo. last 8 months consumed 8(2jr-h40o)(sr. 

/, By the question, 4<i;r+6a;r + 8(2.r + 4oo)^s=3oa;r ; 

Dividing both sides by a, 4jr4-6jr+8(2j: + 40o) = 30j»:; 
whence ;c=s8oo. 

Hence, the no. of men in the garrison at first was 800. 

Ex. 2 . A ship left Bombay on a voyage of 3 weeks, with pro¬ 
visions for that time at the rate of i seer a day for each man. At the 
end of a week a storm arose which washed 4 men overboard and so 
damaged the vessel that the speed was reduced by half and each man 
could be allowed only ^ of a seer per diem. What was the original 
number of the crew ? (b. E. 1863). 

Let X be the original number of the crew. 

The total quantity of provisions in the ship = 3 xy x i x.r seers 

= 2ix seers. 

Again, x men in the first week consumed 1 x 7 x i x at or 7;r seers 

and x-4 men in the remaining four weeks, which was increased 
from two to four, on account of the vessel’s speed being diminished 
by half, consumed 4X7x ^{x-4) or 21 (a:- 4)seers. 

/, By trip question, 21 a:=7a:+ 2i(Ar“4); 
whence atso 12. 

Hence, the original number of the crew was 12. 


378- Motion. In questions involving distance, time and rate, 
keep in mind that 

time dts/ance/rate ; distance=time x rate. ^ 

Ex. 1 . A person has just a hours at his disposal. How far 
may he ride in a coach which travels 3 miles an hour, so as to return 
home in time, walking back at the rate of c miles an hour ? 


Let X be the required distance in miles. 


Then 7— time in hours taken by the coach. 

a 

and .in walking back. 


abc 


/, By the question, -^=<» ; whence x = j - 
Hence the required distance is miles 
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Ex. 2 . A person walks from A to B, a distance of 7^ miles, in 
2 hours 17I minutes and returns in 2 hours 20 minutes, his rate of 
walking up-hill, down-hill and on a level road being 3, 3J and 3} 
miles per hour respectively. Find the length of the level road 
between A and B. (b. e. (1884). 

Let X be the length of the level road between A and B in miles. 

Then the remainder of the distance between A and B is yi'-x 
miles, which is partly up-hill and partly down-hill. 

The whole time taken is 2 hrs. 17X min.-4-2 hrs. 20min. = 4 hrs. 
37}, min. = 4^ hours, during which the person goes up-hill y^—x miles, 
down-hill y^—x miles and on the level road 2.v miles. 

The time to go y^—x miles up-hill=-^— hours. 

3 

?i ~ 

‘ jj « 7^Biiles down-hill = hours 

34 

* . 

„ „ 2X miles on the level == hours. 

/, By the question, — -‘“r™ + \ 

3 3 m 34 

whence .r = 4;. 

Hence the length of the level road is 4^ miles. 

Ex. 3 . A hare is 50 of her own leaps before a greyhound ; she 
takes 4 leaps for every 3 that he takes, but he covers as much ground 
m 2 leaps as she does in 3. How many leaps must the greyhound 
take to catch the hare ? 

Let be the no. of leaps taken by the greyhound, 
then 4x is the no. of leaps taken by the hare in the same time, 
and 4.r-f 50 is the total no. of hare’s leaps. 

Again, let a denote the no. of inches in one leap of the hare, 
then 3« is the no. of inches in 2 leaps of the greyhound, 
is the no. of inches in one leap of the greyhound. 

Thus yc leaps of the greyhound = X3 jc or ^ax inches, 
and 4;r-l-5o leaps df the hare=<a(4JC-t-5o) inches. 

/. By the question, lax==‘ai 4 x + s^) ; 

Dividing by <?, we have '^x^ 4 x+so ; whence .r=ioo. 

Hence the greyhound must take 300 leaps. 


M.A.— 25 
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Ex. 4 . A tram, 195 ft. long, runs at the rate of 20 miles an 
hour ; another 245 ft. long, runs on a parallel rail (i) in the opposite 
direction, (ii) in the same direction, at the rate of 30 miles an hour • 
how long will they take to pass each other ? 

Let X be the time in hours in which they pass each other. 

When the trains pas.s each other, they travel over a distance = 
sum of the lengths of the two trains 

= 195 ft.+ 245 ft. = 440 ft. = mile. 

(1) When travelling in the opposite direction we have 
20.r + 30.T = ; wh e n ce .r =. 

Hence the reqd. time = ,^jQ hour. = 6 sec. 

(ii) When travelling in the same direction, we have 
30.1—20.1 = ; whence .r= 

Hence the reqd. tirne=,A„ hour. = 3o sec. 

Ex. 5. riie termini of a railway 126 miles long are at A and 
C, and the station B, at which a certain train stops 15 minutes, is 
70 miles from A. 'I'he whole journey from A to C takes 15 minutes 
less than twice as long as the journey from A to B. Determine the 
aver.Tge rate of the train, including all stoppages e.\cept that at B 
(i>. I. K. 1887). 

Let X be the rate of the train in miles per hour-. 

The train takes ‘ hours to travel from A to C. 

70 

Also the train takes hours to tra\el from A to B. 

X 

/, Hy the question, *= 2 X70_^ min. = 4 hr.) 

a' 4 X ^ 

whence .r‘ = 28. 

Hence the rate of the train is 28 miles per hour. 

379 . Motion up and down a stream. In such question.s 
remember that the 

(i) rate of ro%ving down a stream = rate on still water rate 
of cun'ent. 

jpMd (ii) rate of rowing up a stream —rate on still water-1 ate 
. ^ of current. 

Ex. 1 . A crew which can pull at the rate of 9 miles an hour, 
finds that it takes twice as long to come up a river as to go down ; 
find the rate at which the river flows. 

Let X be the rate of the stream in miles per hour. 



HARDER PROBLEMS. 387 

Then the crew can row <)+x miles per hour down the stream and 
0 -;r miles per hour up the stream. 

Let I denote the distance rowed in miles. 


Then -=tiine in hours taken to row up the stream, 

C) — X ^ * 


and-= . down 

9 + .X 


Tlv the question, —— 2X - ; 

^ (.)-x 9+-r ’ 

i 2 

Dividing bv /, = -— ; whence jr=3. 

^ ’ 9-3: 9+,r ’ 

Hence the rate of the stream is 3 miles per hour. 

Ex. 2 . A person rowed down a river, a distance of 15 miles, 
in IJ hours with the stream, and rowed back again in hours. Find 
the rate o 5 tlie stream per hour. 

I.et X be the rate of the stream per hour in miles. 

Since the person rowed 15 miles in hours, therefore his rate 
of rowing down the stream is (15-i-il) or 12 miles per hour. 

Hence his rate of rowing in still water is I2”;r miles per 
hour, and therefore his r.ite of rowing back was 12— .r-.r or \ 2 —'ix 
miles per hour. 

ISv the question, =34 » whence .t'=4. 

12 ““ 2^r 

Hence the rate of the stream is 4 miles per hour. 

380. Clocks. In questions relating to clocks and watches, 
hear in mind that the minute-hand travels twelve litres as fast as the 

(i) When the hands are coincident^ i.e., in the same direction^ 

I here are no spaces between them. 

(ii) When the hands arc in exactly opposite directibns^ they arc 
'Separated by minute-spaces. 

(iii) When the hands are at right angles to each other (which 
happens twice in an hour), they are separated by ijy or minute 

•'/'j. es. 

Ex. 1 . Find (a) the instant of time between 3 and 4 o’clock at 
'diich the hour-hand and the minute-hand are exactly in the same 
direction., {b) that at which they are exactly opposite each other. 
O' K. 1862). 
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(a) Let X be the reqd. no. of 
minutes after 3 o’clock, 

then no. of minute- 

spaces the hour-hand will 
travel over in x minutes. 


At 3 o’clock the hour-hand was 
ahead of the minute-hand by 
15 minute-spaces, 

the minute-hand has to travel 
(i5-|-iVr) minute-spaces to over¬ 
take the hour hand. 


By the question, 

12 




whence .r= 16x^1* 

Hence the hands are in opp osite 
direction at 161V min. past 3. 

{b) Let X be the reqd. no, of 
minutes past 3 o’clock. 



then the no. of minute spaces the hour-hand will travel 
over in x minutes. 


At 3 o’clock the hour-hand was ahead of the minute-hand by 15 
minute-spaces, and the hour-hand must be ahead 30 minute spaces 
when the two hands are opposite to each other. 


/, By the question, .r=s 15 -1- 


X 


12 


-t-30 ; whence jr=49iV- 


Hence the hands are opposite each other at 49x\ min. past 3. 


Ex. 2 . At what times are the hands of a watch at right angles 
to each other (a) between 2 and 3 o’clock, (b) between 5 and 6 o’clock. 

(a) Let X be the reqd. no. of minutes after 2 o’clock. 

then x'i^=the no. of minute spaces the hour-hand will move over m 
X minutes. 


At 2 o’clock the hour-hand was ahead of the minute-hand by 
10 minute-spaces, and the minute-hand must be ahead of the hour- 
hand 15 or 45 minute-spaces when the two hands are at right angles 
to eajch other. 


/, By the question, ;r-- ^lo-f =*15 
hand is to be in advance of the hour-hand. 


or 45, since the minute- 


whence x=^27-y\ or 60. 

Hence the hands are at right angles at 27 xt min past 2 and 
aj^atn at 3 o’clock. 
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(^) Let X be the reqd. no. of minutes after 5 o’clock. 

then xV^“the no. of minutes-spaces the hour-hand will 
move over in x minutes. 

At 5 o’clock the hour-hand was 
ahead of the minute-hand by 25 
minute-spaces, 

/, at X minutes past 5 the hour- 
hand i? separated from the mark 
12 by (25minute-spaces. 

By the question, when the 
liand.s are at right angle*'', 

•*^•-( 25 +;^ 2 ) = i 5 or -is, 

arcording as the minute-hand is 
the more, or less advanced of the 
two, 

whence .r=43Vx or lojV- 

Hence the hands are at right angles ona; at ro}V min. past 5 and 

at 431^ min. past 5. 

Ex. 3 . Find the time after // o’clock at which the hour and 
minute-hands of a watch are distant of the minute divisions from 
each other. 

Let X be the reqd. no. of minutes after /? o’clock 

then iV^=the no. of minutes-spaces the hour-hand will 
travel over in x minutes. 

At h o’clock the hour-hand was ahead of the minute-hand by 5-^ 
minute-spaces, 

/, at X minutes past h the hour-hand is separated from the 12 
o’clock mark by (5// + tV-^) minute-spaces. 

By the question, x— ^5^ ■+• = •\-d or —d^ according as the 

minute-hand is the more or less advanced of the two, 
whence x == tt(5^ ± ^)- 

Ex. 4. A man who went out between 5 and 6 and returned 
between 6 and 7, found that the bands of his watch has exactly 
changed places. When did he go out ? (p. E. 1894). 
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Let X be the reqd. no. of minutes after 5 o’clock, 

then — no. of minute-spaces the hour-hand will 
travel over in x minutes. 

At 5 o’clock the two hands are separated from each other bv 
25 minute-spares, 

/, at -r minutes past 5 the hour-hand i.s separated from the 
12 o’clock mark by (25-b iV)^) minute-spaces. 

When the two hands exchange 
places, the minute-hand will be 
{2S+t\x) miniite-spaces and the 
hour-hand x minute-spaces respec¬ 
tively from the mark 12, 

/, the hour-hand will be Vs 
x(25-|-Vs^-) minute-spaces after the 
rapk 6 , /. r. {304-Vr(25 + 

minute-spaces alter the mark 12. 

By the question, .^ = 30-1-1'^ 

X ^25-1-^^ ; whence .r=32Vv;. 

Hence the man's hour of depar¬ 
ture is 32fn min. past 5. 

381. Formation of Squares. In questions relating <0 
formation of squares remember that the 

(i) no. forming a solid square^{no. in front's^. 

(ii) no. forming a hoMow square—{no. in front)"-{no. in front 

- twice deptJif. 

or=y times the depth '/.{no. in front - depth). 

Ex. 1. A number of troops being formed into a solid square, 
it was found there were 60 over ; but it would require 41 more t<v 
increase the side of the square by one. Find the number. 

Uet X be the no. of^men in a side of the front square. 

Then the total no. of men is x^ + 60. 

Again, to increase the side of the square by one man, the total 
no. of men in the square will be (a: -f 1 )^. 

/, By the question, :»:^+6o=(a:+O’*-41 ; whence .r=s 50. 

Hence the no. of men required «= 50^-i-6o«3560. 
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Six. 2 . An officer can form his men tnto a hollow square 5 
deep and also into a hollow square 6 deep, but the front in the 
latter formation contains 4 men fewer than in the former ; find the 
number of men. (c. E. 1887). 

bet X be the no. of men in the front of the hollow square, 5 deep, 

then a' —4 is the no. of men in the front of the hollow square, 
6 deep. 

The total no. of men in the first case = .r‘^ - (.r - K>)® = 2or- too. 
and the total no. of men in the second (ase = (.i — 4)'-^-{(.r —4)- 12}* 

— 241- 240. 

By the question, 2o.r- ioo=24,r-24o ; whence 

Hence, the reqd. of men = 20 x 35 - 100=600. 

Exercise CXXXVIII. 

1. Find a number such that if i of it be subtracted fioin 20, 
and of the remainder from ; of the original number, J2 tunes 
(he second remainder shall be half the orip^inal number. 

2 . A j^anicster at one sittinj^ lo.st of Ins money, and then 

won A's.io ; at a second tie lost of (he remainder, and then won 
A’j.3 ; and now lie has left. How much money had he at first ? 

3. A fish was caujitht whose tail weighed ^ihs. ; his head 
weighed as much as his tail and half Ids body, and his body weighed 
as much as his head and tail. What did the fish weigh ? 

4 . A fathers age is four times that of his eldest son and five 
times that of his younger son : when the I'lder son has lived to 
three times his present age, the father's age will exceed iwdce that 
of his younger son by 3 years. Find theif present ages. (n.M. 1882), 

6. A farmer bought equal numbers of two kinds of sheep, 
one at each, and the other at ^4 each. .Had he e.xpended his 
money equally in tl.e two kinds, he would have had two more sheep 
than he had. How many did he buy? (\.h. 1891) 

6. A person dies worth A'j 130000 ; some of fliis he leaves to 
Charity, and twelve times as much to his eldest son, whose share 
IS half as much again as that of each of his< two brothers, and two- 
thirds as much again as that of each of his five sisters ; find the 
amount of the bequest to the Charity. 

7. A composition of copper and tin containing 140 cubic inches 
weighs 42ft)s. 3 oz. How' many ounces of each are there, if a cubic 
inch of copper weighs 5|oz. and a cubic inch of tin 4^ oz. 
(M.M. iSqij. 
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8 . What quantity of corn at /?j.5 per maund must a trades¬ 
man mix with 560 maunds at I^s .6 per maund, in order to gain 20 
per cent, by selling the whole at 2a. 6 p. per seer ? (p. E. 1888). 

9. Divide the number 834 into two parts such that 30 per cent, 

of one part exceeds 40 per cent, of the other part by 6. (c.E. 1893). 

10 . A can do a piece of work in 9 days, B in twice that time, 
C can only do ^ as much as A in a day ; how long would A, B and 
C, working together require to do the same piece of work ? 
(C.E. 1876). 

11 . A and B can reap a field together in 7 days, which A alone 
could reap in 10 days ; in what time could B alone reap it ? 

12 . A cistern can be filled in 15 min. by two pipes, A and B, 
running together; after A has been running by itself for 5 min., 
B is also turned on, and the cistern is filled in 13 min. more ; in 
what time would it be filled by each pipe separately ? 

13 . A does A of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it : in what time 
would they have done the whole, each separately, or both together ^ 

14 . A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife ; but* of a 
gallon having leaked away, they found that it only lasted them 
together for 18 days, and the wife herself for 2 days longer. How 
much did it contain when full? 

15 . A boy buys a certain number of oranges at 3 for 2ii., 
and one-third of that number at 2 for i//. ; at what price must he 
sell them to get 20 per cent, profit ? If his profit be 5^. 4«f., find 
the number bought. {C.K. 1885). 

16 . A cask A contains 12 gallons of wine and 18 gallons of 
water; and another cask B contains 9 gallons of wine and 3 gallons 
of water ; find how many gallons must be drawn from each cask 
so as to produce by their mixture 7 gallons of wine and 7 gallons 
of water. 

17. A and B can reap a field together in 12 hours, A and C 
in 16 hours, and A by himself in 20 hours ; in what time could (i) 
B and C together, (li) A, B and C together, reap it ? 

18 * A and B can perform a certain task in 30 days, working 
together. After 1 1 days, however, B is called away, and A finished 
it by himself 28 days after. How long would it take A to do the 
whole of the work by himself? 

19 . Two vessels contain mixtures of wine and water ; in one 
there is twice as much wine as water, and in the other, three times 
as much water as wine. Find how much must be drawn off from 
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each, to fill a third vessel which holds 15 gallons, in order that its 
contents may be half wine and half water. (B. M. 1890). 

20 . I bought a horse and a carriage for ; I sold the horse 
at a gain of 12 per cent, and the carriage ai a loss of 4 per cent, and 
gained on the whole 6 per cent. Find the prime cost of the carriage, 
(i:. M. 1885). 

21 . A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 20 days, she 
encounters a storm in which 5 men are washed overboard and damage 
sustained that would cause a delay of 24 days, and it is found that 
each man’s daily allowance must be reduced to ijths of a pound. 
I'ind the original number of the crew. 

22 . A person walked out a certain distance at the rate of 3^ 
.’ihles an hour, and then ran part of the way back at the rate of 7 
miles an hour, walking the remaining distance in 7 minutes. He 
was out 35 minutes. How far did he run ? (A E. i8c;o). 

23. ‘Two persons started at the same time from A. One rode 
on horse back at the rate of 7^ miles an hour and arrived at B, 
30 minutes later than the other, who travelled the same distance 
by train at the rate of 30 miles an hour. Find the distance between 
A and B. (C. E. 1873;. 

24 . Of the candidates in a certain examination, 45 per cent, 
passed. If there had been 30 more candidates of whom ig failed, 
the number of succ essful candidates would have been 44*8 per cent 
Hov,’ many candidates were there ? (C. E. 1890). 

25 . A man rides one-third of the distance from A to B at the 
«ate of a miles an hour, and the remainder at the rate of 2b miles 
an hour. If he bad travelled at a uniform rale of '^c miles an hour, 
he could have ridden from A to B and back again in the same time. 

2 r j 

Prove that - = - 4- . (c. E. 1880). 

cab 

26 . A travels at the rate of 3 miles an hour ; B leaves the same 
place two hours after A and travels at the rale of 5 miles an hour ; 
when and where will B overtake A ? (c. V. a. 1869). 

27 . At what time are the hands of a,^atch together between 
5 and 6 o’clock ? (c. e. 1886). 

28 . AB is a railway 220 miles long, and three trains (P, Q, R) 
travel i^on it at the rate of 25, 20 and 30 miles per hour respectively ; 
P and Q leave A at 7 a. m., and 8-15 a. m., respectively and R leaves 
B at 10-30 A. M. When and where will P be equidistant from Q 
and R ? (c. E, 1870). 
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29 . 'I'he express lea\ es Bristol at 3 1*. M., and reaches Londo}i 
at 6 p. M. ; the ordinary train leaves London at 1-30 j>, m.. and 
arrives at Bristol at 6 P- M. If both trains travel uniformly, find the 
time when they will meet. (c. K. !892). 

30 . A and B start tog’ether from the same point on a vvalkiiij; 
match round a circular course. After half an houi, A has walked 
three complete ciicuits, and B four and a half. Assuming that each 
walks with unifoim speed, find when B next overtakes A, (p. k. 1892J. 

31 . A alone can do a piece of work in ti hours, A and C 
togethei can do it in ^ hours, and C’s work is i/«tli of B’s The 
work has to be completed in c hours. Find (1) how long after A lia-^ 
commenced, B and C should rclievi' him, so as to finish the work 111 
time; (li) how long after A has commenced, B and C should jom 
him so that the three working together might iiist complete the work 
in time ? (M. \i. 1867). 

32 . A pel son sets out to walk to a certain town. But when he 
has accomplished a quartei of his journey, lie finds that if he 
continues at the same piace, he will have gone only ,"ihs of the whole 
distance when he ought to be at his destination. He therefoie 
increases his speed by a mile per hour, and ai rives just in time. Find 
his rates of walking. (.M. M. i<S 7 S). 

33. A person has a number of rupees which he tries to arrange 
in the lorm of a sejuare. (.In the first attempt lie has 116 over. When 
he increases the side of the scjuare by 3 rupee's, he wants 25 rupee ^ 
to complete the square. How many iupee.-> has he r (ii. m. 1875). 

34 . A number of troops being foi ined into a solid square, .1 
was found there weie 60 over ; but, when formed into a column 
with 5 men more in front than before and 3 less in depth, there wa-^ 
just one man wanting to complete it. Find the number. 

35. Divide 90 into four such parts that if the first 
increased by 5, the second diminished Ijy 4. the third multiplied by 3, 
and the fourth divided by 2, the results shall all be equal. 

36 . Two casks, A and B, contain mixtures of wine and walei ; 
in A the quantity of wine is to the quantity of water as 4 to 3 ; m B 
the like proportion is that of 2 to 3. If A contain 84 gallons, whal 
must B contain, so that when the two are put together, the new 
mixture may be half wine and half water ? 

37. A privateer running at the rate of 10 miles an hour discov^ers 
a ship 18 miles oflf, running at the rate of 8 miles an hour ; how 
many miles can the ship run before it is overtaken ? (ii. M. 1865). 

38 . An officer can form the men of his regiment into a hollow' 
square 12 deep. The number of men in the regiment is 1296. Find 
the number of men in the front of the hollow square. 
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39 . An officer can form his men into a hollow square 4 deep, 
and also into a hollow square 8 deep ; the front in the latter formation 
contains 16 men fewer than in the former formation ; find the number • 
of men. 


40 . A regiment was drawn up in a solid square ; when some 
time after it was again drawn up in a solid square it was found that 
there were 5 men fewer in a side ; in the interval 295 men had been 
removed from the field ; what was the oi iginal number of men in 
the regiment ? 

41 . At what time are the hands of a watch opposite to each 
other (a) between i and 2 o’clock ; (d) between 7 and 8 o’clock. 

42 . At what times between 7 and 8 o’clock are the hour and 
minute-hands of a watch at right angles to one another? 

43 . It IS between ii and 12 o’clock, and it is observed that the 
number of minute spaces between the hands is two-thirds of what it 
was JO minutes pre\'iously ; find the time. 

44 . I'he distance from a place P to another place Q is miles ; 
two persons A and B start together from P to go to Q, the former by 
I'arriage which travels at the rale of 6 miles an hour, the latter 
walking at the rate of 3 miles an hour. If A remains at Q for 
15 minutes, and then returns by the < arriage to P, find where he 
will meet B. (c. e. 1882). 

46 . A smuggler had a quantity of bramly, which he expected 
would produce £i). i8.s' : after he had sold 10 gallons, a revenue 
officer seized one-third of the remainder, in consequence of whif'h 
the smuggler makes only ^8. 2.f. ; required the number of gallons 
he had ancl the price per gallon. 

46 . A hare is So of her own leaps before a greyhound ; she 
takes 3 leaps for every 2 that he takes, but he covers as much ground 
in one leap as she does in 2. How many leaps will the hare liave 
taken before she is caught ? 

47. If Jq lbs. of gold weigh 18 lbs. in water, ind jolbs. of 
silver weigh 9 lbs. in water, find the c]uantity of gold ind silver in a 
mass of gold and silver weighing io 61 b.s. m air and 99 lbs. m 
water, (n m. 1888). 

48 . 'I'he denominator of a fraction exceeds the numerator by 4, 
and if 5 be taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5. Kind the original 
fraction, (n. m. 1892). 

49 . Two towns L and M are 30 miles apart. A sets off from L 
to M, and B from M to L at the same moment. A reaches M j6 
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hours, and B reaches L 36 hours after they have met on the road. 
Find the time taken by each to perform the journey, (p. e. 1887). 

50 . A crew which can pull .at the rate of 8 miles an hour 
down the stream, finds that it takes twice as lonjj to come up a 
river as to come down. At what rate does the stream flow ? 

61 . At what time between 4 and 5 o’clock are the hands of 
a watch coincident ? 

52 . A person buys a piece of land at A’j.300 a cottah, and 
by selling it in allotments finds the value increased three-fold, so 
that he dears A’j.1500, and retains 25 cottahs for himself; how 
many cottahs were there ? 

53 - Divide the number 88 into four parts such that the first 
increased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

54. A merchant goes to three bazars in succession. At the 
first he gains 15 per cent, on his capital ; and at the second 20 per 
cent, upon bis increased capital ; and at the third 25 per cent, 
on what he then possessed : on his return home he finds that he has 
gained Aj.2639. What was his original capital ? (m. m. 1863). 

56 . The charge for the first class tickets of admission to an 
exhibition was Rs.4 each and the charge for second class tickets was 
J?s.2. Sa. The whole number of tickets sold was 259, and the total 
amount received for them was A’j.731. 8rt. How many first class 
tickets were sold, and how many second class tickets ? (u. M. 1869). 

56 . A receives a fixed sum as pocket money at the beginning 
of every week, and in each week he spends half of all that he had 
at its beginning. He had no money before the first pocket money 
was given him and at the end of the third week he has is. 2d. What 
was his weekly allowance ? (,ii. M. 1876). 

67 . Find a number such that whether divided into two equal 
parts, or into three equal parts, the product of the parts shall be the 
same. (b. m. 1864). 

5 & A man walks from the University towards Malabar Hill 
at the rate of 3 miles an hour, runs part of the way back at the rate 
of 8^ njiles an hour and then walks the remainder in 1 hour. 5 min- 
He was out 2 hours 44 min.; find how far he had gone ? (n. m. i886). 



CHAPTER XVII. 

HARDER SIMULTANEOUS EQUATIONS. 

I. EQUITATIONS INVOLVINO FRACTIONS. 


382 . 'The following are illustrative Examples. 

X 


Ex. 1. Solve “ +'f-'-ay _ 

2 8 . 1-7 2 

. 

2 


.(i) 

.( 2 ) 


,, , . ;r i8A'-y,v ^ x ^ iSjr-oy 

J- rom (I), ^ + g^_ - ^ -= 5 + j - 3 , or -y' = 2. 

M'ultiplying across, iS.*- —9^= iGx— 14, or 2x — c^y= — 14....(3) 

F'roni (2) * = - , or 2j/ + 2 = ^Xj or 3-r— 2jf/ = 2 .(4) 

3 2 

Multiply (3) by 3 and (4) by 2 ; thus 

6.r — 27V = — 42 By subtraction, 

Ox- 4y= 4 J -237=-46, /, .y = 2. 

From (4) 3.r = 2_;' + 2=--4 + 2 = 6 ; /, x = 2. 


K.. 2 . Solve 


X +JK X —y 


= i5'... (0 


- =2^. 

;i: + x — y 

Multiply (i) by 3 and (2) by 2 ; thus 
9.6 


(2) 


_ * 
- \ 


X -\ry X ~y 
8 ^ 6 ^ 

X '^■y X —y ^ 


by subtraction, 
1 


x+y 


= h x+y--^4 ...(3) 


From (1)-=1^- ^ =1^— substituting (3) 

^ ^ x-y 4 x+y 4^ fi vj-- 

= i» x-y^2 .(4) 

Hence, from (3) and (4) by addition and subtraction, 
2j;a=6, or ;r=3 and 2^ = 2, or 
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Exercise CXXXIX. 

Solve the following equations ; — 

1. a. 


23-.r 


i7-3.r 


,+.>:r.3 30-73-3^1 8,+3k.TiL50-‘^7- 

.r-i8 37 ' 5 a'-JO ^ 3 


I47-24J 


« 6jr4-fiv+ii 64 

2 -- -_ s o -___ 

2.r + 2 j 7-7 6.r + 7v~28 


j x+y -1 I 


4^'+3 y-7= 


32-v- -* 18^-35 
8 .r — 6 y + 7 


X-y X+y 


6 . 3;7+iT = --—+31 - 4 .r 1 6 . + -^- = 10 

x-y+4 I x-y x+y 

(x + y){y~2) + s^ 2xy - f.r + I)(^' - I) j 3 

2X+iS-2y I (I!. M. 1874). 

$x-4y=22 ) 

8 . ;;+5-7^J:.,3j.44-3- \ 9 4. a, I 

y -7 3 3 I -r y xy I 

, 3 i = 7'lr.31' > 5i_~ [ 2 / I r-.v) J 

^ .r-1 5 J (1;. M. 1877) 

• A . *36-1:-'05 2‘6+‘005V ■04174- I ’ 07 X-’l 

10. T4r + ’ 32 v- - - -=-8.r4 —. 

^ - *c •yc ’ 'A 


9. I 

.r y xy V 

xy^Vkiy-x) J 

(1;. M. 1877) 


II. LITERAL EQUATIONS. 

383. The following are typical solutions deserving of notice. 

Ex. 1. Solve axy — c(ifx +ay) . (i) 1 

lfxy = c{ax-dy) .(2) j 

Dividing both (i) and (2) by cxy, we have 

*=^4^,...(3) Multiply (3) by ^ "^4 - * 

c y X ' y X 

^ ^ /.V , I, ^ ab 

...( 4 ) ( 4 ) by b, ss - _ - 

c y X ^ c y X 
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J’y subtraction, -=*-: . , .i 

c X a^ — b^ 

,, _ / ^ ^ <1 a a - b^ a _ a 26 '^ _ 2 a//- 

F-rom (3) -- -- ,-(rt3 4.^2^ 

. 1 2 iib , a^ -I- 

. • ~ — 77 / find . i'= — . c. 

'* y i.(a‘‘+/>•*; 2a^ 


Ex. 2 . Solve 2;ir — a -^- = a . .. . 

a-\-b 

2V — 0 -t- - -- =2^ — 1' 
b 


(m. M. 1864; 


From (r) 2(.r — a)=^ ^ ; from (2) - 3'' v-b). 

a + b o ' ' 

Writing \ forr —aand Kfor r -we fibtain 


2.\'= 


a-^b' 


.(3) and = - 3 i'- 


From (3) and from (4} -V= — 3/') 


2 {a+b) 


= —2,by ; whence 1=0 and /, A'=o. 
.r - a = o = r - and .r = a, ^ 


Ex. 3 Solve xyz = a{ya - xv - xy) = b{zr—xy —,rcr) 

= cixy ~yz'-zx)...{\),{ 2 )ik (3). 

Dividing (i) by axyr:^ (2) by bxya and (3} by f.r/jr, we get 


I I I I , ' 

a~.i / 

b y 3 .V 

c z X y ^ 


Adding (4) and (5), we ha\e 

2 _i r a-^b 
z a b ab ' . 

, 2ab 

• • ~ayb' 


Adding (4) and (6), we have | Adding (5) and (6), we ha\e 


2 __ I I __ a + 
vac ac ' 


21 i _b-\-c 
X ^b^ c be ’ 


,,y=- 


a + c 


. . - 


b + c 
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Ex. 4 . Solve 

X y a^ — b^ , 

. , J- (B, M. I 

^ + ^-2.(2) 

X y 

Adding (i> and (2) and dividing by 2/z, we have 

x^y~a^'-y' . 

Subtracting (1) from (2) and dividing 2^, we have 

T 1 ‘lb , . 

X y 


Adding (3) and (4) and dividing by 2, we get 

-=——.and /, x = a + b.' 

X a + b 

Subtracting (4) from (3) and dividing by 2, we ge 

-^,and .’,y = a — b. 
y a— b 


Exercise CXIi. 


Solve the following equations :— 

M X y 1 

1 . ax — by=^a—b^ - l-‘i =-• (m. M. 1868). 


\ 


2 . {a — b')x-^{b--^c)y-\-cz'^\. 

‘iax-^by-¥%cz=^2. j- (M. M. 1867). 

{a'^b'-c)x-^r{a~~7,b-\-‘ic)y-\-2.bs=2i' J 

3. ttx+ by-^cs^a-^b + c. \ 

ax 2.r 2v 1 I > (M. M- 1865). 

b + c a + c b + c a'^b J 

» 

. a b a b a b 

4. +- = -+-=- +(m. M. 1873). 

X y y 3 3 X ' ' '* 

5. + b^){x - l) = <1^(22: 42: =JJ/ + 2. (M. M. 1875). 

6. 'zab{y:—y)^xy{ja — b') I 

'2.ab{x-\‘y')-¥xy{a'\-b^7.ab) — o / 
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III. RULE OF GROSS MULTIPLICATION. 


384. Theorem. If a,v+^jf+^:s==o . ( 

and + . (2) 


2) / 


then will 


Off 


y 


hc'-Vc ca'-da ah^-a'b* 

Proof. Multiply (i) by c\ and (2) by c ; thus we have 

ac*x + bdy + cc'z =0.(3) \ 

a'cx-\-Pcy-\-cdz=o . (4) J 

Subtract (4) from (3) ; thus {ac' - dc)x-\-{bd — Vc)y*^o ; 
(bo' — b'r)y=—(ac'^a'c)x — (oa' — o'a)x ; 

Dividing each by (bo' - PcXoa' - c'a), we have 
P _r.- , , V 


ccC — c'tx bd — b'c ’ 


Similarly, 


ca'—ca ab' — a'b' 


Hence 




y 


be'-b'c ca'-c‘a ab'-a'b 

Thus, it appears that when we have two equations of the type 
represented by '1) and (2), we may always by the above formula 
write down the ratios x : y : z in terms of the coefficients of the 
unknown quantities by the following Rule :— 

Write down the coefficients of y, z and x in the two given 
equations as shewn below, commencing with those of y. 

js y z 


b c a b 

b' c' a' b' 

and multiply b by c', and b' by c for the denominator of x, giving 
the + if/us) sign to the first product and the —(minus) sign to the 
second ; similarly treat c, ii' and c', a for that of ?/; and a, b' and 
b for that of z. Thus we obtain the required result. 


(C. E, 1887). 


Ex. 1. Solve ;r — 2 ^ + 2 ' =0. (i) ^ 

9X-By+ .(2) 

2 jr+ 3 j + 5 s'= 3 ^.(3) 

From (i) and (2), by the Pu/e of Cross MuUiplicationy 

_ X _^ y ^ f. _ s _ 

-2X3-(-8)xi“'ix9-ix3 ix(-8]-9x(-2) 

X y z 


or 


. o— - o . d» (suppose), 

-6+8 9-3 -8 + 18’ 2 6 .10 " 


then x=^2k^y=6k and 10/&. 


(4) 


M.A.—26 
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Substituting these values of and z in (3), we have 
4^ + i8/t+5o>i- = 36, or 72^ = 36 ; /, 

Hence from (4), .rs=i,_;'=!3 and 

Note .—The above relations may be recluce^d to the form xfi=}>l 2 ~z!^ 
and thus we may take each = X’. 

* Ex. 2 . Solve .r+^ + ,5=a + ^ + 6‘.(i)'I 

6 x+cf+az~cx + av+dz=a'^ + d‘^ + c^...{2) & (3)3 

From (i) (x-/f)+ i_y-c)+ (s-a)=o. 1 
From (2) d{x — d) + c{y — c)+ a{z -a)^o. J 

Then, by the of Cross Multiplication ^ we get 

x — b y — c z—a , 
c-a a—b b-c 

then x — b—{c — a)k^ y — c={a- b)k and z -a~{b~ c)li\ 
ox x—b-\-{c - a)k^ ^ = ^: + (« —and z = ay{b — c)k. 
Substituting these values in (3), we have 
be-^cic— a)k 4 - ac + a{a — b)k ab b{b — c)k*»a“ + + c~ ; 

/, {rt- + -bc-ca- ab)k=(P + — be — ca - ab ; 

>6=1. 

Hence x — b-\-c-a^ y = c+a-h and z — ay b-c. 

385 . The above formula may advantageously be applied in 
solving Simultaneous Equations in^'olving only two unknowm quan 
titles X and y. 

Ex. 1 . Solve ax + by+c =0... (i) ) 

a'x + by + c' = o . (2) j 

The equations may be written thus :— 

ax+by + c. 1=0 
a'x + by + c.'i=o J 

Hence by the formula, we have 

X _ y _ I _ 

be* — b'c ca* — c'a ab* — a*b ’ 

•* 

__ ■ bc^ -Vc J ca'-c*a 

Hence x= . and v=—»- n • 

ab' — a’b . ' ab*-a'b 
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Exercise CXIiI. 

Solve the following equations :— 

1. Ar- 2 ( 3 /- 2 ^)»o 1 

2V+^(x--z)=--0 (c. E. lOOO). 


2y+s{x-~z) 
5 ^ + 7 j'+ 9 ^ 


.J-U . 

= 67 I 


2 . 2 x-3_y + 4s=:o 
7x+2y — 6z—o 
9 x + ^j/— ios = 8 


3. ^+y+,^o,icx+cay+a6z~o 1 ^ 

ax + dy + cz + {d — c){c—a){(t-6)^o j ' 


4 . 4ax + (a+i)y=(sa-l)z 
(3rt-i)(;r-j/-i) + ?=o 
x+y = z 


- (m. M. 1874). 


5 . .r+^-5.7=0 
7jr — 6 p+ 7 =o 
3.r-4y + 27=4 J 


6. x+^'+z=(a-d)id~c)[a—c) 

ax+dy + cz—o 
, aKv + b'^y + V=o 

7. x+y + z=fix + by + cz=o | 

4 / ' 

j 


(M. M. 1869). 


X , y 

-+-+ r — I 

b — i' a — c a —b 


(m. m. 1878). 


8 . ax-{-by-^ca = a-\-b ^ 

bx+cy+az=b + c (m. m. 1879). 
cx-\-ay ^ bz = c-\-a ] 

10. x+y-\-z = a + b + f 'I 

ax + by + i:z = bc + <;a+ab 
(b — c)x 4 - (c-a)y + {a - b]z=o 


9 


I. 2 ( 4 a + 9 /) = 7 ( 2 j+ 7 ) ' 
7(x + 2y) = S(y + z) ■ 
5.r + 2_v-3-=4 


'^1. 4.1- i3/ + 8ir= 
7 .r+ 6 F -97 = o 




"1 

.r V z 12 J 


12. ,r+^ + 7 =o 
{b + c)x 4 - (t + a)y+{a 4- b^s=o 

bcx 4 - cay 4- abz = i 

13 . 2ax-by-cz=o 114 . x-\-y-\.s — a-\^h-^c 

ax—2by4rCz=o bx-\cy-\-az 

ax \by~cz-=^\ 


(C. E. 1906). 


bx -^y ■\‘az^cx 4* 4- bz= bc + ca 4- ab 


)■ 


+y+z=‘0, ax + by + cz=o 1 

:x + cay + abz + (b~-c)(c-a)(a-b)=o J 


15 . jr 

bcx 4- cay + ab 
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IV. METHOD OP UNDETBEMINED MULTIPLIERS 

386. Consider the following three equations containing three 
unknown quantities : — 


ax+dy+cz*^ii, . (i) 

a'x + dy + c'z — d' . ( 2 ) 

a"x + dy+c"z^d" .( 3 ) J 


Let /, My n be three quantities whose values are at present 
undetermined. 

Multiply (i) by /, (2) by m, (3) by and add, then 
{al + a*m + a"n)x + \bl ++ b"n)y + {cl+chn + c"n)z 

=^ld-^ md! + nd' .( 4 ). 

Let such values be given to /, m and n as will make the coetfi- 
cients of y and z each equal to zero, then 

.(5) 1 

cl+c'm + c"n=^o . (6) J 

and {al+dm + d‘n)x ~ld-^md'-\r nd". 

, _ Id-^ind •\-nd' 

• • . 

From (5) and (6), by the Rule of Cross Multiplication^ we have 

/ “fft ft 

“Tv ¥7^Td''hc'~-b'c""^ (suppose) 
where b; may be any quantity whatever. 

/. /= k{Rd’ - b"d\ m = k{b"c - bc”)y n = Jk{bd - Rc). 

Hence, k{b'd' — R'd\ k{b"c—bc"\ k{bc' — Rc) are the multipliers 
which will eliminate y and s and give the value of x. The value 
of X is found by substituting the values of /, /«, n in (7); thus, 
we get 

d{Vd'--b"e^-k-d!{rc-‘bc")^d!'[bd-Rc') 

- b'^c') Va\V'c - bc^) + d\bd - Rc)' e 

' 0 

As in the value of Xy k becomes cancelled, we can evidently 
take Rd' — b'*dy RU-bc” and bd -b'c for the multipliers which 
eliminate y and z and give the value of x. Hence, the following 
Rule to find x :— 

Multiply (i) by b’c"-b"c'y (2) by b"c-bd* and. {^) hy be'-b'c, 
and add ; then y and z will vanish and x can be easily found. 











METHOD OF UNDETERMINED MULTIPLIERS. 


Similarly the values of y and z may be obtained. It will |fe 
noticed that 

(i) the value of y can be found from that of x by changing 

a*' into b\ h'* respectively and vice versd ; 

(ii) the value of z can be found from that of x by changing 

a'* into c, respectively and vice versd ; 

(iii) the values of x^ y and z have the same denominators. 

Ex. 1 .^ Solve x + 5y — 4z=>‘ 5 .(i) \ 

3x-2y + 2z=‘J4 .(2) )■ (C. E. 1867), 

— io,r 4 - 8 _>'+ Z’^ 6.(3) I 

Here, = (-2)x i-8x2» -2- i6«= - 18. 

^'V-^c" = 8 x(-4)--5 X 1= - 32 - 5= - 37. 

dc'-d’c^^ X2-(“2)x(-4)*=IO-8=a2. 

Hence, multiply (i) by —18, (2) by -37, and (3) by 2. 

/, - l8jr-90J/ + 72£r=. - 90 I 
- iiijr + 74y~740=! - 518 !- 
-2o;r+i6>'+ 20= 12 J 

By addition, - 149;*:= - 596 ; ,% x^4. 

Similarly, y=^S and 0=6. 


Exercise CXliII. 


Solve the following 
1 . x+y+z = 6 

2x-y + 2z = 7 ' ( b . 

4 x+ 3 J '-^-7 . 


3. jr+2>' + 30=2o 

2;r+3>'-50= -7 
4^- 57 + 7 sr*“ 2 i 

5 . ;r + 2_y + 3 «*V- 1 
2X + 3J'+^-^ 
3X-4y-7«’^e ^ 
7. x 4 -ay+bcz=a^ 
x-\-by4rcaz^b^ 
x+cy-^abz^c^ 


equations :— 


M. 1880). 


(c. E. 1898). 


(M. M. 1899). 


2 . Sx + 2y + z=m^o 'I 
ix + ^y I 
2,v4-5J' + io0= 129 } 

(m, M. 1865). 

4 . 2jr + 3 j/+ 4‘^*'38 ' 

30 —2/+ 52^ = 26 ■ 

40r + 6^-30=2i 

(C. E. 1901)- 

6 . X'hy+z>^i 1 

ax+by+cz"*d V 

a^x + b^y + c^z^^d^ J 

8 . ax+by + czt=>ii 

a^x+b^y+<^zo>(i^ - 

a^x+b^y+c^z>s=cP \ 
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V. EASY HIGHEfi SIMULTANEOUS EQUATIONS. 

387. The following are typical examples with their solutions. 
Ex. 1. Solve x+jy = S .(l) ) 

.(2) J 

We have = —(;r+_y)“=2 X34-8^, from (i) & (2) 

= 68— 64=4. 

'fakinj* the sq. root, we have x —y = ± 2 ) 

From (i) x+y= 8 / 

By addition and subtraction, we obtain 

2.r=io or 6 and 2jv = 6 or 10 ; /, .r=5 or 3 and ^ = 3 or 5. 


Ex. 2. 


Solve x^ +y^=a^. 

xy = b'^ 


1*1 I (C. E. 1S83). 


We have {xA-yY=:x^-\-y^->r2xy — d^ + 2.b^^ from (i) and (2) 
and {x—yY=x'^-^y^ — 2xy=‘(}^^ — 2b^% from (i) and (2). 


'faking square roots, we have 

x-\-y=± V’(tt^ + 2d^) 1 Hence x=^{± + 2^^) + J{a^ — 2b^)\. 

and X —y =+>/’(«“ — 2b‘^) J and y — \{± V(«** + 2b-) + J{a^ — 


Ex. 3 . Solve .^j=io.(l)) ^- = 30.(2), xr;r=i2.(3). 

Multiplying (i), (2) and (3) together, we get 
x^y^s'^ = lo X 30 X 12 = lo** X 36= 10® X 6'^. 

Taking the square root, xys= ± 10x6= ±60..:.(4). 

Divide (4) by^(i), (2) and (3) separately ; 
thus, z= +6, x= ±2 and>'= ± 5. 

=‘\{Za + b){x-^yf .(i) 1 

{a-b)x-{a-\-b)y^\{a~lb){x+yf .(2) J 

Dividing (i) by (2), we have 

{a'\-b)x+{a-b)y 
{a~'b)x-i<i+b)y a-’^b' 

« ^ J Tx* J ax—by 2a —b 

By Comp, and Divd., =._^. 
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Now, multiplying across, we obtain 

c^x — aby + 2abx -- 2b^y — 2abx + 2a^y — b^x — aby ; 

{a^ ■\‘b^)x=:2{a^ ■\r&^)y \ ;ir=2y, dividing by + 

Substitute this value of x in (1), and we have 

2{a-\r b)y’{-{a-b)y = ]i{ia-\-b){^y, or {za-\-b)y-{^a-{-b)y’^ ; 
/, y = o or I, and /, a' = o or 2. 


Exercise CXLIII. 

Solve the following equations ;— 


1. 

rj|/ + 3jj/ = 20 1 

+ 

II 

3. xy = 2yy:: = 6 1 


Sy-A^2xy ) 

.r»+j/*=*25 J 

5 ^.r =^3 J 


(p. E. 1890) 



4 . 

(a + b)x - (a - b)y = y', (3a + 7b)(x‘^ -y^) } 
(d - b)x + (a + b)y = ./r( 7 ti - 3b)(x^ -y^) ) 

(m. m. 1871). 

5 . 

.v{y+.':) = 22, y(z + x) = 

= 40, :;{x+y} = 42. 

(m. m. 1857). 

6. 

{6a + b)x + {a + 6b)y= {a + b'xy 1 



(9a - ?b)x - (2a - gb)y 



7 . 

5.r + 4 j}'+ 35 : = 48 .i;^ 5 r 'j 

' 

8. xy + 2{x+y)^S "1 


3A: + 6^ + S 5 r= 46 .tj 5 

•- 

xs + 2{x4-s)=ii h 


X + 2y+3a—iSxyx J 


yz+2{y + z)=i6 J 

9 . 

A'(.v + y+ ::r).= 18 "j 


10. 3.r-4/ + 7£===o 


y{x+y+x) = 27 ^ 


2 .r-^-- 23 -=o 


"(.r+^+i?) = 36 j 


5 A' 2 - 3 y 4 - 4 ; 7 - = i , 

11. 

xy+ —10, xy'^ - X = 6y. 

12 . 2;“+/' = 74 , ^>'= 35 - 


VI. SIMULTANEOUS ESiUATIONS 
INVOLVING SUHDS. 


388. The following are illustrative Examples. 

Ex. 1. Solve Jx-{- s/y= 2 ...{i) 

.r+/= 

Squaring (l) x^-^ J{xy)+y=: 1 By subtraction, 

From (2) x J 2 Q'(-U')=i> and/, 4.ty'*i...(3) 


^***/'^! I (^- J86o). 

'= 3 -( 2 ) J 
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Now, since 1, from (2) and (3) 

*«8; /. > 

andjr+>'=»3 J 

/, By addition and subtraction, we have 
Jr<wK 3 ± 3 ^/ 2 ) and>'=^(3=F2^/2). 

Bx. 2 . Solve sj{x + j) + J{x -^) - \{xy -y ... (I) ) 

*'/{xJty)^rU{x-y)= IJt. .(2) j 

From (i) V(;r+j) + -_y)- ^y{2x - 2 -y)J 

- iy\ \/{x +y) - -/(a' - 

. /. Jix +y) - -s/(jf ->')!*={ ^/(x +y) + Jix -y)) x 

{’/{x+y)‘- ^(x -y)\ = {x +y) - {x -y) = 2y. 

{J{x-\ry)- and /. JC^+j^)- J{x-y)- 2 ..,[ 2 ,) 

or {^f{x-\ry)^^>/{x-y)){V{x-^y)-*/{x-y)\=^2, Art. 324. 
*^(^+^)-V(.t'-^)“2/^2, from (2) 

« s/2. 

and V{X'\‘y)-^\l{x-y)= s/2, from (2) 

/. H{x-{>y)= J2 and V(r-^)s=o (by addition and subtraction) 
tfence x+y "‘4 and o, (raising to the 4th power). 

;r«=2 and>'=*2. 


Exercise CXLIV. 

Solve the following equations :— 

1 . - sfijf - 2 x) = ^/(48 - 22:), y(x - 15) = 36. (M. M. 1868). 

2. s/ix4rjy)+ s/(x- s/>')«2s/(a+^) \ 

x-2 J{x^^y)s=a~~2b f 

3 . \(x +:>')*» 4 r-j =» J{x+ 2 y-i). 

4. s/-^-V(*S+-»^)* n/(^+/) \ 

3’/{iS+x)+2s/{x+y)=‘9sfUs+^) / 

5 5^(^^K y)^^Q3 Ss/(x~y) 3 J(x-y )^4 

X y ^ ,3* 2: "s’ 




MISCELLANEOUS EQUATIONS. 
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1 . 

2 . 

3 . 

4 . 

5 . 


7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

18 . 


Miscellaneous Simultaneous Equations. 


Solve the following equations :— 

II II I . I / o.- . 

j;+j= 4 , -+^- 5 - (M-M- '8631- 

xys s= (xj'+X2r~ yz) = ^{yz-^xy- xz) 

= 6 {xz+yz — xy). (m. m. 1864). 

x+y^ 2 (z + i\y-{-z=x + i, z-i-xss^y-^-t. (M. M. 1866). 

x + 2y+i y + ^z + 2 ^+4Ar + 3' 


4 x- Sy + Szss^ ' 

Sx + 7y- ^z ^2 
7x-^8y + gz— I 


(b. m. 1862). 


'■2. (m. m. 1871). 

6. ax — dy=s^{d-a) 
l>y + 2 cz=‘}(a'-c) 
ax+dy+cz=o 

(m. m. 1872). 


U + 2X+y + 2Z‘^ -3 'I 
2 U+x + 2y+z = ;^ 


8. 2Jt--3y+5r4-i=o 

^x- 3 z=^ 6 ^> 

3x + 2y^4s[j I 

[. M. 1888.) I 


I 


(m. 


U + 2X+I2y-i-Z=‘2I j (B M. 1872 ). 
u i-x+6y+z=io J 

ax-‘^y = ^f^-a)f ax + 3 y = c(i+z), fiy^^:zsa^(c — ^). (m. M. 1870). 

J (m. m. 1876). 


+y) + Hx -y)^a^- ab + 
a{X’\-y) — b{x~‘y)^c^-\‘abArb^ 


i—x+y x+y--! 


i-x+y i-x-y 


(b. m. 1889). 


5 +-^ = 5i. 


9 . 3 


‘ 61 ^. 


x -3 y -2 ''‘'x- 3 'y -2 

l+i-^. 6 , 3 +'-= 5 , ?+^-i6. 

X y z X z y z 


(M. M, 1896). 


-r® +y^ =“ 1 3 I 16 . a(x +y) - b{x -/) == 2a* 1 

xy=^ 6 / (a*-^^>)(a:~/)=4a*^ i 

a;r+ 3 j/+cr«« 3 , a*:r+^V+'^*^“^+^ + ^, ') 

{x + y)ab ^■{y-\-z)bc-\r{z ■\-x)ca « 2(a+ c) / 



410 


MATRICUI.ATION ALGEBRA. 


17 . 


^ + 2^-3>/--=2, ^ + = 3/-4 v'- = I- 

X X 


18 


b it-irc a — c b 

~+- = in^ - +~ = «. 

X y X y 


(m. M. 1887). 


VII. HARDER PROBLEMS. 

389 . We shall consider here a few harder 1 Problems involving 
Simultaneous Equations with their Solutions. 

Ex. 1, A pound of tea and three pounds of sugar cost six 
shillings, but if sugar were to rise 50 per cent, and tea 10 per cent., 
they would cost seven shillings, f ind the price of tea and sugar. 
(B. M, 1866). 

Let X be the price of a lb. of tea in shillings. 

andy .sugar. 

Then x + ^—6 .(i) 

Again, the price of tea rising 10 per cent, and of sugar 50 per 
cent, the price of i 11). of tea = .v(i+ id’o) = ^billings and of ilb. 
of sugar=4fer(i+Tm))«irJ, shillings. 

.•;V-fJ.r + 3x|j = 7.(2) 

.Multiply (i) by 3 ; thus 3.V +9^=18 ^ 

„ (2) by 2 ; thus -\^-x + cjy= 14 / 

liy subtraction, t,.v = 4 and a'=5 ; 

Again, from (1), substituting x^ we have 
5+ 3 r=6, and 

Hence the price of tea per tb. is 5 shillings and of sugar 'si- 
or 4if. per lb. 

Ex. 2 . A and B went out to shoot. A shot 3 pheasants foi 
every 5 partridges, and B 5 pheasants for every 9 partridges. A 
shot 4 birds to B’s 5 ; how many pheasants, and how many partridges 
had tjiey brought down when they had shot 126 birds ? (M. M. i 860 ). 

Let 3.r be the no. of pheasants shot by A, 


and .B. 

Since A shoots 3 pheasants for every 5 partridges, 
and B.5.9. 


/, A shoots and B shoots ()y partridges. 
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Hence, A shoots 3.V + 5-V or 8 jr birds and B shoots + or 
,i4>' birds. 

I 4 V 7V 

for every 4 birds of A, B shoots 4 x „ = ' birds. 

oX X 


/, By the question, 

8.r4-i4^=i26 ....(i), 


iv 

and — = 5 

X 


(2) 


Solvinj^, we have 

'^ = 7, J = 5- 


Hence, the total no. of pheasants shot = 3.1"+5ji/=3 xy + S x 5 
= 21+25 = 46 and no. of partridges = 126-46 = 80. 


Bx. 3 . A tradesman sells two articles together for Rs 46, 
making 10 per cent, on one, and 20 per cent, on the other. If 
he had sold each article at 15 per cent, profit, the result would have 
been the same. At what price does he sell each article? (c. K. 1891). 
* . 

Let ,r be the prime cost of the first article in rupees 

and^.second. 

The selling price of the first aitlcle at 10 per cent, profit 
^.rfi + T\-y’f,)/v*.y. or and of the second at 20 per cent. 

Profit =j/(i+Vo’b)A’.v- or lyRs, ; 

Again, the selling price of the whole at 15 per cent, profit 
= (.V + v)( I + rVo )Rs. or “ ^ {x +y)Rs. 

Jiy the question, {+ O = 4" U' +J') = 4f>- 
iix+i2y ~460 and x +j' = 40. 

Solving which x=y~20. 

Hence the required piices are Rs.{\x or /fL22 and or 

Aj.24 respectively. 


Ex. 4 . Two men A and B are employed on a.piece of work 
which has to be finished in 14 days. In 3 days they do ^th of the 
work, and then A’s place is taken by C. Q and C work for one day, 
4 nd do g^jjth of the whole work, and then B's place is taken by A. A 
and C finish the work a day before the appointed time. Find the 
time in which the work could have been done (i) by each working 
i»eparalely, (2) by all working together. (M. M. 1886). 

(i) Let X be the no. of days in which A can do the work, 

y .B., 

and s .C. 
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Then the daily work of A, B and C*=^, and - respectively. 
Since A and B do ^th of the work in 3 days, 

. (0 

Again, since B and C do j^th work in 1 day, 

• • *** 

Also the work is finished a day earlier, i.e. in 13 days. 

/, A and C do in .(13-3-i) or 9 days the remaining work 

which«=i ■-(l + aV)=2- 


/, IJy the question, ••• 

Solving equations (i), (2) and (3), we have 
.r<=20,^«a6o and -^=30. 


( 3 ) 


Hence A, B and C can do the work in 20, 60 and 30 days 
respectively. 


(2) Again, from (i) “ + 1 

•* y 


Adding and dividing by 2, 






(2) TfV y * 

y z 


(3) 

X z 


+ -'+-=JXv 
xyz 


I 

ro’ 


Hence A, B and C can together do the whole work in todays. 

Ex. 5 . A train running from A to B meets with an accident 
50 miles from A, after which it moves with "tbs of its original velocity 
and arrives at B 3 hours late. Had the accident happened 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to P, and the original speed of the train. (M. M. 1857). 

Let X be the distance froBft A to B in miles, 
and y the original velocity of the train per hour in-miles. 


Then the usual times=j^ boqrs. 


• » 


The acql(ljpnt happening 50 rhites from A, the train travels the first 
^o miles the rate of y miles per hour, and the remaining distance 
(X - 50) mtlds at the rate of ^y miles per hour, 

and /, the whole time taken= (~ +I hours. 

\y sy / 
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vSimilarly, supposing the accident to have happened 100 miles 
from A, the whole time taken would be 


( 100 jir- ioo\ 

y / 


hours. 


/, By the question, 


5 ?+ 






100 . 100 X , : 

— +—= +.2...(2); 

jy ^ y y 


Subtracting, (2) from (i), we have 
- ; when j = 33i. 

y -sy 

F'rom (1), So + sG’'- 5o)~;r + 37 ; substituting j/ in this, 
we have 5o4-|r(A'- 5o) = ;r + 3 X333 =jr+ 100. 

whence .r=2oo. 

Hence distance = 200 miles and rate = 33^ miles per hour. 


6. A challenged B to ride a bicycle race of 1040 yds. ; 
he first gave B a start of 120 yds. and lost by 5 seconds ; he then 
gave B 5 second's start and won by 120 ft. How long does each 
take to ride the distance ? (c.K. 1881). 

Let jr be A’s time in seconds to ride the whole distance, 

and j/...B’s.. 

In the first race A rode 1040 yds. and B (1040- 120) or 920 yds. 

/, By the question, x •= ^VVc. r + a h J + 5...C1). 

In the second rac^ A rode 1040 y^ji. ^nd B (1040 yds.-120 ft.) 
or 1000 yds. 

By the quti^ipn, 4r + 5 — y .(2)- 

Subtracting (i) frqm (2), we have 5 => 5 » y=- 130. 

From (;) ;r=|^x 130 + 5 = 115 + 5= 120. 

Hence A takes 120 sec. or 2 min. and 3 130 sec. or 2 min. ro sec. 


Ex. 7 . A boat goes up-stream 30 miles and down*&tteam 44 miles | 
m 10 hours ; it also goes up-stream 40 miles and down-stream 55 miles/ 
in 13 hours; find the rate of the streak and of the beat : (c.e. i88o).( 

Let X be the^ ate of rowing in still water in miles per hour, 
and y the rate of the stream in miles per hour. 

l^en motion up-stream = Amiles per hour and motion 
down-stream = (:r+/) miles per hour. 


By the question, 


- 35 _ + 

x-y 


44 

x-k-y 


40 

x^y 



10 . „ 


IS***** 

.(2) 


and 
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Subtract 3 times (2) from 4 times (i) ; 

and/. .(3)- 

Subtract 5 times (1) from 4 times (2) ; 

/. — and /. .r-j>r=5 .(4) 

Adding (3) and (4), we have 2:r= 16 and /, .a: = 8, 

Subtracting (4) from (3), we have 2^ = 6, and /, ^ = 3- 

Hence the rate of the boat —8 miles per hour and of the stream 
= 3 miles per hour. 


Ex. 8. Two trains, 92 ft. and 84 ft. long respectively, are 
moving with uniform velocities on parallel rails in opposite directions, 
and are observed to pass each other in sec. ; but when they are 
moviiig in the same direction, their velocities being the .same as 
before, the faster train is observed to pass the other in 5 seconds. 
Find the rates at which the trains are moving. 


Let .r be the speed of the faster train in miles per hour, 
and y the.other. 

then {x+y) miles per hour is the relative, speed of the two trains 
moving in opposite directions and {x—y) miles per hour is their 
rclaii">e speed moving in the same direction. Also the trains pass 
each other when they have travelled a distance equal to the sum of 
the lengths of the two trains, which = (92+ 84)ft.= 176 ft. 


Hy the question, 
and ^ 


_ __ i 76_^ 

1760 X 3( r + r) 60 X 60 *' ’ 

__ 176_ 6 

1760 X 3(a'“ 60 X 60 ■ ‘ * 


(0 

.(2) 





From (1), we have 1 

„ (2) .r-r=2o J 


Hence .r=5o and_j'*30. 


Hence the rate of the faster train is 50 miles and of the othei 
30 miles per hour. 


Bx. 9 . A certain number consists of tw’o digits whose sum 
is 8, another number is obtained by reversing the digits. If the 
product of these two is 1855, find the number, (b. m. 1877). 

Let X be'the digit in the tens* place, 

and the digit in the units’ . 

then the number =JOX+y. 
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Also the number formed by reversing the digits is loy+x. 

/, By the question, .r+v=8.(i) 

(iOJ: + y)(ioj + ;r)= 1855.(2) I 

From (2), io;r’*+ioi.rj/+io>/"= 1855.(3) 

Squaring (1) and multiplying by 10, we have 

i OAT® + 20XJ' +1 oj /^=640.(4) 

Subtracting (4) from. (3), 8irv=i2i5; .rv=iS.(5) 

Now = -4xv-8'^‘-~4x IS, from (i) and (5) 

= 64 —60 =-4; X—J'=±2. 

Hence, we find -v=5 or 3 and v = 3 or 5. 

Hence the number reqd. = 53 or 35. 


Exercise CXLV. 

1 . A man has in his purse sovereigns and shillings. If he 
receive as many sovereigns as he has in his purse, and pay av/ay 
his shillings and an equal number of sovereifins he will have 8 
coins. Jiutifhe double the number of his shillings, retaining the 
original number of sovereigns, he will have 9 coins. How many 
sovereigns and how many shillings were in his purse at first ? 

(l!. M. 1861). 

2 . Water is admitted into a cistern by three cocks, two of 
which are exactly equal. When they are all open, ^.ths of the 
cisiern is filled in 4 hours ; and if one of the equal cocks is stopped, 
r,lhs of the cistern is filled in 10 hours and 40 minutes. In how 
many hours would each cock fill the cistern ? (a. i. k. 1889). 

3 . The fore-wheel of a carriage makes six revolutions more 

than the hind-wheel in going 120 yards; if the circumference of 
the fore-wheel be increased by one-fourth of its present si?e, and 
the circumference of the hind-wheel by one-fifth of its present 
si/e, the six will be changed to four. Required the circumference 
of each wheel. * 

4 A railway train after travelling for one hour meets with an 
arcident which delays it one hour, after which it proceeds at !*ths 
of its former rate, and arrives at the terminus 3 hours behind lime ; 
had the accident happened 50 miles further on, the train could 
have arrived i hour 20 minutes sooner. Required the length of the 
line. (k. m. 1866). 

6 . A letter-carrier has to go daily from P to Q in a prescribed 
time. If he goes a mile an hour faster than his ordinary rate» 
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he arrives at Q half an hour before the time. But if he goes a 
^ mile an hour slower, he arrives three-quarters of an hour tpo late. 
Find his ordinary rate, and the distance from P to Q. (M. M. 1884). 

6t A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the 
journey would have occupied 6 hours more. Find the distance. 
(P. E. 1889). 

7 . A set of bearers on .a journey perform one-third of the 
distance at a certain rate and then halt one hour to take their 
food. The remainder of the journey is accomplished at only two- 
thirds of the former rate, and the bearers reach their destination 
in 7 hours after first starting. Had they travelled at the former 
rate 4^ miles further than they did before halting, they might have 
halted 22^ minutes longer and yet reached the end of their journey 
in the same time. Find the length of the journey. (M. M. 1885). 

8. In a quarter of a mile race, A gives B a start of 22 yards, 
and beats him by 2 seconds ; and m a 300 yards race, he gives 
him a start of 2 seconds, and beats him by lOj yards. Find the 
rates of each. (m. m. if''" 

9. A room of which the floor is rectangular is such that the 
addition of a foot to the height will increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
increase in each case being 60 square feet; and if the floor be made 
square, the perimeter remaining the same as before, its area will be 
increased by 9 square feet. Find the length, breadth and height of 
the room. (M. M. 1868). 

10. A horse-man travelling at a walking pace of 4 miles an 
hour meets a bandy going in the opposite direction at the rate of 
2 miles an hour ; after proceeding at the same pace for half an hour, 
he turns and canters back till he overtakes the bandy. If he had 
continued for another quarter of an hour before turning, the bandy 
would have been iths of a mile* further on before it was overtaken. 
Find the rate at which the horse-mlan cantered. (M. M. 1869). 

11. A and B play four games of chance pf which A wins the 
firsthand last, and B the other two. The amount which each 
stakes for the first game is half the whole sum of money possessed 
by both together, and for the other games half the money possessed 
by the loser of the preceding game. At the end of the fourth 
game, A finds that he has 18 shillings less than he would have had 
if he had won them all, and B finds that he has 0 shillings less than 
he had at starting. Find the amount of money possessed by each 
at first. (M. M. 1871). 
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12 - A man rowing against a stream meets a log of wood which 
;s being carried down by the current. He continues rowing in the 
same direction for a quarter of an hour longer and then turns and 
lows down the stream, overtaking the log li- miles lower down 
than the point where he first met it. Kind the rate at whi|;h the 
current flows, (m. Al. 1874). 

13 . A boat s crew rowed 3^ miles down a river and up again 
m 100 minutes. Had the stream been half as strong again, they 
would have taken 31^ minutes longer. Find the rate of the stream. 
\1{. M. i860). 

14 A merchant has a certain number of Back Bay and 
''I a/agon .Shares. The market rate for the two shares was >Vj.2ooo, 
but Mazagon Shares rose 10 per cent, and Back Bay fell 30 per 
' ent. The value of the two shares became in consequence 12.] per 
<'ent. less than before. Kind the original market value of each 
share. («. M. 1867). 

15 . A criminal having escaped from prison, travelled 10 hours 
liefore h*is escape was known. He was pursued so as to be gained 
upon 3 miles an hour. After his pursuers had travelled 3 hours, 
they met an e.\press going at the same rate as themselves, who 
met the criminal 2 hours 24 minutes before In what lime after 
the Ionimencement of the pursuit will they overtake him? 
'M. M. 1883). 

16 . A mail coach runs between two places A and B, and back 
again. .X tra\eller who starts walking from A 5 hours before the 
mail coach is overtaken by it half way between A and B. He then 
<loul)les his rate of walking and meets the mail coach on its return 
lourney 3 miles from B. The traveller then goes to B at tlie same 
tale and leturns, and by the time he comes again midway between 
A and B, the mail coach reached A Find the distance between 
A and B, and the rate at which the mail coach runs. (m. m. 1878). 

17 . A gentleman went out for a walk ; and after having been 
out 12 minutes, was overtaken by his servant who had run from 
the house at thrice his master's pac:e. The master then bade the 
servant run back at the same rate to the house and bring his cigars, 
while he w'alked on at his former pace. If the master was one 
mile from the house when overtaken the second time, at what rale 
did he walk? (M. .M. 1873). 

18 . A and B start together on a certain journey. When they 
have walked a distance of a miles, A finds it necessary to return 
home, and goes at twice his former rate. He then starts again at 
fn;n times his original pace, and just at the end of the journey 
overtakes B, who since A left him, had gone at njm times the 
•riginal pace. How long was the journey? (M. M. 18C5). 


M.A. —27 
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19 . A and B (one of whom could do the work alone in a less 
number of days than the other) agree to reap a field for J^s. 2 (x 
If they had worked together everv day, the field would have been 
reaped in 15 days ; but at the end of 7 days A left oflF working for 
4 daysir.; and it consequently took 16^ days to reap the field. In 
how many days could A alone, and in how many days could B 
alone, have reaped the field ; and what part of the I^s.2o ought 
each to receive for the work he actually did ? (b.m. 1869). 

20 . A person left Poona in the Sattara mail buggy at 2 p.m. 
and having proceeded a certain distance he went out of the buggy 
and returned to Poona on foot, walking at the rate of 3 miles an 
hour, and he reached Poona at 8 p.m. Had he gone 6 miles further 
in the buggy he would not have got back to Poona till 10 hours 
40 min. P.M. How far did he go towards Sattara and what was 
the speed of the buggy .? (b. m. 1870). 

21 . A person rows from Cambridge to Ely, a distance of 20 
miles, and back again, in 10 hours, the stream flowing uniformly 
in the same direction all the time ; and he finds that he cpn row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 

22 . Some smugglers found a cave, which would just exactl> 
hold the cargo of their boat, v/z- 13 bales of silk and 33 casks of 
rum. While unloading, a revenue cutter came in sight, and they 
were obliged to sail away, having landed only 9 casks and 5 bales, 
and filled one-third of the cave. How many bales separately, 01 
how many casks, would it hold ? 

23 . A number consists of three digits, the right-hand one 
being zero. If the left-hand and middle digits be interghanged, 
the number is diminished by 180; if the left-hand digit be halved, 
and the middle and right-hand digits be interchanged, the number 
is diminished by 336 ; find the number. (ri.M. 1887). 

24 . In a half-mile race A gives B 22 yards’ start and wins by 
6 s^qgonds. In a three quarter mile race he gives him 20 seconds’ 
start', but is beaten by 29 yds. 1 ft. In what time can each of them 
run a mile ? (m. m. 1S92). 

25 . Two trains start at the same time from A and B for the 
junction C. The train from A should run at 24 miles an hour and 
reach the junction half an hour before that from B, which travels 
18 miles an hour. But the former is so retarded as only to run at an 
average rate of 22 miles an hour. The two trains arrive at the June 
tion at the same time. How far are A and B respectively from C, 
and how long were the trains upon the road ? (M. m. 1862). 

26 . A and B start from opposite ends of a straight course, each 
walking uniformly, A, who is the faster walker, at the rate of 4 mile^ 
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an hour and meet at the end of 2 hours. If, when A reached the 
middle point of the course, they had interchanged their rates of 
walking, they would have met a quarter of a mile nearer the middle 
point. Find B’s rate of walking, and the length of the course. 
(M, M. 1870). 

27 . Two cyclists ride from A to B, a distance of 55 miles, and 
the first arrives 30 minutes before the second. They then ride 
fiom B to A, the first giving the second a start of 4 miles, and yet 
arriving 6 minutes before him. Find the rate of each cyclist in 
miles per hour. (u. M. 1901). 

28 . A and B start simultaneously from Poona to go to Kirkee. 
A would reach Kirkee half a hour before B, but missing his way, goes 
a mile and back again needlessly, during which he walks at twice 
his former pace, and he reaches Kirkee 6 min. before B ; C starts 
30 min. after A and B, and walking at the rate of 2^ miles an hour 
arrives at Kirkee 10 min. after B. Find the rates of walking of A 
and B and the distance from Poona to Kirkee. (H. M. 1868). 


CHAPTER XVIII. 

KATIO, PROPORTION AND VARIATION. 

I. BATIO. 

390 . The Ratio of one quantity to another is that relation 
which the former bears to the latter in respect of magnitude, when 
the comparison is made by considering, not how muck the one 
IS greater or less than the other, but what number of times it 
contains it, or is contained in it. i. e. what multiple^ part^ or parts, or 
in other words, vi\\2X fraction the first is of the second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the mere 
numerical difference between 999 and 1000 is the same as between 
I and 2 ; but no one would hesitate to say that 999 compared with 
1000, is much greater than i compared with 2. The reason is, 
that the mind considers intuitively that 999 is a much greater fraction 
<^f 1000 than 1 is of 2 ; and this is what we should express by 
saying that the ratio of 999 to 1000 is greater than that of 1 to 2. 

the other hand, we should say at once that 1001 compared with 
1000, is much less than 2 compared with i, the fraction in the 
former case being less than that in the latter. 

391 . The ratio, then, of one quantity to another is represented 
hy the fraction obtained by dividing the former by the latter. 
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Thus, the ratio of 6 to 3 is 3 or 2 ; that of 15 to 40 is io or 4 ; 

- - ... 4(2 2 tf 

that of 4a to 63 IS 7-. or -- . 

63 33 

392. The two quantities compared (if they are not mere num¬ 
bers, or algebraical quantities expressing numbers) must be of the 
same kind, or one could not be a fraction of the other. 

'I'hus, the ratio of /?.v.9 to A’.v. 12 is the same as that of 9 mds. 
to 12 mds., or of 9 to 12, or of 3 to 4, or of J to 1 ; since, in each of 
these pairs of quantities, the first is of the second, and hence ■; 
IS the value of each of these ratios ; in saying which we may 
suppose, if we please, a tacit reference to 1, />. in saying that the 
ratio of Aj.q to A*r. 12 is we may either imply that A’r.c) is of 
AV. 12, or that the ratio of A?j. 9 to A*s.i2 is the same as that of to i. 


393. The ratio of one quantity to another is expressed by two 
points placed between them, as a : < 5 , where a and 3 are the terms 
of the ratio ; the first term a is called the antecedent, and the 
second term 3 is called the consequent of the ratio. 

394. A ratio is said to be a ratio of greater inequality, of 
less inequality, or of equality, according as the antecedent is 
j^ca/er than, /ess than, or equal to, the consequent. 

Thus, the ratio 5 : 4 is one greater- inequality^ the ratio 4 : 5 
is one of less inequality^ and the ratio a : ah one of equality. 

395. Problems upon ratios are solved by representing them 
by their corresponding fractions, which may now be treated by the 
ordinary rules. 

Thus ratios are compared with one another, by reducing the 
corresponding fractions to common denominators, and comparing 
the numerators. 


'"‘•'is .c.- 

jjx. 1. Compare the ratios 5 : 7 and 4 : 9. 

Here, s’! = t and 4 : 9=?,. 

.\ow, 63 ; but 45 > 28, 5 : 7 > 4 : 9 - 


Ex. 2. Find tf.-'e ratio of 4 : 

'fhe rec[d. ratio"^i il *“ 4 4 “= 5 3 • 

396. A ratio of g\reater inequality is diminished^ and a ratio 
oj less inequality inercast^d 3 y adding the same positive quantity to 
both its terms. 


Let - be the given rati«o, and let x be added to each term, the 
b 


, . a-\-x 

resulting ratio being 


.where at is a positive quantity. 
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■b is positive 


a a-\-x ab-\-aX’^ah — bx x(a — b) , 

}-Tr^= - inr, —5= ^ ; and a 

b b-^x b{b+x) b{b-{-x) 

or negative according as a is greater or less than b. 

Hence, be>^, i.e. if «: <5 be a ratio of greater inequality, 


and? 


a+x 

b+x 


if be c b, £.e. if a 


^ be a ratio of less inequality. 


In like manner, it may be shewn that a ratio of ^cater in 
('quality is increased^ and of less inetjuality diminished^ by subtractins^ 
the same quantity from both its terms. 


397. Compound Ratio. If the fractions denoting two or 
more ratios be multiplied together, the resulting fraction is said 
tn be the ratio compounded of tha ratios represented by them. 


'fhns, if a b^ r \ d., e \ f Ucc.. be any ratios ; their compound 

ratio will be ace &c. : bdf &:c., or=^~^^' . 

bd/ Ckc 


(i) The ratio or ; b^ is called the duplicate {i. e. squared) 
ratio of a : b. 


(ii) The ratio : P is called the triplicate ratio of a : 

(lii) The ratio Ja : Jb i.s called the subduplicate ratio of a : b. 

Ex. 1 . What is the ratio compounded of 2 : 3, 6 : 7, 14 : 15 ’ 
The reqd. ratio=x x ^= fr, or 8 : 15. 

Ex, 2 . What is the duplicate ratio of 2:3? 

The reqd. ratio = 2*'' : 3^ = 4 ; 9. 

398 . The ratio of any two quantities cannot always be e.\- 
pressed exactly by the ratio of two integers. For, if either, or 
both, of the terms of a ratio be a surd quantity, then no two integers 
can be found which will exactly measure their ratio. 

Thus, the ratio of V7 . 4 cannot be exactly expressed by an\ 
two integers. 

399. When the ratio of any two quantities can be expressed 
e.xactly as that betw'een two integers, the quantities are said to be 
commensurable ; otherwise, they are said to be incommen¬ 
surable. 

Although the ratio of two incommensurable quantities cannot 
be expressed exactly by the ratio of two integers, we can always 
find two integers whose ratio differs from that required by as small 
a quantity as we please. 
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Thus, 


^^ 2-64 575I3-- 
4 ' ' 4 


= *6614378... 


and therefore is > 


J 7 _ 6614378 


and 


6614379 


4 10000000 10000000 

and it is obvious that any degree of approximation may be arrived 
at by calculating the value of V7 to more places of decimals. 


Ex. 1 . If = 1 find the ratio x \y. 

Multiplying crosswise and transposing, we have 
39^=26 j/ ; /, 3x = 2y and /, 


Ex. 2 . If 2.r®—11^^+i2y‘^=o, find the ratio ;ir : 
Dividing byj'®, ~ * i^ + l2=o. Putting for ^ , 


2k^—i iZ’+ 12 = 0, or (2X’~3X>t —4)=o. 


2>fc —3=0, which gives a I 
and it-4“0, which gives ^ = 4 j 


Hence 


^=|or 4. 


Ex. 3. If " =J, find the value of — —— . 

y 3^-^y 

--4 

y _V- - 4 ^, „ 4 _ « 

3^+^ 3^+1 ^ + * Tir 

y 


Ex. 4 . If 2a : 3^ be in the duplicate ratio of 2a-.r : 3^-1, 
prove that x^ = 6ab. 

^ 2a / 2 a- 4 '\“ 

We have, ,= I ~- I • 

Multiplying crosswise and squaring, we get 
2a(9^* — 6dx +,r*) = 3^(4a® — 4a;tr + x^) ; 

18aA® — 1 2adx + 2ajr*= 1 20^ d — 12abx + ; 

« 

/, 4 :“( 2 a- 3 ^) = 6a^(2a-3d); :,x'^=tab, 
since 2a — is not zero, by supposition. 

400 . It appears from Art. 396 that by adding the same positive 
quantity to both the terms of a ratio, it is made more nearly equal to 
unity, and by talcing A', the cjuantity added, large enough, it may be 
made to differ as little as possible from unity. The following is an 
illustrative example. 
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Ex. A is 32 years old, B is 5.years old. What is the least 
number of years after which the ratio of their ages will be less 
than 3:1? 

After .r years, A’s age will be 32+a: and B’s 5+x years. 


The value of the ratio ^ , when x is gradually increased, will 
become less and less than -V-) and nearer and nearer to unity. 


When 


5 +^ 


we have -t:=84-, and for this value of x the ratio 


of their ages will become 3 ; i, and for any greater value of x the 
ratio will be less than 3 : i. 


Hence, the least number of years required is 9. 


Exercise CXIiVI. - 

1. Which is the greater ratio ; — 

(i)3:4or4:5? ■ (2) 13 ; 14 or 23 : 24 ? 

(3) 3 : 7, 7 11 or 11 : 15 ? (4) ^+jy '.V or 4-r : x+y ? 

(5) a+d : a — d or + supposing a> bt 

(6) .r- +y-* : X +y or .v*’ : -t® ? 

(7) x^+y^ : I or.r'’+y : x*-x^y+xy^ — x}^+y*? 

2 . Find the ratio compounded of 

(i) 3 ; 5, 10 ; 2t and 14 ; 15. (2) 7 : 9, 102 : 105 and 15 : 17. 

(3) 169 : 200 and the duplicate ratio of 15^“® : 26^''*. 

(4) 3a : 4b and the siibduplicate ratio of 2$b* : 49«*. 

(5) A'®-9.r + 20 : x^-6x and x^- i3Jtr + 42 : x^ - sx. 

(0) a4-b : a — b^ a^^-b'^ : and (a-* — 3 *)® : 

(7) a^+i : rt® — I, rf*+i ; a* - I and (a** - i) : «®+i. 

3 . What is the ratio compounded of the duplicate ratio of a + b : 
and the difference of the duplicate ratios of a : a a.nd a : bj 

supposing a > bl 

4. Shew that the ratio a4-b a — b is greater or less than the 
ratio c^4rb^ : a'^ — b\ according as the ratio a ; ^ is one of greater 
or less inequality. 

5 . If <3 : 3 is a ratio of greater inequality, show that a : ^ is 
greater than a^+b^ : 2ab. (B. P. E. 1888). 

6. If 4a : 3b be in the duplicate ratio of 4a+;r : 5 ^+a', find 
the value of x. 
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7 . What quantity must be (i) added to, (ii) taken from each 
of the terms of the ratio a : that it may become equal to r : ? 

» 8. If 2 a:+ 5 ; 3;r-t- lo be in the duplicate ratio of 3 : 4, find x. 

' 9 . If « : ^ be the subduplicate ratio of a—x : b-~x^ find x. 

10 . If find the ratio x \y. 

Sy- 7 X 3 

11 . If Tx — ^y ; 3-r-f/=5 ; 13, find the ratio x :y. 

12 . If ^ and -^= ^, find the value of -- . 

^4 d ^bd-yac 

13 . If ^ , find the value of . 

y 7 ’ y-x 

14 . If ^ j find the value of ~—. 

03 2a - 5/^ 

ir '2.x^-3V^ 2 - j , 

' 15. If —„ - find the ratio .v ; y. 

x^+y^ 41 ’ 

16 . If 6j'“ 4-35.v‘-*=29.ri/, find the ratio x : y. 


17 . If rt ; ^ be in the duplicate ratio of a+x : b+x, find x. 

(P. E. 1896). 

18 . What number must be added to each term of the ratio 
8 : 5, to make it equal to the ratio 4:3? 

19 . A certain ratio becomes 4 : 5, if 2 be added to each of its 
terms ; and becomes 3 : 4, if i be subtracted from each of its terms ; 
find the ratio. 

20 . If from each term of the ratio a : b. the quantity 

^ pb-a 

be subtracted, shew that the resulting ratio will be a : pb. 

’21. Two armies number 11,000 and 7,000 men respectively ; 
before they fight each is reinforced by 1,000 men : in favour of 
which army is the increase ? (c. b:. 1879)- 

22. If X :y be the ratio a : b In its lowest terms, prove that 

, if ^ > .r. (C. r. A. 1882). 

y+i b+i' 

'' 23 . Two persons are now of ages 36 and 31 years. After how 
many years will the ratio of their ages be less than the ratio of 
17 ; 15 ? 

' 24 . What is the greatest integer which when subtracted from 
both the terms of 8 : 13 will give a ratio greater than 1:3? 
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401. Many properties of ratios can easily be proved by assum¬ 
ing a single letter k to represent a ratio, or to represent each of 
several equal ratios. 


Important Theorem. If a\h=c \ d—e\ /— &c., 

1 

, , /-h qv?^ 4- -f ...\ ” 

then each ratio = I -t--;--1 ,' 

where />, <7, r, &c., n are any quantities whatever. 


Let 



>•= &c. — 
a J 


Then a—hk^ c—dk, (’=fk, &c. 

/, dj*'= /;'•/•» i"^d^k'\ c" =/"/(■'•, &c. 

/, (jL'^ = (j[d^k'\ &c. 

by addition, pa'^-^-qc'^+ rc'*— ...)k'\ 

, qc^ + re*' -h. 


. /pd* + qc'* + -f • ” y _ _ <■ 

* ’ \ plf'^+qd^ + r/»~+ ...I ^ d 

Hence the theorem. 


Corollaries, (i) butting «—i. 


each ratio = 


pa■^-qc + rc^‘... 
pb -h qd + rf +,.. 


(2) Putting ;5 = ^ = r=... = «= I, 
u + c c -{• ... 


each ratio = 


b + d-\-f-\-... 


Thus, we see that each ratio is eciual to the ratio of the sum 
<‘f all the antecedents to the sum of all the consequents. 


( 3 ) 


each ratio = 


a — c 
b-d 


c — e_ a~e_ 
d-f~ b^r- 




Thus, we see that each ratio is equal to the ratio of the difference 
(f any ttt/o antecedents to the difference of the tivo corresponding 
I onsequenis. 


402. 


,, a t c rt + r 4 '<?+... 

“ "t» /•> unequal, the ratio - 

u u f O-TU Ar J +. - - 

in magnitude between the greatest and least of these ratios. 


lies 


r, a c e ^ 

Suppose > ,> -r* &c 
0 d f 
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Let Then &c. 

0 (if 

/, a—bk^ c < dk^ e •< _/Zr, &c. ; 

a+t 4'^’+... < (^+^/+y*+•••)^> 

.** **■ < it, ^ , the greatest of the ratios. 

Again, let ^—k* the least. Then ^ > k\ -t', -i*', &c. 

^ q b ^ d ' f ' 

P = q^\ ^ ^ > dk\ e > fk\ &r.; 

rt+^'+<’ 4 -... > (^ + i/+./+; 

• ^ 4 ""L^ 4 * ... JL r " P 1 r 1 

• • V . j ; ~' j n— > ^ ^ least of the ratios. 

^ 4-« 4-/ 4-... q 

Hence the theorem. 

-o— - .r « ^ ^ . tf4-r4-^ idccW 

^ !• If b~d~r <5 + ^/4-/“ * 

'I'hen a — hk^ c — dk^ e=fk. Multiplying out, we have 
ac€=bd/bf^ and /, and /, 

Again, adding the three equations, we have 
a4‘^’4’i’ = (^4-//4-/Ms and /. 


b'\’d'k‘f 


„ a-\-c->cC /acc\^ 

^^^<=^ j+d+-{Mr) ■ 


(X C £ 

Sx. 2 . If prove that each< 


/ a^ — 3 rt®^* 4 - 


\ A 


4 - 2 rfy»; ' 


Let f = 3= ~ Then a= bk, c^dk.e^fk. 

b d f > > ./ 

/, a5j_^5^R, 2<^^^2d'^f^k\ 

of - 4-= {b^ - 3<J®^/2 + 


. a'^ - 3a4- __ 2 .k + 2^^ \ t _ /. 

••i^s-3Avjf4.2rfy®""^ •• v®-3>’^^®4-2^*/»j ■" 
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Exercise CXLVII. 


^ Y a 

1. If T-—= -- -= , shew that .r+y+^'wo. 

n. tr d b ^ i , f 

2 . If —= - — =-shew that a-o+<;s=o. 

x-\-y z-x 

_ Tf ^ + 2F ^X-'Z iy-3.^+2' 

3. If “ a* —;——— prove that each«=i. 

Vc-z 3y+x 4 y- 4 x+z ^ 

k \c ^ ^ ^ *1 * 1 db + bc + cd 

4 . If ,= = prove that each =7^- „ „ . 

b c d" ^ b^ + c^+d^ 

®- 'f r r r “ v i3w+5rfv+4,/v) • 

a yr d c e . . fi// 3<a;<:*f® -4^1^ + 5^* \ 

®- " <=rf= r “ V 

b~ d~ f' + S^/7+7'‘ ” ‘ 


o. If ,= j== r-, prove 

V (i f 


/ (a'^'b-' 2^V + 3<iV"tf'\ _ 
V U'-2^/V+3^^v^VV 


bdf' 


II. QBAPHIC BEPBESENTATION OP BATIO. 


40 J. 2^0 represent the ratio ^ (graphically^ 

Take an abscissa OA to represent b^ and an ordinate AP to 
represent a on the same scale. 


AP 




Then represents the ratio ^ 

graphically. The magnitude of the 
angle AOP enables us to determine 
whether this ratio is greater or less 
than another ratio represented in a 
similar way. 



RO 

If ^ be a second ratio, represent it by , and let OQ cut AP 


at D. 
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AD BO c 

Then by similar as BOQ, AOD, q^— qb” d' 

Thus, we compare the ratios ^ and ^by means of the lengths, 
of AP and AD. 


404 . A ratio of greater inequality is di mini shed by adding the 
same quantity to both its terms. 


Let represent a given ratio, 

where OA is the abscissa and AB the 
ordinate. 


Produce OA to C and draw the 
ordinate CE. Make CD = AB and DE 

= AC. Then the ratio has been 

CE 

altered to by adding the same 
quantity DE or AC to both its terms. 


E 



The new ratio c the old ratio , if CE cuts AB below B: 

i. e. if the A^BD < the ^ BOA. 

But the i. EBD = 45", for DB DE. 
the new ratio <: the old, if the A BOA 45'’ : ?. e. if the 
ratio is one of greater inequality. 


Exercise OXIjVIII. 

1 . By means of squared paper compare the ratio with 


14 ■ 17 litsa I'i 

i3» J 01 i6’ 


2 . On squared paper represent the ratios i, . 1 , fn see whirl; 
is greatest and which least. 

3. Draw the ratio formed by the sum of the antecedents the 
sum of the consequents of the following ratios. 


(i) h h IT* 


(ii) ^1 h t'i- 


4. Draw the ratio formed by adding 5 to the numerator and 
denominator of Compare it with K- 
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5. liy squared paper reduce 4, i, ri to ratios whose deno- 
v 7 iinator is 24. 

6. Measure abscissa* ()A^ OC equal to 9 and 13. Measure^ 
ndinates AB, CD equal to 17 and 21. Find what angle the line BD 
makes with the line OC. 

7 . Find graphically what number must be added to each 
member of the ratio af to make it x”i- 

8 What number must be taken from each member of the ratio 
to make it s ? 


9. Two men share Rs.zo m the ratio 5 ; 3. Find their shares 
jiiaphically. 

10. Divide 69 graphically so that the two parts may be in the 
latio 9:14. 


11. Show graphically that, ^.are unequal, lies 

u) value between the greatest and least of them. 


12 - The marks gained in an examination-paper for which the 
maximum was 65 were 52, 40, 38. Find by a diagram what these 
would be if the maximum were 100. 


III. PJROPOBTION. 


405 . When two ratios are the four quantities composing 

them are said to be proportional to one another. 


(X c 

Thus, if the four quantities dy c and c/are propor- 

iionals. This is expressed by saying that a /r to b as c is to dy and 
denoted thus, a \ b \ \ c d qx a \ b~i : d. 


The first and last terms in a proportion (viz:, a and d) ate called 
the Bxtremes, and the other tw'o {7Jia.y b and l) the Means. Also 
d is called a fourth proportional to b and r. 


406 . When four quantities are p?oportionalsy the product of 
the extremes is equal to the product of the means. 

For if 7= then inultiplving both sides by bd, 
b d 


we have 


i X ^ X bdy or ii d = be. 

0 a 
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Hence, if three terms of a proportion are given, we can find the 
other ; thus 






ki 

a 


407. If the product of two quantities be equal to that of two 
others^ the four are proportionals^ those of one product being the 
extremes^ and of the other the means. 


For if ad^^bc., then dividing both sides by hd^ 


we have 





c 



and /, a : h : : e : cZ, in which proportion a, d are the extremes, 
and by c the means. 


408. Four quantities are said to be inversely proportional, 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth, i. e. as the fourth is to the third. 


Thus, a, by c and d are inversely proportional. 


when a \ b\\ 


* : i. e. d ; Cy for 
c d 


* . ^ 
c ' d~' c d^ c 




c. 


409. Quantities are said to be in continued proportion, 
when the first is to the second, as the second is to the third, as the 
third is to the fourth ; and so on. 


'I'hus, Uy by Cy dy Scc- Axo {u continucd proportion, 


when 


a 

b 


b 

c 



410. If three quantities a, by c form what is called a continued 
proportion, so that a : b=^b : Cy we shall have = or the 
product of the extremes is equal to the square of the fneaUy and 
conversely. 

In this case b is said to be a mean proportional between a 
and c ; and c is said to be a third proportional to a and b. 

. If three quantities are in continued proportioUy the first 

has to the third the duplicate ratio of that which it has to the second. 

.. a b , a a b a a cP 

hor, if 1=*-, then - = 7X =1X7=15; 
be ebebbb* 

/, a : r is the duplicate ratio of a : b. 

Also, if four quantities are in continued proportiony the first has 
to the fourth the triplicate ratio of that which it has to the second. 
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..a b € , a a b c a a a 

For, if T=“=»>, then :>= j-R x ; R i- « J 
'bed dbcdbbblr 

a : d is the triplicate ratio of <2 : ^ 


412. Propositions regarding four quantities a, e and d in 
piuportion, may be obtained, like those on ratios, by the use of 
frartions, and of these the most useful are the following :— 

/•V ^ .u a , c b d 

' b d b d a c 

that is, h \ a —d \ c. (Invertendo.'. 

n c , a b b c a b 

(n) If then :X' = -x -,, or 

b d b c c d c d 

that is, a ; : tl. (Alternando). 

.a c , a c a-\-b cArd 

(m) If ^ = then 3 + 1 =^+!, or : 

that IS, a + h \ h^c-\-d : d. (Componendo). 

(,v) If then or -j-= y ■ 

that IS, «-f> . (Dividendo). 


(v) Since 


a4-^ C-\rd .... 


, (iii) and , 
d 0 


a-b c-d 


d 


(iv), 


a + ^ c-^rd 


a-^h b _ c-\-d d _ 

b a-b~‘ d ^ c-d'^^ a-b'~ c-d' 

that is, ft + fr •. <i — h = v.-\-d \ c — d. 

(Componendo and Dividendo) 


a 


~h r — d,. 


(vi) Since " ^ ' - ‘ (iv) and ^ (i), 


a —b b c—d d 
-V- X = -- - X , or — 
b a d c a 


a—b c—d 


that \s, a-b . a=c-d \ c. (Convertendo;. 

... a c . m a 7n c ma me 

(vii) If ,, then X - = — X or ^ ; 

^ ' b d n b n d nb nd 

that is, ifKia : nh —me : nd. 
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(viii) 






then 



or 




that is, a” ; ft"*:#;’* : cZ". 


413. If ti \h=stc . (ind h . e~d : /, ///t'?/ a ; «= ^ ; f\ 


,, rt r . h d , a h 

!-or = and = - x = 

b a < / be 


c d a c 

d^ r c~ f' 


This is the proposition ex aequali referred to in Kuc. V. 


414. ff a \ h — €‘. \ d^ and v : /=f/ : 7i, then ne : : dli. 


For ^ and ^* = ‘^ • * ^ x ^ 


X ,= , X * > 01 , ,= ' 

d h 


bf dh ■ 


rhis is called compounding the two proportions, and so we 
may compound any number of such proportions. 


415. If four quantities fuim a proportion, we may derive from 
them many other proportions all equally true. 


'Thus, if 


a 

b' 


c 

r/’ 


, ma 
then ,= 
mb 


L 

rtf’ 


or ma : nih — e ; 0I 


similarly, 


ma : b — mt; : d, a : mb - r . itid, a : b= tuv : mil ; 

j n ^ 

and, in like manner, : =e ■. a. a =r ; - , : 

’ ’ m m ’ m m ’ ’ 

that is, either the first or fourth terms of any proportion may lie 
multiplied or divided by any quantity, provided that either the 
second or third h(i multiplied or divided by the same. 


Hence we may get nd of fractions, when occurring in propor¬ 
tions, by multiplying the first and saond, or first and ihh'd^ 
terms by the L. c. M. of their denominators. 

Thus, if liU : (multiplying ist and 2nd by 36, 30! 

and 4th by 200), we have 4« : 3^=15 : 16, 

Ex. 1. Find a fourth proportional to 4 ’, ^ and 5. 

.Since (Art. 406), this is—^ = 


Ex. 2 . Find a mean proportional to 4 and 16. 

Since b'^esac^ (Art. 410), this is ^"(4 x 16) = ‘/(64)“»8. 
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Ex. 3. 


If 


a 



be a ct^ 

-eTW'- 


# 

(C. E. 188^1902). 


We have 



a a a b c a 

b b b c d d 



a 

Ir 


Ex. 4 . If a : b — c\ d, express [a-\-d)-{b-^c) in terms of a, 
and c only. 

Since ~= ad^bc^ and /, . 

0 a a 


Then {a-]rd) — {b + c)= + -{b + c) = 


d^^ab — ac^bc 


a 


a(a - b) — c{a — (/* -b){a — c) 

a a 


Ex. 5. Ifa-.b^c: d, show that if a be the greatest of the 
four quantities a, b, tr, /jf, then is the least. Hence show that — ^ 
■> r — d or a + d> b + e. 

.Since aib^cjd and a the gr^eatest of the four, 

/, ajb is an improper fraction, as also cjd. 

c is greater than d. Similarly, it may be shewn that b is 
gi eater than d. Thus b and c are both greater than d^ and ,% d is 
Ihe least. 

... . . ... a - b c ~ d 

Again since from Art. 412, (iv),- --- = , 

,% ^ 3-0 improper fraction. 

a — b>C’-‘d, ") by addition, 

and b+d=b + d } a + d > b + c. 


Exercise CXIiIX. 


1 . Kind a fourth proportional to 

(i) 3 > 5 . 6. (ii).i2, 5, JO. (iii) 2 , ^ 

2 . Find a third proportional to 

(i) 4, 6 . (ii) 2, 3. (iii) h 

3 . Find a mean proportional to 

(i) 4» 9* (*0 4j lii 

M.A.— 28 




(iv) 2rt, 3^, 

(iv) {a — b)^j a^-^b^'. 


(iv) I2abe^. 
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4 . l( <c : 6i^d : Cf prove that 

(i) — : a—b“ — c^ : c. (2) a^ + b^ — a(a + b)(a-b+£:). 

(3) : a-)rC=d^^l>^ : a-c. 

( 4 ) a- 2 b->rC- - --= - - . 

a c 

( 5 ) md^ — nb'^ : via — nc=pc^-\-qb^ :pa + gc\ 

(6) a + b+£ : a — b+cs^^a + b + c)^ : a“ + b“-\-d. 

5. If prove that 

(I) (a + «(<r + </) = ^Cf+o')-- = '^(a + 

frt-^)(a-r) 




abc 


6. If a : : d and j?i : n=p : shew that 

+ nb : nia ~-nb—Pc->rqd : pc — 


7. If : 3 = ^ : d=e : f then a~c : b—f—c ; d. 

* 8. If iiy b, c be in continued proportion, shew that 

*9. If —>'®);? = (y“ —show that A is to .0' in the duplicate 

ratio of x and v. (c. f. a. 1867). 

. 10. If y is a mean j)roportional between .v and :r, show that 
xy-^ys is a mean proportional between andy-^4-zr“. (rJL 1890). 

« 11. Find in its simplest form a mean proportional between 

6+ sj27 and 8 - ^'48. (P. K. 1903)- 


416. Many C|uestions in Proportion may neatly be solved by the 
‘A’ method explained in Art. 40J. 

Ex. 1. If « : b=c : d^ show that 

7 na’\-nb : inc-\-nd= sI{pd^-\-qb^) : ;Jl^pc“ ■\-qd^). 

Let £= then a-^bk. and c=dk. 
bd ’ 

, ma •^nb_ mbk^ nb_ biml-^n) _^b 
• • me + nd'' mdk + nd~ d{mky- 7 i)~ d' 
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s/{pc^ + ^‘pf^r J{pri^A^+(/d‘^r + ii' 

Ex. 2 . li a : 6 = 0 : prove that 

7a + ]2b ; yi +^/f-7C+i2d : y+S^. 

d 6 

Let 7= ,=/’, tfrien a — bk^ and c — dk. 

0 d 

. 7 /i-\-i 2 b_ 7bk-\-\zb_ b[ 7 k■^■\ 2 ^_ 7 /*+i 2 

*• 3 a+ 5 /»“ 3 ^/t + 5 /j~ ^( 3 /t + s) ~ 3 ^ + 5 ’ 

. 7r + 1 id_ 7dk + i zd^ d(7k + i_ 7k+\2 

3 ^+ 5 ^~ (fi 3 ^+S) ~ 3 ''-'-'-S 

7a+\2b 7r+i2d , , . 7-i’+i2 

Hence, : , j » being efiual to , -- . 

3 a+ 5 /; 3 c + s<^ 3 ^'+S 

Ex. 3 . If a,(T andare in continued proportion, prove that 
{ah Vbc + cdf^{d^ + b'' + c-)[P + c'^-¥d'^). (C. K. ] 887 j- 

T (I b c j. 

Let ,= = ,=»/K 

0 C it 


Then k = 





b- 


. (1) 

II 

II 

II 

ab + be + ed 

be cd 

ab +be + cd 

....f2) 

- - 7/“*“ F'^ . ’u"”.’ _F‘^ • • . 

r“ d- b^ + c-^-\-d- 


. + r ab^hc-vcd , , , , , 

* • ab~+bc + Fd b' + V' +d^ ’ 

Plence {ab-\-bc+cdr = 0^' + b'^ + c'%b~ +c-+ d"). 

(Z h c 

Oiher-i>jise thus \ Let ,= =. - =/’. 

b c d 

Then c=dk \ b = ck = dk'^ ; n~bk = dk'^. 

Now, + / *: + cdf = {dP x d/r + d/<^ x dk + dk x dr 

= \kdHk^ +k'^+\) y- = PdVc* +k‘^+i )-, 
and {d + b‘^ + c- X^' + c-^ + d-) = (d-k^ + dVd + dM’‘^)id"k-^+d‘^k^+d^) 

=d-k\k* +k" + I ym^ + k‘^+ 1) 

Hence {ab + bc + cd)'^={(r + b‘^ + c^,{b^ + c- + d'^), for each is equal 
to the same quantity. 
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Exercise OL. 


1 . \i a \ b^c \ (i^ prove that 


(1) a±,b ; a — c±.d : c. (c. E. 1862). 

(2) a : b~a±c : b±d. (c. E, 1872). 

(3) ma~nb ; a-\-b=-mc — nd : c+d. (c. E. 1893), 

(4) maA-nh : mc-\-nd=b^c : ad'^. (c. K. 1876). 

(5) 2(1 h3<5 ; 4rt4-5^ = 2f4-3<f : 4r+5<Tf. (a. e. 189!^. 

(6) a ; « + + ^ : a-rb-Vc-\-d. (a. k. 1894). 

( 7 ) + : a® —= ; c^ — d^. (a. e. 1889 ). 

(8) \ b'^ S = ac \ id. (c. E. 1877). 

(9) + : d^ — b^—ac + bd : ac — bd. (c. E. 1879). 

(10) d^d-bc^ = ac{b-d). (c. K. 1890). 

(11) {a'--\-c^){J>^-\-dP\^{ab-\-cdf. (a. e. 1890). 

(12) ^{d^A-c^)\ ,J{b'-■^d^) = ma-\- 7 ic \ mb-\-nd. fc\ E 1880). 

(13) d^±c‘‘ : b“±.dr—{a±cf : {h±.d'f. (C. E. 1872). 

(14) {a + cf : + = <*(«-<■)- : b{b-df. (C. K. 1888). 

(15) {a^ + b^y^ : + \c-d. (c. E. 1895). 

(16) : y(5rt'’-6r’*)= ^/( 3 / 5 « + 4 / 3 ? 2 ) : ^{^b^-bd^). (CE. 1900) 

(17) + + + . (c. E. 1874). 


(18) 


~ + 
ina 


I I \ [a b 
+ r+—,= ^ ' 


+ ?+-^l 


nb pc qd i q p ' n' m\ 

(19) “—(1?. P. E. 1886) 


(b. V. E. 1884). 


a* c . . . n c , V 

(20) ^ : -^is inversely as ^ (M. F. a. 1884). 


( 21 ) a^^ab->rb'^ ; -ab + b^=^c^-\-€d-i-d'^ : c^ — cd-\-d'^. (c. E. 1 S 94 ). 

( 22 ) pc^-^rgc^ : pb'^-\rqd'^=^iHa“ — nc“ : mb’^ — nd^. (c. E. 1899 ). 

( 23 ) « : + + 

< 24 ) (/a* + (;^s + ^) * (^ + ^^) • 

< 25 ) «a:*^“ 3 ar® : b^-yid’^=d^-\‘lc^ : ^*+ 5 ^/*. (a. e. 1902 ). 
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2 . If ti.j and <f/are in continued proportion, prove that 

J{ab)- ^{bc)+ >/(cd)^ ^{{ci-b-^-dXb-c-frd)]. (M. f. a. 1890). 

3. li a b^b i c—c : prove that 

ii : cl" + : / 5 ''+ 


5! If 


..a b c , + 4 -ri ‘3 

If ,= -= prove that « 

b c d ^ d pb'-^r qc^ ■¥ rd^ 


x : n 
tS 


% <5 = J 


+ + ,88). 

f/ pb' +qc^ -{-rd^ 

; f, prove that 


t® v' sr’ (a’i-K + ^r / \ 

6 . If c : d=x : 

7 . 


(fi + ^+r;- 

If <: : : jv, then will cd : : x- 

\f a : b — b : shew that a^-^ab-^b'^ : b'^ + br 


+ y-. (P. K. 1892). 


8 . If cl : ^ 6 : r/ and p \ q v. r \ prove that 

ap-\-cr‘. bq-Vds :: J{acpr) : Jibdqs). (a, K. 1896). 




417 . The following exiamples will illustrate the converse theorem 
• onsidered in Art. 407. 

Ex. 1 . If {a^b-\-c-\rd)„a-b~c-)rd)=-{ji-b-\-c-d){a-\-b-c—d)^ 
‘0 prove, ihat a, d, d are proportionals, (c. i'. a. 1893). 

We have {{a + d) + ((^ + + d) -{b + c)) {{a -d)-{b- - d) 

+ {b-c)\t ov {a+d'p-~{b + cf = (a-dp-{b-c'f, Art. 124 

or {a-^df-{a —d)^—{b + c)" —{b — c)^y by transposition, 

^ad=4bc^ or ad=bc. Hence a \ b — c \ d. 

Otherwise thus :—Wiiting the equation in a fractional form, 

ii \ b-{-c-^-d (i-\-b — c — d 


we have 


a~b-\rc-d 


a- 


b~c + d‘ 


,r , ^ ,0 T^. , a->fC a - c a + c b-\-d 

Hence, by Com/,, o- D,vd., or 


Again, by Comp, Divd., ^ and /, ci \ b=^c \ d. 

C (t 


Ex. 2 . If ii + i^ ; b-k-c—c^d : rt?+ci, prove that 
- a^c or a \’b-\‘C-\-d=o. (c. E. 1891). 
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We have + + + Art. 406. 

+ (<5 + d)a + t'-* + ((J' + d)c Hr bd. 

Transposing and reducing, 

d^ - + (^ + d){a - f) = o, or [a — c)[a + ^+£■+<f) = o. 

either rt!“r=o i.e. a=rc, or a + b + c + d—o. 


418 - The following is an example of theorem explained 
in Art. 401. 


Ex. li a : b = c : d~e : show that 

Each ratio = ^{a^ + d+e^) : ¥ib'' + (P +/'■'). (c. E. 1882) 

4 ,. «_ c-_^e . «*’_ d _ d _ (c' + d + d 

b~ d~ r *• b~d~f~~b"'Vd'^'^f' 




Exercise CLI. 


1. If 3a+ 4/^ : 5^ + 6^ = 3r + 4^/ : s^-^Gd^ then will a : b=c ; d. 

(c. K. 1897). 

2. If (2»?4-3<5 + 5^' + 4//)(2/^-3/5 —5r + 4/j') = (2rz + 3^-5r-4rt') 

X(2d! — 3<^ + 4t — 5^), then will /r : b—c : d'. 

3. If {pa-{-qb + rc-\-sd){pa — qb — rc^sd) = {/)a — gb-\-rc — sd)'X. 
{pa-\-qh — rc — sd\ shew that bc^ ad, pts, qi‘ arc in proportion 

(l!. P. E. 1890). 


4. U a : b — c : d~e :/, show that 

( 1 ) Each ratio+4 -^^(a. e. 

( 2 ) Each ratio=(rt^ — 3 d'rr + c : {b"^ ~ . (Al. r. A. 

, . /rt + 2 <: 4 - 3 r\® ac->rcc , 00 v • 

(3) \i^\) = 

(4) + — ; df. (c. K. 1876). 

( 5 ) a^ + c'-he^ : b^+(P+/^ = ace ; bdf. 


1893)- 

1S87). 


5. If ab=cd=ef^ show that 
ab-\-ce-¥ea 

m(bTJ+/) ” b^d^ ■ 


(n. p. E. 1889). 
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6 . 


If X \ y^y : S', find the simplest value of 


xyzix +J^£)® 
(xy+ysr+xxy 


(c. E. 1892). 


7. What number must be added to each of the numbers 3, 5, 7, 
10 to give four numbers in proportion, (c. e, 1893). 


'8. li X and j/ be unequal, and x have to the duplicate ratio of 
r + s" toy+x, prove that z is a mean proportional between x and_y. 


9 . If a, and are in continued proportion, show that d + r 
IS a mean proportional between a + i and r + d. 


10. 

If b 

is a 

mean propor 

tional between a and Cy prove that 



c? • 




- 2 
a 

; ■ 


11. 

If a 

; = 

= c dy prove 

d^ + //“* -f (T® + , , 

a ‘•A-b “•\-c-^ 4 ‘d-^ 

12. 

V 

Y 

, prove that 


If.» 

a 

~'b 

x + a y + b> (.v+>') + (<2 + /d 





(a. e. 1899). 

13 . 

If 

: b ; 

\\ c \ and if 

■ X be homogeneous with a, c and 

d, then 


: P 

c :: i-\-x jci' 

(M. M. i860). 


14 . If r+2)/ : /'? + 3<5 = 7 + 3-t' : a + prove that x :y^n-\-^b : 
2a + 5b, and that y + 2x : x + ^y —4a+isb : 7a + 20b. 


IV. PROBLEMS IN RATIO AND PROPORTION. 

419 The follow'ing are illustrative examples. 

Ex. 1 . Divide 39 into two such parts that the greater increased 
by 6 shall be to the less diminished by 3 as 5 to 2. (c. E. 1S59). 

» 

Let X be the greater part, 

then 39 — X is the less part. 

/, By the question, x + 6 : 39 —.r —3 = 5 : 2. 

'. 2(x + 6) = 5(36 - x), or 2.r 4* 12 = 180 — ^x. 

/. 7.r=i68 ; /, x= 24 y and 39“^='I5- 
Hence the parts are 24 and 15. 

Ex. 2 . A certain number consists of two digits ; the left-hand 
digit is double the right-hand digit, and if the digits be inverted, 
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the ratio of the number thus formed to 6o is 4 : 5. Find the 
number, (c. E. 1874)- 

Let X be the right-hand digit, then 2x is the left-hand digit, 
and the number=a:-l-2;r x io=2i.r, and the number formed by invert¬ 
ing the digits=2A' + iox.r= I2A‘. 


by the question, 


I2.r 4 
60 “ 5 ’ 


Hence the nuniber=2i X4 = 84. 


.r = 4. 


Ex. 3 . Two vessels contain mixtures of wine and water in tlie 
ratios of 8 to 3 and 5 to i respectively. In what ratio must liquid 
be drawn from each vessel to give a mixture in the ratio of 4 to 1 ? 

Let X be the number to be drawn from the first, 
andjK. second. 

Since 8 + 3=11, in first, wine^V^r water = 
and since 5 + 1=6, /, in second, wlne = -,'; and watei=^^. 

Now, X quantity drawn from first, will contain wine and -f'l.i 
water, and^ quantity drawn from second, will contain wine and !y 
water. 

/, By the question, tV'+^jv : A.v + ^_y=''"4 ; i. 

/. TT^ + = -1 + ?J', or = ly. 

and /. X :j~ii : 24. 


Exercise CLII. 


1. Solve the following equations :— 


(1) Ox —a : 4x — d 3.r + ^ : 2jr + a. (m. m. 1859). 

(2) X : 27 ::y : g :: 2 :x—y. 

^3) x-^-y + i : x+y + 2 :: 6 ; 7 ) 

y + 2X :y — 2 x :: i 2 x+ 0 y ~2 : 6y-i2x-i j 


. , ax + dy cs-\-ax by 4 rcz 

(4) -==^a=---CSE ''-=2r + >'+ff. 

‘ cz by ax 


( 5 ) 


a + b+c 


a b b c 

- + ■ + 
x y y 3 


c a 
- + ' 
z X 


% (C. F. A. 


1871). 


2 . What number is that to which if i, 5 and 13 be severally 
added, the first sum shall be to the second as the second to the 
third ? 
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' 3 . Find two numbers in the ratio of 2^ : 2, such that, when' 
Lluninished each by 5, they shall be in that of : i. 

4. A’s present is to if’s present age as 8 : 7 ; 27 years ago 
their ages were as 5 : 4. Find their present ages. (a. e. 1900). 

5. Three numbers are in the ratios 213:5, and the sum of 
their cubes is 4320. Find them. (p. E. 1900;. 

6. 'I'vvo numbers each consisting of the same two digits are 
jn the ratio of 4 : 7, Find the numbers. (P. E. 1S96). 

7 . Find two numbers in the ratio : 2^, such that when 

increased by 15, they shall be in the ratio ig : 2^. (P. E. 1899). 

8- A and 7 / trade with different sums ; A gains /\’j'. 2000, 
/>* loses A’j.500, and now A’s stock : Z?’s : ; 2 : ^ ; but, if A had 
gained Aj. 1000, and /> lost A\y.B5o, their slocks would have been as 
^5 • 3 i- Find the original stock of each. 

9 . In a certain examination the number of those who passed 
was 3 times the number of those who failed. If there had been 
i() fewer candidates and if 6 more bad failed, the numbers would 
have been as 2 to i. Find the number of candidates. 

10 . A «s!^uantity of milk is increased by watering in the ratio 
of 5 : 4, and then 12 seers are sold ; the rc.sl, being mixed w'ith 
j seers of water, is increased m the ratio of 7 : 6. How many 
seers of milk were there at first ? 


V. HARDER RATIO AND PROPORTION. 


420 . The following" are typical solution.s of some harder ex¬ 
amples in Ratio and Proportion. 


Ex. 1. 



y 

c -\~tl —'d 


{b - c)x + {£ - a)y -f- (« - b)z. 


“ , find the value of 

a-\-b-c^ 

fc. E. 1878 ). 


Let each of the given ratios = 7 ; then 

x^[b-\-c- a)k^ y~{cya- b)k, z-{a-\rb- c)k. 

the given expression = {(/>--«) +(c- 

4- {a — h){a -J- - c))k 

= {b^ — — a{b — c) -t- «) + d‘ — — c{a — b)}k 

= .,,3 ^^3 _ ^2 _ ^ 4.^ 

=oxk = o. 


Ex. 2 . 

i: b - 


a 


1 y 

then ' = i = 
a b 


V 
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Let each of the given ratios^/’; then 

ny — bx=^ck\ acy — bcx=c^k^ multiplying by r, 

cx — as — fib\ bcx — abs^h-k^ .:. h 

bz — cy~a/c] abs— acy^a^k^ . a 

Now, adding the equations, we have 

o = (a® 4. ^2 _j. ^ k — o. 

• ^n-bx . ,r V 

. , =0, and . , »7jp-»./^r=o, or (iy = b^ ; , , = , - 

C (I 0 

Also - =0. and ^r.v— ■iS' = o, or cx — an ; = " . 

b ^ a c 

Hence ^ 

a n c 

. Ex. 3 . If a( r + i:') = ^(-c: + A)-=c(.f+v), prove that 
v — z _ cr — .r _ X — V 
a{b-~f) b\C—a) c{n — b)' 

Let each of the given ratios-/- ; then 
k 


a = 


b = 


c— 


,T + rr ’ 

z-\-x ’ 
/■ 

x-^v ' 



, / 1 

1 \ 

b — c- 

/’ ( — 

1 


\z + x 

x+yt 

e — n = 




\ r + y 

y + zl 

a-b-^ 

/•(--- 

...la 


\y + z 

z + X f 


1/ — ^ 

h .^ r 

\x +y)lz +x) 

— T" 

•rV 

(.v + _i')( v + .r) 
X — V 

{y-\-s){z + x) 




V —. 


, or 


r- rr _ Cv +y)(y-h 'r')(z + x') 


(x +yYV 4 - ^)(:r + -v)' a{b - c) 

, z-x (.r+jOf r4--7)(.7+.r') 
Sim.larly, ■ 


yt- 


and 


x-v (x+y){y + z)(z f.r) 


c'a — b'^ 


h- 


Hence - 


y — s 


z — X 


x-v 


a{b — c) b[c-a) ,c{a — b)' 

Otherwise thus :— 

, k k k 

We have r = , 5r+.r=^ , x-\-y=~ . 


k 


.. y i)- be ' •'a{b-c) abc 

Similarly, the others. 
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Ex. 4 . 


jf 2 V — S 22’—.r 

2fl+lf 2b+ c 2c +a 


, shew that 


3(a + b + c){x eh 4 jj/ + 35-) = (7a + 8^ + ()c){x +j' + ff). 


Let each of the given ratios =/' ; then 
^ _sum of numerators _ -r+^ 4 *" 

sum of denominators"” 3^11' +i^ + r). 


+ + +0+ ^'( 2 i: 4 -a) 

_ x(2/^ - r) +y( iq -/i) +^f2_r-<7) 

~ a( 2 / 4 -?') + ^^(2<7+/.' + ^'(2/"+-^r) . 

where q and r are any quantities. 

Now, give such values to p^ r, as to make 2/ - i, 2^ —/» 
-4 and 2r—q = }, so that the numerator of (2I herotnos .r + 4;' + 3.7. 


Solving' the above equations, we find ;^ = 2, q = 3 and r=3. 


from^(2)/’= 


_.r_+j;i' + 3-_ 

^*'.4 + 3) ++ 2) + + 3) 


''■ + 47 _+ 3 ^ . > 


Hence, \ 

^ S(n + d + r) 7'^ + 8/5 + 9i-’ 

+ ^ + c){x + 49' + 3“} = (/« + 8^ + <k){x + r 4 -,c). 


Exercise CLIII. 


« * . , (I b — c b c — o, c o. — h ,, , 

1 . Assuming that-— = --~- -, and that a-\-b-\-c 

a-\-b b \ c c + it 


find 


isnot = o, show that a = b=»c. (c. k. 1873). 

2. If j:.. . d' ^_i , 

{b~c){b + c — 2a) {c - a){£-^n — 2b) \a~ li){a-\-b — 2 c t"" 

the value of A' 4 -jy 4 --. (C. E. 1889). ^ 

q a-b b-c c-a a + b + c _^ ^ 

3 * It " # ss y- - - — — ' '1'/' I ) Citcn of tlic^s£ 

ay + bx bs + cx cy + ns ax + by + (s 

'atios=- —- , supposing a + b + c not to be zero. 

jr 4* S' 

4 . Shew that if + ^— ^ + £^^= 1 , and a~b + c is not = o. 


a 


Iren * = *'+*. (C. E. 1875). 
a b c 
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5. If .f : ax-\-by-\-c3-y ; bx-Vcy-^az^z ; cx->ray ■^•bZy shew that 
each of these nitios = -™^^ , supposing x+y+z is not = o. 
(c. E. 1902 ). 

V 6. If a(y i-z)=:b(z+x)=i‘C(x+y'), prove that 
a — b b — c c —a 


7. If 


a 


, =--, prove that 

y+z z + x x+y 

a(b--r) b(r ~ a) c{n- b) 


y- 


ft — n 


-.r® x-—v^ 


. (AT. F. A. 1887). 


^ ^ "" 7/ ^ pj'ove that each of these 

_ ab' — a'b _ be' — b'c _ c<t' — c'a 
~ a'b”'- a''b '" b'c'' - b''c' ^ 7 a'' - c''a' ‘ 

X y z 

9. If r , ’ = 7 - —Cl I prove that ‘ 

b-yc — a c-\-a-b a-Yb-c ^ 

(rt + ^ + c){yz + zx 4 - xy) = (.i' +y 4 z)(ax + by 4 - cz). 

10 . If .r : (b-hc)—y : c+a = z : (a + b). prove that 

a ; (F 4 -~-.r): (z+X‘-y) — c : (x+y-z). (C. K. I903\ 

11 . If (a 4-^ + c)x — {b + c — a)y = ({: + a- b).7 = {(i + b — 

show that --4- - 4 --= - . (c. K. 1905). 

V - w A' •' 

x+nv y + 2Z Z + 2 r 

12 . If - — T-=- 7 1 show that 

3a-c 3b-a 3c-b 

3{x yy 4 - £')( 9 a 4 - 8<5 - c) = 2{a 4 - 3 + c){6x 4 -1 tj/ + yz). 

yz zr 

X-- y - 

13 . If ■ —. . .., and .r and v be unequal, then each ot 

I —yz i-zx 

the^ratios is equal to .r+^4-s’ or x'"^ +y~^ + z~\ (b. p. e. 1S92). 


14. If 


4A'4-5y —6;? 2A' —^4*- . X — 3y + 2z 


4 -1- 126' 4a — 3 ^ 4 - 4 ^: 3(rt - 6^ 4 -2£‘) * 
< 7 x+y- 3 z)iga - 7 5 + 38 t) = ( 3 .r -16^ 4 -1 A^){ 15« - 2 c). 


ill at 




a + c 2 a 

■ b' 
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10. If {b-\-c)x — {c-\-a)y^{a+b)s^ show that 
x-y s ^ s- x 

cfi — _r^ c--d^' 

17. If {a + b)(y+ 2 ^-x) = {b + c)(z + X‘--y)==‘{c + a)(x+y-s), then 
x—y _ y — s_ s~x 

Tt ^ ■"« Til *“ 7 .r ~y> • 


18. If 


iT + a-^' 


show that 


b + c —a c-^r a —b a-yb — c 
(a + ^ + c){x{jy + ar) + >'( 5 -+jr) + +>')} = 2{x +y +- s’)(<j:.r + by + 

19. I f «(.v -jr) + — b[y-s) + b- — ('Xs' - + c“f then 


each = 


^ "h iT 


1 /^ — 1 " — /“ 

20 . If =^+'' - ' then each = f + ’-- . 

b — c c —a a —b 

21 . If alx ■^bmy-\^cnz — apx^rbgy-\-crz — ax'-\-by^-\‘cd^^o^ 
prove fh’Ai x{mr~ n(j)+y{np-lr) + a{I</- mp) = o. (P. K. 1887 ), 


VI. VAEIATION. 

421. When two quantities are such, that their ratio is constant^ 
that is, remains the same, whatever values we jjive to the letters 
iliey contain, one of them is said to vary as the other. 

The sign used to denote variation is oc (read varies as). 

422. Hence if A ^ B, (where A and B are used to denote, 

not numerical or constant^ but algebraical or variable quantities, 
such as admit of different values by giving different values to the 
letters they contain) then, according to the above definition, the 
'alue of the ratio ;/>’will remain whatever may be the 

laluesof the quantities and B themselves. If then we put in 
to denote this constant value, • 

we have ^ =» w/, or A = mB ; 

i'O that, when one quantify varies as another^ they arc connected by 
o constant multiplier, 

423. Hence also \{ A oc B, and a, b be any pair of values of 
A and i?, then for any other values of A and 

we have A : B^m^a : b 
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that is, 2a/icn one quantity varies as another^ if any two pairs oj 
values be taken of them^ the four wiii be proportionals : 

or since A \ a :: B : b^ 

we may state this by saying that if one of them be changed from 
any one value [A] to any other value {a\ the other will be changed 
in the same proportion from the value {B) corresponding to the hist 
to the value {h) corresponding to the second. 

424 . 'Fhe following terms are used in Variation ;— 

(1) If A=inBy then A is said to vary directly as B. 

(2) If A = y,^ then A is said to vary inversely as B, 

(3) If A = niBC\ then A is said to vary jointly as B and C. 

B ’ 

(4) If A = m^^ then A is said to vary directly as B and 

inversely as C. 


425 . The following results in Variation are deserving of notii e. 

(i) If A 04 Z B and B C, then A cc C. 

For let A=/nB, B=nC-, then A — ninC and A «c C, since 
w, being constant, so also is vin. 

So also, if A oc B and B °c then A «>c 

C c 

(li) If A C and B C, then A±B ^ C and '/(AB) 'C, C. 

P'or let A = mC, B = nC ; 

then A-k./> = mC±nC={/n±n)C, and A±B «>c C ; 
and s/{ AB) ~ J{mCKnC)= yf (mnC“) = y/{mn)Ct 
and therefore J{AB) C. 

(iii) if A Bl\ then B =c ^ and C oc '^y . 

C h 

Kor let A=^/nBC, then B= , or B oc : so C «»c . 

mL c B 

(iv) If A <>c. Bf and C /), then AC BD. 

For let A=^rnBj C^nD ; then AC=^mnBDj or AC <=>0 BD. 
iy) If A <=>c B, then /i'* B‘*. 
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(vi) U A B, and B be any other quantity, 
then AP -=<■ BPy and • 

426. Jf A ^ B when C is constaniy and A ^ C when B is 
onstanty then A «c BC when both B and C are variable. 

.Since A °<. By vvlien C is constant ; 

/. A = mBy (where m does not contain B as factor).(i) 

Again since A <»c C, when B is constant; 
m B oc Cy when B is constant ; 
m °c C \ 

tn = nCy (where n does not contain C'as tactorj.(3) 

Also Hy being a factor of w, does not contain C 
Hence, troin (i ) and (3^, we get 

A=nCBy (wlieii n is independent of B and 6 ’). 

A -c BC. 

Note, 'i'he li>lk)\ving is an illu.>tr£iLioii of tlie ahovc. 

In a triangle, the area the base when the altitude is constant, and «c 
j.'i the altitude when the base IS constant. When both base and altitude are 
^unable, the aica oc base s altitude. 

Ex. 1 . If a ‘xz by and a== 10 wnen find b when tf= V* 

Here a — mby in being a constant. 

'File statement, that a — 10 wiien ^ = 4, enables us to find in. 

P'roin (i) io = /«X 4 ; 

Thus the relation betw'eeii a and b is //= 'Jt. 

Hence, when <f = -Vi we have V- — \b. 

. « 4 ^ r. ~ i* 

Ex. 2. ifj'==the sum of two quantities, one of \yhi('h .I'^and 
the other °c and when .l'=i,j/ = 6 , when ,i' = 2, ji —20 ; express / 
in terms of x. 

Letji=jb + ^y of which /i <=<z .v and ^ «-< ,t-. 

Also let p = mx and (/ = nx\ where m and n are constants. 
y = mx + n.r^. 

Putting ^ = 6, -r = I, we have 6=^m-^n .(i) I 

Also, putting/ = 20, ,r = 2, we have 20 = 2;//+ 4// , .. . (2) / 
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Dividing (2) by 2 and subtracting (i), we get 
. » = 4 and /, 

Hence y=2x+4x^ is the required relation. 

Ex. 3 . The wages of 100 men for 6 months amount to /?r. 10800. 
How many men can be employed for 7 months for i?j.4536. 

Denoting the number of men by a, of wages by w, and of 
months by d, we know that w/ oc a, when d\s given, and w when 
a is given. 

zu ^ ad \ w — mad. 

The first statement gives io8oos=aw x 100x6 ; 

;«=i8and 

Hence when 7 £f= 4 $ 2 ^ and d= 7 . 

The no. of men= =36. 

Exercise CLIV. 

1 . If a oc />V, and when <7=r, ^ = 2, c = 3, express a in terms of 
h and c. 

2. Uxy oc r® -f and 3, 4 be contemporaneous values of x and 
r, express xf in terms of 

3. If a •=<: 3, and when 3 = 3, <2 = 4, find the value of a when 3=5 

4. If V 'C i/.r'*, and when .t' = 8 , ^=10, find the value of y when 
.r= 9 . 

5 . If X <=c.pA-q^ p and q «»c i/v, and if when .r=i8, 

when y=2, x—ig}, find x when ^=11. 

0 . If j = ihe sum of two quantities, whereof one is constant 
and the other =c.i' inversely, and when .r = 2, y=o, when x=%y=i, 
find the value of when -r=6. 

7 . If j/=the sum of two quantities, whereof one is constant, 
and the other oc jrj, and when ^" = 2, ^'=-2^, when Ar=—2, 
express in terms of x. 

8 . If the sum of three quantities, which vary as .r, .r®, 
respectively, and when a'=i, 2, 3,^=6, 22, 54, respectively, express 
y in terms of x, 

9. If >'=the sum of three (Quantities, of which the first =>c 
the second ‘jc .r, and the third is constant: and when .^: = i, 2, .V 
j/=6, II, 18, respectively, express y in terms of x. 
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10 . niven that z <=<; and «< .r^, and that when ,r= the 

values of j' and z are ] and :[■; express z in terms of x. 

11 . If X varies directly as y and inversely as z, and .r=tt, when 
1'=^ and z=i:, find the value of x, when = and z=c^. (C.i .a. 1877). 

12 . If X <=<■and z'^ ^ , shew that .r «< - oc - . 

X y z 

13 . If <=<■ prove that a + b a- 6 , 

- 4 , I , I 

14 . (liven that x+y vanes as 2: + - , and x-y vanes as s' — - , 

Cm Z 

tind the relation between x and z, if 2:--2, when jr=3 and y= i. 

(u. p' E. I 

15 . If A', y, z be variable quantities such that y 4 -" —.r is 
umstant, and that {x+y-z)(x-{-z~y) varies as y-, prove that a'+J' + - 
vanes as 

16 . If .r* + V varies as .T when j' is constant, and if x + z varies 
,ih y when z is constant, shew that when both j/and .s'vary, then 
^ +y + z varios asyz. (C. K. A. 1871). 

17. Find how soon 20 men will earn A'j.30, if 3 men earn AV.9 
in 16 days, (ai. e. a. 1885).- 

18 . Nine horses havinf^ 4 feeds a day can be kept for 3 weeks 
for £12. 8j. o',V 7 . ; what will be the cost of 15 liorses for 36 days with 
3 feeds a day ? 

19. With a capital of A^ 5 '. 45 o a man gams A’.r.qp in 11 months. 
What profit does be make in 10 months on a capital of AV.iooo? 

20. 1‘ rove that the volume of a sphere whose radius is 6 inches 
IS equal to the sum of the volumes of three spheres whose radii are 
3, 4, 5 inches respectively. [Given the volume of a sphere (radius)*]. 

31 . If r varies as ix+a)(y + b), and is equal to {a + b')‘‘^ when 
x-~b andy — a, find the value of z when x-^a+'2bjy-- 2a + b.' 

% 

22. 'Fhe area of any triangle varies jointly as any side, und the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABC in terms of the sides AC, BC, 
containing the right-angle, it being found that, when the sum of the 
two sides is 14 feet and hypotenuse 10 feet, the area is 24 square feet. 


M.A.—29 



CHAPTER XIX. 

ELIMINATION AND SPECIAL ARTIFICES. 

I. ELIMINATION. 


427‘ Elimination is the process of obtaining from a given 
system of equations containing one or more algebraical quantities, a 
new equation free from those quantities and involving only the others. 
The result thus obtained is called the Sliminant of the given 
equations. 

Thus, to eliminate x from the equations 

ax-\‘b-=o .(i) and + 

we have, from (i) :r= —bja^ and from (2) .r=s —b'la\ 

Equating these values of x, we get 

— - « — or a'b=ab' ; i, e. a'b — ab'*siO. 
a a' 

Thus, we obtain an equation free from the quantity ;r and 
involving only the other quantities which occur in the given equations. 
The result a'b~ab'==o is called the Eliminani. 


Ex. 1. 


Eliminate x from the equations 

Ax!^-\-Bx->rC^o . (i) \ . 

+ + = o.(2) / ^ 


. t’. A. 1864).* 


From (i) and (2), By the Rule of Cross Multiplication, we have 
.r* _ A- _ I 

CA' - CA^ AB'-A'B * 


• BC-^B'C" AB'- A'B 


( 


X 

CA> - CA 



/, {BC-B'C){AB'-A'B) = iCA*-CA)\ 
which is the required Eliminani, 


Ex. 2. Eliminate x and_y from the equations 

ax+byszc, a'x+bytmc'y a'*x+b'y^c'\ 

From (i) and (2), we have ax + by-^c^^io 

rt'.r + ^y —c'=o / 
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By the Rule of Cross Multiplication^ 

_jr_ y T 

— dc' + Rc^ a*cad' — a'b ’ 


Hence 


Rc-dc' j 

J' 


ac' - a'c 
aV ~ cCb ' 


Substituting' these values of x and y in (3), we have 



or a'{h'c - be') + b"{ac' - a'c) = c"{ad' - a'd). 

. \ a"{d'c - be') + d''{ac' -a'c) + c"{a'd - ad')= o. 
i.e. a'\bd - b'c) + b"{cei - i^a) + c\ab' -‘a'd)=^ o. 

Ex. 3. Eliminate -r, y and s from the equations 

ax-k-by-k-cz=sio . (i) "j 

a'x-^-h'y-^-c'z^o . (2) 

a''x»\-b"y-\rc'’z-=o . (3) j 


From (i) and (2) by the Rule of Cross Multiplication^ we have 
X y z 


be' — d'e ca! — c'a ab' — a'd 


7-,=s/’, suppose. 


Hence x=k{bc' —d'c\ y=k{ca’ — c'a)^ z—k[ad' — a'd). 

Substituting these values of x^ y and z in (3), 

a'’{fic' — d'c)k-\‘b"{ca' — da)k-\‘C"{ab' -a'd)k=Q* 

a''{bc' — b'c) + b'\ca' — ca)-\‘c"{ab' — a'b)*»Oy dividing out by k. 


Bx. 4 . Eliminate x and^ from the equations 
ax-¥by^c^ bx — ay^dy +>'*•* l. 

Squaring (1) and {2) and adding the two results, w^ get 
d^x^ + + ^2;r*+rtSj/a = + d^. 

{a^ + d^)x^ + {a^+d'‘)y^^c^ + cP ; (a*+ ^«)(;c»+y) 

But from {3) x^ +y^—iy ,*« + 


Bx. 5 . Eliminate x from the following equations 

;r*+^ + 3^^ + ^)*m, (C. F. A. 1865). 
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i 

^ I - 

1 —m. X + -- ... 

...(3)1 

\ x\ 

X 

( I 'N 

. I ’ 

... (4)1 


= «, , , ;r—- = w*. ... 

V xf 

X 

f 

y 


Adding and subtracting (3) and (4), we have 
•zx — and zjx = . 

2 1 1 1 ' tf •> 

Hence zxx. or 4=;/^* — «5. 


Sx. 6. Eliminate x and_:i' from the equations 
x+j/=a, x^+j/'' = ^;. 


Squaring (i) and subtracting (2), we get 

= a^ — or xy — — b) .(4) 

Again, cubing (i), x-y’"'■\-yxy{x+y) = tx^ .(5) 


Substftuting (i), (3) and (4) in (5), we have 

c + 3 X — b)a = £2^, or — "^ab + zc = o. 

Ex. 7. Eliminate x^y and s' from the equations 

x\ y+ 3 ) = a, y“( z + x) = b^ z\x +jj/) = xyz = a. 
Adding (i), (2), (3) and twice (4), we have 

* a + b-\-c-\- 2£y=.v“(^ +s') ■^y^(z+x) + z“{x +y) f zxyz 

= iy + z){s +>').(5) 

Again, multiplying (1), (2) and (3), we have 
abc=x'^y'^z\y + s){s -t x){x +y) 

— d\ei + b + c + zd), from (4) and (5). 

Ex. 8. Eliminate x and y from the equations 

x+y + z — ayyz-\-zv + xy = by xyz = c. 

We have identicallyy {z - x^iz -s')=o, 

or — {x’^y-\~z')z^ + (j^'sr + jsrjr 4-jr^)s’ — ;rJ^'^ = o. 

Now, substituting from the given equations, we have 
— az^ + bz — c=>=o. 
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Exercise CLV. 


1. Eliminate x from the equations :— 


(i) .r+ - =fl+^ 

X 

(2) x^ + ^ =4(rt'‘ + ^®) 

j?r 

(3) a + c=^-dx 1 

I , 

X—-—a—b 

X ] 

■ 

a — c—^^ — bx J 


2. Eliminate x and^ from the equations 

(1) .r + v =rt, x‘^ = d\ xy <= r-*. 

( 2 ) ax + dy—Cj a'x + dy=c\ x'+y^= r. 


3. Eliminate x andy from the equations 

ax + 6y=x+y+xy=x^+y^ — i =o. 

4. Pllirninate -f, y, x from the equations :— 

y —2 2 —x , x—y 

(1) — =a. -=^, — ~='C. 

y +2 z-\-x x-i-y 

( 2 ) y^-{-z^i!bay 2 ^ z^+x"^ = bzx^ x^+j 


X 


(3) -Z__—^ 

y+z z+x x+y 


, \ y ^ -^r .r 

4) - + - =«, + - 

2 y ' X 2 


, X y 
= ■ "t" ■ — 

y X 


(5) 


ax 


= - - = 


by-\-cz c 2 -\-ax , x-\-y 




6. Eliminate x^y^ z from the equations 

ax-^by=z, by + cz^^x^ cz + ax^ey. 

6. Eliminate x from the equations 

a.r’' + bx+c=Oy ax^ + b'x + c' = o, 

7 . Eliminate x from the equations 


/,r\ ® x ^ (a 


iX* a /,i 



) ’ =(; 

,) +‘°;. + 5l; 

.) 


8- Shew that if ax^ + by^ + cs'^ = ax bycz^yz + zx+xy = o, 
. then ab^=*(b+c — a)(t:+a — b)(a + b — c). 

9 . Eliminate x^y, z from the equations ;— 

Cl) x^{y-z)^a,y^{z-x)=^b, z\x-y) = c^ xyz^d. 

( 2 ) x-\ry-V 2 =^a^yz-^zx-\‘Xy=b^ x^+y^+z^^c, jtyz^d. 
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10 . Eliminate a, c, from the equations 

bs+cy’^a, az-\-cxB>b^ ay-^-bx^c, (C.F.A. 1870 & A.I.E. 1893). 

11 . Eliminate / and m from the equations :— 

/*r + ;«"^=<a, /*+?«“=» i and ~lx-\-tny^o. (P. E. 1902). 


II. SFECIAIj abtipices. 

428 . The following are typical examples with their solutions. 

Ex. 1. If x{b-~c)-¥y{c~a)-^z[a — b)=o^ 

. bz-cy cx — az ay — bx 

prove that - - =-. 

b — c c — a a — b 

We have a{h — c)-^b{c-‘a)-\-c{a — h') = o^ (identically) 
and x{b-c)-\'y{^c — a) ^z{a — b') — o^ (given) 

/, by the Rule of Cross Multiplication^ we have 

b — c c—a _ a — b 
bz — cy cx — az ay — bx* 

t T btz — cy cx — az ay — bx 


, _ oz — cy cx — az ay — bx 

Hence -...=sr-=—- . 

b — c c — a a — b 


Ex. 2 . If X^cy-Vbz^y^^az’ifcx^ and z=bx-\‘ayy 

yS jg.3 

shew that --2=, ” .2'=^ — a* 

\—a* \—b^ I - 

From the given relations, we have 

;r —^-^2'=o...(i\ cx—y\-az^o..^{p.\ bx-\-ay — z^o...{'f) 

From (I) and (2), by the Rule of Cross Multiplication^ 


X __y _^ 

ac^b~~ bc-\-a~^ \ —c^' 


Similarly, from (2) and (3), ah'+c^ a^ . 


and from (i) and (3) 
Hence, from (4) and (5) we have 


{ac+bXi -a*)" (I -c*){ac + b) ’ i -«=* f-j* ' 

# 
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Similarly, from (5) and (6), we have 




(i —+ c) {ad + c){l 
Hence the result. 


I or 


I -ir 


r 


Bx. 3. If ax+djf + cz^o, and ajx + biy’^cjz^^o^ prove that' 
ax^ + + tTir’ + (rt + ^ + + z)iss + x){x +j/) o. 

From the given relations, we have 
ax + by + cz = o 
and ajyz + bzx + cxy = 0 j 

IJy the of Cross Multiplication^ we have 

suppose. 

/, a — kx{y^—z^\ and ax^ — kx^{y^z‘^'). 
b = ky(z^ —x% and /, by^ssky^iz'^^—x^), 
c=k.'i{x'^—y^\ and /, cz^=kz*{x-—y^). 

]>y addition, a + b + c = k{x{y^ — z^) +y{z- — x^) + jf(.v- -^')1 

= k{y- z){z - .v)(;r -y). 

and ax^ + by'^ + cz^ «= k{x\y^ - z^) ■\-y\z'^ — )+ z\x^ — 

= — k{y^ — z^)(z‘^ - x^){x^ 

. ax^ bf" ■\-cz^ , . 

•• ■ a+l ~c - {j'+s)(s+x),x+j>). 

Hence ax"' + + cz^ + (a + b + c){y + zXz + ;r)(.v +y) ■■ o. 

Bx. 4. Having given .r = d;/ + ^r£r + ^«, yssax + cz+ilut 

Z'^ax-i’by+/lUf u^sax+by + cz, 

, abed 

show that - — + , j*»I. 

i+rt 1+^ i+c i+d * 

Assume ax + by+cz + du^k^ .(5) then, 

from (i) x+ax or x{i +a)—k pfrom {2)y{i +b)^k ; 

from (3) z{i+c) — k and from (4) u{i+ii)=k. 

/. x{i +a)=‘y{l +b)^z{\ +<:)*= «(i +d)=^k, 

, k k k j k 

• xs= -, y= . . , z =-—— and u= - 

•• i+a * 1+^* i+c i+^f 
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T, ak bk ck , dk . - , . 

Hence - - - + - , . h-H- ,—k^ from (5) 

i+a i-td 


a b 

or — - - + - —, 


c d 
+ - -'•.== I. 


i+« i+c i+d 

( ^ mmm 

Ex. 5 . If jr, j', S’, are unequal, and if 2^2-3/ = -—17—, anti 

(V — y)® (. V ~~ zy^ 

^s=- then will 2a-^v— - - - - , and + = 


y 


We have from (i) 2a^ —3y*^ = (^ —.r)®, 
and from (2) 2as'- 32'^ = (jrJ 

by subtr. 2a{y -- 3( y* - 0 ®) = (s- - r)* - {x -y)~ 

= -{y-z){y + z-2x). 

Dividing hyy — z^ which is not = o, we have 
2a-3(_y+rr)= -(y +-sr- 2 .r); 

2 rt = 3 (_y + s’)-(_y + 3’--2.r) = 2(.r + y + 2'); *, a~x+y + z. 
Again, since, {z — xy^ or z^ — 2 zx+x“ = 2ay — $y^^ from (i) 

= 2(,r+y + s’)_y-3y‘^, from (a 
= 2,t;y —_y“ + 2_y2’. 

y^ — 2y2r+2:“ or ( y - z)^ = 2xy + 2;rs' - .r“ = 3,r(;r +y 4 - S') — 3 -r^ 

= 2tr.r — 3.v^, from (a) 

— x{2a — 3,v). 


(«) 


{y-s)^ 

• . =2a-3.r. 

vV 


6. if 
prove that 


y 


l{mb y nr — la) miyic-^rla — mb) n{Ja-\‘mb^ 
I _ m 



We have 


^Iby + CZ — ax) y{cz ■\-aX'~ by) z{ax + by — cz )’ 

/i’, suppose I 


X 

1 


y 

in 


z 

n 


then k » 


nib + nr — la nc+la — mb la+inb — nc 
V z z X X y 

m n n I i rn 


2la * 2mb 2 nc 


ny + mz lz’\-nx »ix + ly 
~~ 2ltnna 2lmnb 2lmnc ’ 
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y{ls-^nx)_z{mx-\^ly) 
zhnnax ilmnby ilmncz ’ 

_ nxy + mz f _ lyz -f nx y mxz+lyz 
ax by cz ’ 

^lyz __ zmxz 2nxy 

~~ byycz —ax cz + ax-by ax + by-cz* 

_ zixyz 2mxyz __ 2nxyz 

x{by +CZ — ax) y{cz + ax — by) z{ax+by - cz) 

Hence dividing by 2xyz^ we have 

I _ m n _ 

.r(^y -iriz -ax)~y(czyax-by)~~ z{ax^by — cz)' 


Otherwise thus ; Let each of the given fractions = /C% 


then 


^ _ by-^cz — ax __ by-^cz - ax 


I'CC^ ~ {mb - nc)‘^ {la + nc — mb){la + mb — nc)'' 


also k 

* • l{la -ync — mb){la 4 - mb — nc){7nb -ync — la) ’ 

. _ { _^ _ _ \ _ 

'* x{byycz-ax) k'‘‘{mbync-ia){nc^ria — mb)(la-^mb^nc) 

m 


similarly 


y{cz-\-ax— by) 


= same thing, &c. 


Exeroiae CLVI. 


1 . 

2 . 

3 . 

4 . 


If {bx - ay)^ — {b"^ - ac){x^ - az\ prove that 
{by — ox)^ = {b‘^ - ac){y^ — cz). 

1( .x{y‘^~z“) = {b- c)yz and y{z^ - .r'^) = (r- a)zx, 
prove that z{x'^—y“)=-{a —b)xy. 

If axArbycz ==^0., and ajx + bjy 4 - c'jz — o, 

then will ax^ + by"^ + cz'^ + (ti + ^ + c){yz + zx + .r^) = o. 


If az-¥cx = b and ay + b.x^c^ 


prove that 




1 —x^ 


I -y-" I — z 


a' 


h If 


!+/+//« 1 4-^« + Mn 

bnn=^ I or (i +/)(i +/«)(i +«)= - 


^T+h^r'’ p™'’® 

I. (n. p. E. 1889). 
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6. If (a + ^ + ^)(rt+^4*/f)=*(<c‘+rf+«Kr+^4-^)i prove that each 
of these quantities is equal to 

{ a - c){a - d){b- r){b‘-d) 

(«-l b-^c-^df 

7. If ah’-\{a-\-b){p-\‘q)-\rpg-^o^ and 
she*, that 

8. then each^^^’y- ^ -Jg. 

^ JV 

9. If — — d — — shew that 

ab^d be ^ ca — b'^ 
a-b b-c c—a ' ^' 


10. If a{by^-cz — ax)~h{cz^ax--by) = c{ax-\-by — i3)y 
prove that 


v-^z-x 3 -*-x-y__ x+y -z 

■". “ "■> 


a 


11. ax^=by^=^cz'^ and i/;r+ 1 /^/+i/V= i, find t^e value of 

^{ax^-¥by^+cs\ 


rr b — e C — U {1 — b . ,, 

12. If-i- +-h -^;==o, prove that two of the quanti- 

j+be I +ea i +ab ’ ^ ^ 

ties a, b, c must be equal to each other. 

“13. If (a + ^+f)^ = a^+^®+^:^ shew that 

+ + ft being any positive integei. 

-.14. If a' 2 —j'S'=^^~ 2 rjr, and if x and y be unequal, then will 
each of the expressions = ^(;i:2+j/* +s'*) = js-®-a’^. 

15. If —~-j;®or —y^ prove that each= — sr®, being 

y-\-3 z+x x-\-y ’ 

given that x and y are unequal. 


16. 


Having given 


X _ y + z 
1 — ,r® m+nyz'^ 


__y_ _ z+x 
1 ^y^~ m-^ttzx ’ 


that,' if Xy y be unequal, 


i^<r 2 m+ftxy' 


prove 


17. U a, i, c be unequal, and ’ 

then each =s:<:H— a „, and if a + b + c—i, then each of these 
expressions vanishes. 



CHAPTER XX. 

INEQUALITIES AND MISCELLANEOUS THEOREMS. 

I. INEQUALITIES. 

439 . Inequality is the method of determining which of the two 
given algebraical expressions is ihe ter of the two. This is best 
done by shewing that if a and b be real quantitieSy and a >■ by then 
a - b is a positive quantity. 

430 . Most of the results in Inequalities may be obtained by the 
application of the following general theorem : — 

The sum of the squares of two unequal quantities is always 
cater than twice their product. 

That is, + > %ah. 

For, le't a and b be two real unequal quantities ; then « — ^ is 
positive or negative, according as rt > or c b. 

Rut since the square of every quantity, whether positive or 
negative is always positive, 

/, [a-bf or of-b^ - "lab is a positive quantity. 

/, + >■ 7 .ab. 

Note. If a —by then cf-\-b^ — iab. Hence + is never less 
than 2ab. 

Ex. 1 . If Uy b and c be any unequal positive quantities, prove 
that (3 + t)(^+a)(« + ^) "> "^abc. 

Since > 2bCy + or {b-\-cf > ^bc. 

Similarly, + > 4ca and {a-^b'f > 4,ab. » 

Hence, by multiplication, we obtain 

{b-f-c)^{c-Va)\a + b)'^ > b^aWc^. 

Ext. the sq. root, (^+^‘)(<r+«)(a + 3 ) > Zabi. 

X y 

Ex. 2 . A man receives -ths of Rs.io and afterwards - ths of 

jr X 

A*j.io. He then gives away Rs.2o, Shew that he cannot lose by the 
transaction, (c. E. iSSi). 
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The total sum received 




of AV.io. 


20= lO 




Since to + 

= a positive quantity, 
he cannot lose by the transaction. 


Bx. 3 . Which is the greater, a^/5 + V7 or J5+ Jio? 

JS+ J 7 > or < -/3+ v/io, 
according as 12 + 2 ^/(35; > or <: 13 + 2 J(so), squaring, 

» „ 2V(35) > or <c 1+2 v/(3o), 

„ „ 140 > or c 121 +4>/(3o), squaring, 

„ „ 19 2> or 4V"(3o), 

S6i or c 480, squaring. 

Now, we see that 480 >• 361, therefore ■s/3+ ^/lo r> ^^5 + ^' 7 - 


Exercise OLVII. 


1 . 

2 . 

3 . 


(All the quantities below are real, positive and unequal). 

Prove that->■ ,, and that . 

2 a + d^ /P a d u 

Shew that the sum of any fraction, aqd its reciprocal, is 

Shew that 


(i) + (t-d + itd^. (2) n^ + P+c^ > bc-hca + ad. 

(3) ab{a+b)+ac(a + c) + biib + c) 2> 6abc. 

{4) + + {{ab{a + b) + uc{a+c)-^bc{b+c)). 

( 5 ) + a^b'^ + aH^> (««+ b'^f. 

4. If 4 -^^ and= + shew that .ry/ ac + bdox aa-{-bc^ 

5 . If a > shew that d^ — b*‘ <z /^d\a-b) and >• ^b'\a — b). 

6. Shew that {a + b + cf >- 2yabc. 

7 . Shew that abc > {b+c-a){c-¥a-b){a + A - r). 

8 . Which is the,greater ;— 

' ' • > 

(I) 3 +or' 4 +^^ 3 ? (2) v' 5 +Vi 4 or v '3 + 3 v' 2 ? 

(3) I or +'^ ? (4) 2(1 +a^ + «*) or 3(rt+a®) ? 
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9. A man receives ix + ‘ia)ly oi Rs.^ and again ytyx^ia) q( 
A’j.5. He then gives away Rs 10. Show that he cannot lose by the 
transaction, (p. E. 1889). 

II. MISCELLANEOUS THEOREMS. 

431 . Meaning of A/o. Bv actual division, we get ‘ ' 

A 

- = A+A.v + A;r2 + Ar'* + A;r* + ...to an infinite number Of terms. 

I - X 

If in this result x he made equal to unit}\ the left-hand side 

A A 

becomes or — , and the right-hand side becomes 

A -pA + A 4-A -pA -p ...to an infinite nuniber of terms 
= A X 00 = 00. 

Hence A/o = ao, {an infinitety larj^c number). 

432 If the sum of the squares of any number of real quantities 
be zero., then each of the quantities is separately equal to zero. 

Let A‘“-p B‘'^-pC2+ .. =0, where A,* B, C,...are all real quantities. 

Now the algebraical expression for which A stands may be 
either positive or negative, but its square is always; hence 
A* is essentially positive. Similaidy C“,...are all essentially 
positive. Now, since none of the quantities A'^', B'-^, C®,.-.is negative, 
their sum cannot be equal to zero, unless each of them be equal 
to zero. Hence A 2 = o, B“ = o, 0 *^ = 0, Szc. and A = o, B=o, Cc=o, 
&C. Hence the result. 

Ex. 1 . If rj“-P^'-l-t‘-^ = ^(:-Pca-Pa /4 and a, and c be all real, 
then a = b = c. 

Multiplying by 2 and transposing, we get 

2d^ -P 2b- -P 2 c- — 2 bc — 2ca — 2 ab =o. 

Ke-arranging terms, we get • 

{b^ — 2 bc+c^) + {c^- 2ca -P a^) -P - 2 ab -P b'^) = o, 

or (b — c)'^-p (c — ay + (a — bf = o. 

Hence b — c=o, r —a = oand a — b^^o, or a = b==G. 

Ex. 2 . If (ar-p 3 y + c;r)^ = (<*®-P^^-Pc®)(jr^-Pj'®+-?®), prove that 
xja=ylb = slc. (C. F. A. 1-869). ' • 

Multiplying out and cancelling like terms, we have 

-2a6xy + ttaox s + 2b'cys ~ + s ^)+-p .r?) + +y% 
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Transposing and re-arranging terms, we have 

— zabxy + b'^x^) + — 2acxs+ a*sr“) -h ( b^z^ — 2bcyz -I- ) a* o, 

or {ay — bx)^ -I- {cx — az'f -f {bz — cyY =» o. 

Hence ay—bx^o^ cx — as=so and bz — cy«=o. 

/, ay=bx^ cx=‘az and bz=>cy. 
yjb^^xla, xla-=»zlc and zlc=*yjb. 

Thus xla=yjb=szjc. 


433 . If A xB=so, then either A=o or B=o, but not necessarily 
Aaso and B =*0. 


For, if Aaert, and B=o 
or if A=o and B=^ 



o. 


Also, if A aso and B«»o then also AB=o. 


434 . If in finding the value of an expression, it assumes the 
form 0/0 (which is indeterminate in value) for any particular 
value of any symbol, we must by suitable transformation change 
the expression into another of equal value, such that, it may not 
take the form 0/0, for the proposed value. Fractions which assumes 
this form, are called vanishing fraotions. 

£x. 1. P'ind the value of-, when x^a. 

.r-a 

Here the expression assumes the form 0/0, when a is substituted 
for X. Now, to avoid this form, we proceed thus :— 


x — a 




Bx. 2. Find the value of , when 

x^-’4x^ + 6x-3 

The expression = ^—:=*= —- 

(x—i)(x^ - 3X + 3) x^~-zx-¥ 


3 ^ + 3 
3-5 


1-3 + 3 


»— 2 . 


Exercise CLVIII. 

1 . If a^+b^+2^2(a+b)t prove that 

3 . If (a+by 4 -(b+^)^+{c + t^)^^4(ab + b£-+c^, then a^b^c^d. 
3 . If 1) prove that a«54*»i and c^o. 
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4. 

5. 

6 . 

7. 

a 

9. 


What is the only solution of {x + 2a)^+}f'^^o1 (P. E. 1889 ). 

If l+.rj;'+j//= s/I(H-;r“+y)(i+;c'®+y®)l 
then x=x* and/»«y. 

If + + = prove that 

If + 2 “(i +.r)(i +j/), prove that i. 

If + = show that either a-^d+c^o or a==^ = ^:. 


Findthe values of, (when x—a) 


(0 


o 0 

.r- - rt- 


A' — 


(2) 




.r 


(3) 


.r 


4-,z4 




(4) 


f-*- a* • 


10. Find the values of 


(1) 

(2) 


,r'’-4.t:^ + 8;»r- 15 
2a’ - 3^:* +1 


, when X 


, when ;«■= I. 


3- 


REVISION PAPERS IV. 

. Paper r 


1 . \'I^esolve into factors 

jn a i 




•n 


(i) I2;r“ + 7;r—12. 'r (ii) 4a* + 3 =^ 


- + J^a6 + 2C(f. 


2 . Divide (g® - - (g* — 3g^ + 2^®)® by (g - < 5 )®. 

3 . Find the G. c. M. of i5;r®-4jr®-53;r + 30 and 

yiS*® —.r®-3i.r - 15. (c. F. a. 1882). 


4. Simplify ^ 


x'-^+ia — d)x~-ad 


(C. F. A. 1863). 


x^‘ + (g 4 * d)x + ad 
6 . Prove that (x + yY^x'^ +y+ +y){ 

^ 1( 2s=a + d+^:j prove that 

(s - g)®+(J - dY + (J - cY - 3 (^ - aXs - dXs - ^r) 
=s^(g® + d®+^’--3g3i:). (c. F. A. 1878). 
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7. Sol)M<the equations :— 

^ — 3 3^ — 2 2x .r + 5 / o \ 

•^(i) 2 ■T'“T+ jo'• (c. F. A. 1875). 


(2) 


3^4 (c. f. a. 1879 ). 


8 . A number has three digits, the sum of which equals lo ; the 
first and third exceed the second by 4, and the first and second 
■exceed the third by 8. Find the number, (c. F. a. 1867). 


Paper II. 


1 . Multiply by 

2. '10^V ide (x^ + 2Xjy - - {x^ - 4xy + 3/-*)“ by {x —yf. 

'-’^'3. If rt + ^ + r=o, prove that 

(fic + ca + a^f + (a'^ -iO(^'^~^i^)((^^-ad) = o. (m. f. a. 1888). 


4 . Find the o. c. M. of 6a'^ —7 a'^ + 2 and 2.r" + 6.r^ — ;r — 3. 

(c. F. A. 1878). 

5 . Resolve into factors the expression :— . 

(y +1 Xx -^+.r + I )(.r + I) - (.r" + I )(_y“ +j/ +1)(j/ + I). 

(M. F. a. 1887). 


(I) 


6. Prove that (y+as)'' + (2 + ax)'' + (x + L 7 yX — ^(y-i'asX^ + ax) 

X (,r ■+• ay) = (i -f if'')(x'’' +y'‘ + z^ — 3 xyz). 

I* 

7 * Solve the equations :— 

2X{X + I) 2.f - 7 


.V + 2 


.r -4 


= 2(r-2). (C. F. A. 1869). 


1=) 


8 . A bag coniains 160 coins consisting of half-crowns, shillings, 
six-pences and four-pences, and the values of the suri^§ of money 
represented by each denomination of coin are the same ; how many 
of each are there? (c. F. a. 1874). 


Paper III. 

1. Find the vaIue.of ^ 

+ — 2fl^-h43'‘*), when b~\. 
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2 . Multiply together x— i + «s/2, x 4 * 2 + s/3, I *- ' ' 

and ;r4'2- .^3. 

. „> 5 . If <***«^ + ^*, prove that 

(/?+^+(:)(^+^ “ ^?)(« + r - ^ )(a+^ ~ c)—. 

. 6x*+x-i ^6:r*+Tij: + 3 2;r*+9r+4 

4 . Simplify —a- X - -„- - --i - . 

' 2;r*“5jr-i2 g^r^-i jr-16 

5 . Divide x* — 6{^a + b)x + {a+26){a^ + ^l)^) by ;r+a + 2 ^, 

3 


6 . From the equation —^+—^ 

^ y—z n—x (x — 

value of xjy. 


, - , —v*=o, find the 

S 2 -X (A—2)(j-5) 


7. Solve the equations :— 

(2) -+-^29, ^-^«2 
^ X y ^ y 

(c. F. A. 1887). 

(3) 3^-2>'b-I 5, S'-2r»I, .r+^+i'»25. {C. F. A. 1879), 


, , ;r y x y 
(') 2+r5. 3-+r7 


(P. I. £. 1889}. 


8. Take any number, the one next to it, and a third equal to 
the product of the first two. Add together the squares of the three 
numbers and p*^ove that the result will always be a perfect square, 
whatever the number70U choose to start with. (a. i. e. 1893). 

Paper IV. 

1 . Prove that (.r +j')^^x^ +y^ + +_y)(jr® +j^ +y*)- 

2 . If = 3 * prove that Ar®+^—o. (c. F. A. 1883). \,i 

* * jr= -' and nr* , find the nftla- 


3 . If .r—-, y 

I —y 

tion between x and v. 


I —X 


I -u 


I 


(0 


4 . Extract the square root of the expression 

(,xf-Try^)(x^y^ -y + 2 ,r^ —i) + x^y -^rx^y 

5. Eliminate x and^ from the equations 

Ar+-=s<«, y+-=^ and xyH — 

X ; < y xy 

» V 

6 . 5 >olve the equations ;— 

x -7 x-^ ^-13 x-is 


- I 


(m. f. a. 1893). 


jr~9 ;r-ii x-15 :r~i7 


(P. I. E. 189D. 


M.A.---30 
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(2) (c. F. a. 1883). 

( 3 ) bz+cy=a^cx-\-az'>=ib^ ay-\rdx—c. (C. F. A. 1870). 

7. Prove that x‘^ax'" bx^-k-cx-V d will be a perfect squar^e for 
all values of if (tf'-* —and c^=a^d. (a. i. e. 1891). 

8 . A merchant buys goods at 24 guineas the cwt., and by 
retailing them at 5^. ^d. the In. makes 10 per cent, more profit than 
if he had sold the whole for ;^24o. What weight did he buy.? 
(A. E. 1897). 


Paper V. 


1. Resolve into their simplest factors :— 

(i) ^{2x+yf-¥{x — 2yY. (2) {2a — b)*^{a — 2by. 

2 . Prove that ix +;>- — 1 )(a' +7 - 2) 

=^x{x - I)(:r - 2) + 3;c(.r- 1 )y + zxy[y -l)-¥y{y-i){y- 2). 

3. Determine rn and n so that x^ + ax^ + //ix^ + cx + n may ht 
an exact square. (M. F. a. 1895). 

4. Resolve into four factors the expression + L)+^"(c+a)+ 

<■*(« +^)i 2{b^c^ + i‘^d^ + arb-) + 4abc{a + b + c). (M. F. a. 1888). 


6. Plot the points (10,10), (15,18), (30,22), (39,10). If the 
quadrilateral joining them represents a field, each square unit re¬ 
presenting one-tenth of an acre, find the area of the field. 


6. Solve the equations :— 

(l' 3±2£_5 + 2 ^^j_ 4^*-2 

'''1+2.1: y + 2x 7 +i6;i: + 4.r* ’ 


(p. I. E. 1890). 


. - i98.r + 3 4Jr+5 

(2) —^ — 52 = 0. 

^ J ^. 4 - 5 ^ + 3 - 5^'-1 ^ 

(3) x+y + s = o, alr + ^2j/ + c'-*rr 


b^-c^ 


— a 


M + 


a 


'I _, 


(c. V. A. 1863). 
= 0 

- 

= 3 


7 . . Eliminate x and j from the equations :— 

(i) a^ + bx^bAf ky-^hx=b'^^ and .r^+y‘*=/ 5 ’^. 

-(2) x^ —y^^^ax — by^ ^y^bx-Vay^ and a'2+j/2s=i. 

i 

8. A and B travel together 120 miles by rail. A takes a.return 
ticket for which he has to pay one fare and a half. Coming back 
they find that A has travelled^ cheaper than B by 4a. 2/. for every 

00 miles. Find the fare per mile.. (1*. E. 1890). 



REVISION PAPERS. 


,467 


Paper VI. 


1 . Draw the graphs of V-r-^ + TV>'= i, 4 ^- 3 >'=Oj >'-1=2. 
What do you deduce as to the three simultaneous equations ? 


2 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


1 

1 - 5 

-1 

3 

7 

II 

15 

j 7 

4 

I.. 

— 2 

-5 

-8 


3. If x^pa — b — c^y—pb — c — a and s=pc — a — by prove that 

x- + r’’ - ycyz =(+1 )*( - 2){(i^ +■ ^^ + c"- - '^abc). 

4. }*rove th at (a' =.r’’ +y^ + Sxy{x- + xy ^y'^f + 

4X‘y\x'^ +xy ^-y^f + 2.1 

5. Simplify - 5^±.3 _ 3 r»- 4 ^ -1 y - ■ °) 

^ 2jr-3 A —i 3J^ + 2 

* 

6 . Solve the equations ; — 

(,) (c. K. A. .876). 

' ' X - a-b x-c-d ‘ * 

(2) ^/(;r + 2)^-*,/(.r-3)=5. (p. i E. 1890). 


7 . If 2:r = a+' and 21/ = ^+find the value of 

a 0 

xy+>/{x''‘-i){y^~ i). 

8 . Eliminate x^y and s from the equations :— 

(1) y^+z\= 2ayZy x^-rx‘^=‘ ibzXy xr +y^ = 2 cxy. 

(2) i/.r+i/j' + i/5=i/«, x+y+s=byX"-\-y^+ 3 ^ = c"yX-‘+y'^+2^'^d^, 


Paper VII. 

1 . Find the values of 4.r-3^“ for integral valhes of x from-3 
to 3. Tabulate your work. 

2. Divide {a+by+ia^-b‘^f + {a-b}* by + 

3 . Find the L. c. M. of 3ix*-x^y^)y 6 (xy'^ 4 -y% ■ 

- x^y +xy^ 
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4. 

‘5. 

6 . 


Simplify+5}- 

2a:® + 5J:iI-4 4J:® + 8jr+6 


Solve the equation 


X + 2 2 X + S 

Test your solution. 


Solve the equations 3ji*+4y+14=0, $x- 2 j'+ 6 =o. 
Deduce the solution of the equations 

‘^+-+i4=*o, +6^0. 

]X y X y 


7. If four positive numbers are in continued proportion* shon 
that the difference between th^ extremes is at least three times as 
great as the difference between the means, (p. e. 1900). 

8. I bought a horse and carriage for /i’j.Sbo. I sold the horse 
at a profit of 20 per cent., and the carriage at a loss of 4 per cent., 
and found that on the whole transaction I had gained 5 per cent. 
What was the original cost of the horse ? 


Paper VIII. 

1 . Multiply a** + + 8 aP + 8^ by aP - + 8 ab^ - 83 ’’, 

2 . Extract the square root of 

,r 2 (,tr® + >'’* + 0*) + 2 .r(^+s'X_ys’-;r*) 4 -^V. (M. M. 1890). 

3 . Resolve into factors :— 

x^ + 6 x‘~i 87 and .r*- sx* + gx^-7x + 2. (P., M. 1901). 


4 . Find the g. c. m. of 

x^ — 2ax^-^a^x—i2a^aiTidx^ — 7ax*+i^i^x — 4a^. (A.E. 1891)- 


-2r'» 




5. Simplify -1- 

X -~y ^ x s 

6 . Solve the equations : — 

(I) i )(n x +1)^^ ax+\ ^ a(ax -1) 

^ a?(x+a) ax + j x+a ax + i 


(2) 


a+c b+c a~c 
x-2b x-2a .r +23 x-\-2a 


. (m. M. 1888). 


7. A man row*! to a place 48 miles distant and back in 14 hours. 
He finds that he can row 4 miles with the stream in the same time 
as 3 miles against the stream. Find the rate of the stream. 

(P. E. 1897). 
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S> A man spends i^j.700 in 45 days ; make a graph and read 
oiif from it his expenditure in 17, 32 and 41 days, to the nearest 
rupee. • 


Fapet IX. 

1. Divide jr''+,r*+ 4 .v^ + 2iA?®+23Jir —40 by .r'+4^4'5, using the 
method of detached coefficients. 

2 . Find the H. c. f of ;r*->8jr’’+i3Jr®-30jr + 8 and .r*-4,v^- 
1 i.v^ — 5o.r+16. 


3. 


.Simplify 


I I _ 2a ^ 

x-~a .r+g x^+a^ / I I 

I 1 “ x^’^ax+a'^ 

x* — a^ .r® + <*^ 


4. If prove that (a-{-b’^cf~a^-k-b'^+c^'-‘iabc. 

(M. F. A. 1894). 


a 


«• ‘^3 + .- 
equal to 3 pr -1 . 


ff ^ 

-= shew that each of these fractions is 

t + a a + 0 

(M. F. A. 1895). 


6. Solve the equations :— 


(0 


( 2 r — a\ ® _ ,r — 2a - ^ 
x-\-b} x + a’^2b' 


(2) 


ax 


x-b 



a q* 


(3) + (P. I. E. 1891). 

If, Simplify the expressions 

' a — bx^ \y xf\x-^y x-^yf 

_ ^ _ I I 


8 . A man travels part of a journey on a bicycle, gind then for the 
last 72 miles takes a train which travels four times as fast as he did 
on his bicycle and arrives at his destination in 3^ hours from the 
start. If he had travelled the whole way in the train he wotiid 
have saved hours, f'ind the length of the journey ill mile^.. 
(B. M. 1902). 

Pttpdt X. 

If the coefficients of ar* and of x in the product of 
■f-atr-^io and ^ — ax^ — lox-f-4 ^re equal to one another, find the 
value of a. 
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2 . Find the G. C. M. of 4:1'® — 209A'® +15 and 1 5 .r® - 209^:* + 4. 
(m. 7. A. 1891). 

3. Prove that if .v + - =a,y+^ z+ - = then 

X 

(i —dc)x + {i — fl^)jf^+ 2 da=(i —C(i)j' + (i — 6c)jy~^+2c 

= (i -ad)z + (i -ca)z~^+2a, (b. p. e, 1891). 

4. By addition or subtraction, after multiplying by a numerical 
factor if necessary, prove that the expressions 5;r* + 2;r’* + 2;r^ + 2.r + 5 
and 2-r*-' 5 .r^— 5^*- 5 ;r + 2 have no common factor in x. (n. P. E. 1895). 


5. In the same diagram draw the graphs of 

^srs.r+3, 2v-x=Zj and 2 r 4 - 5 .rs= 20 . 

What do you deduce as to the roots of the different pairs of 
equations ? 


6- Solve the equations :— 

. . (x+a)(x+6) x-c-d , . 

(1) ——r-3. =-i- (^- 1900). 

(x + r](x+d) x-a-b ^ 

(2) x + 2j/ + 3z=a, j' + 2z + 3x=b, z + 2x + 3}'=r. (m. f. a. 1894). 


7 . If 




a-b-Vc — d 
ac — bd __ 
a-h-^rC — d a — b -c + d" 


(I b c d 
ad-he 


, show that a-\-b^c-\-d and 
(m. f. a. 1892). 


8 - The denominator of a certain fraction exceeds its numerator 
by OT\e. Two other fractions are formed, one of them by adding 
9 to the denominator, and the other by subtracting 6 from the 
numerator, of the original fraction. These two fractions are equal. 
Find the original fraction. 

9 An old clock increased uniformly in value from /?j.45 in the 
year 1890, to /^.f.85 in 1899. Find graphically its value in 1893, 1894 
and 1897, to the nearest half-rupee. 

10. A, B, C, D are four railway stations. From B to C is 2\ 
miles more, and from C to D 5^ miles less than from A to B. A 
train starts from A and travels at the rate of 14 miles an honr- At 
B an accident happens to the engine, which causes a delay of 6 
hours. After this the train proceeds to C at half speed. There 
another delay of i an hour occurs and then the train moves on to 
D at a speed further diminish»-d by one mile an hour. A man starts 
from A at the same time as the train, and travels straight across 
country to D, a distance of 58 miles. Including stoppages he 
av^ages'3 miles an hour and reaches D just with the train. What 
is the distance by rail from A to D? (m. m. 1880). 



CHAPTER XXL 

QUADRATIC EQUATIONS. 

435. Equations in which the square of the unknown quantity, 
and no higher power, is found, are called Quadratic Equations 
or equations of the second degree. 

436. Quadratic Equations are of two kinds ;— 

(i) Pure Quadratics, in which the square only of the unknown 
quantity is found, without the first power. 

Thus, ,r*-9 = o, 12 are Pure Quadratics. 

(ii) Adfected Quadratics, where the first power enters, as 
well as the square. 

Thus, — 3.r + 2 = o is an Adfected Quadratic. 


I. PUHE QUADRATIC EQUATIONS. 

437. Pure Quadratics are solved, as in simple equations, 
by collecting the unknown quantities on one side, and the known 
quantities on the other. We shall thus find the value of and 
thence the value of x (taking the square root), to which we must 
prefix the double wgn (±). Such equations therefore will have two 
equal roots, with contrary signs. 

Ex. 1. Solve the equation .v*-9=o. 

Here, by transposition, = % /. .r= +3, 

Note. If we had 'put ±x = ±3, we should still have had only 
these two different values of ,r, via. x— +3, x= — 3 ,* since — ;r= +3 
gives .r= —3 and — .v= — 3 gives :r=s+3. 

Ex. 2 . Solve iJ(3;r2 + 5)~i(^® + 2i) = 39-5:r*. 

Multiplying by 24, the L. c. M. of the denrs. 8 and 3, we have 

3(3;r® + 5)-8(x^ + 2i)=936- I20,r’®, or 153=1936—i2o;r* ; 

By transposition, :r 2 + i2ojr*=936 + i53 or 1089. 

.ir2=-V’57-«9and /. ;r=± 3 . 
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Ex. a Solve + + 

X^-ll 2X^-'g 

By division, (s+^,) + (? - j^) - 


72 


54 


’ * - 11 2X- - 9 


^ vS- 




4(2jr* - 9) =» 3(,f3 - 11), or Bx'^ - 36“ 3^^ - 33 ; 
/. 5 -^*= 3 ; /. and /. ± 


Exercise CLIX. ' 


1 . 

4. 

7. 


9. 


1». 


la 


Solve the following equations ;— 

^x'^^i4-Sx^. 2 . jr“ + 5=-V-jr*-i6. ^a (^-5)®= 2 5. 


3 * 

4 x^ tx*~^‘ 


6. 84; + 


7 _(>Sx 


6. 


- 3 -. =8 


(2;r - 5)2=a4r® “ 2o;r + 73. 

{ 2 X - 3 )(:r + 1 )« 3 ( 2 .*^ - I )• 


2je*+ ro 

- smy 

15 


25 


2 t ^~5 7 ;r ®-25 

10 20 * 


X 7 1 +T I —A- 

8 . x^ + 7-^-?ix + 3)+4’ 

10 . (.r-2)(;r-5)=aio. 


12 . 

14 . 


4 6 

I4;i:“ + i 6 2jr® + 8 2,ar® 

21 “82:“-ii~7r' 


15. 


_4 _ 4 . 

vr-3 ar+3 


1 


ir- 


la 


^ + 3,^-3 2,r-3 

2 : + 2 JT - 2 ,r - I 


17. 


x+i j 3: + 2 _^jr + 3 

2: - I '*’.*■ - 2 " .V - 3 ‘ 


la 


;r,+ i x 4‘2 112:+18 
_ - - 4.--«, 2- 

x-i x-2 Il2r-i8 


19. -r(;r - 5)(^ - 9 )=- 6)(.r^ - 27 ). 

30. (.*’+7)(vr®-4)af(j?+iX.*'*+i4.r+22). 


31. 

X4-4 ^-4_,9+^ 

9-^ 

32. 

I 

* « 

4:—4 4 r 4-4 9 — 4 ? 

9+x 

I -x 

I +x I +x*' 

3a 

34 ;+ 8 5 ( 12 - 4 .') _ 

II. 

24. 

S'^+t 

x -2 5 

4r-4 24r + 3 

4^ + 3 

4^-3 9 
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11. PURE QUADRATICS INVOLVING SURDS. 

438. The following are illustrative examples. 


Ex. 1. Solve 


=ax. 


X+ - .r“} X- >/(2 - x^) 

-Simplifying the first member, we get 

•'t* 

“ „ or J ^ax. Hence, ,v=>o; 

X^-{2-X^) X^-l 

and or “ I »= ; ,, i + ~ = --. 




Ex. 2. Solve 


yf{d^^X^)-X C' 
liy Jhva. - - -— 


d-c 


. +x^ a 

Squaring, ^ or 




4^c_ 


■• a-~ Afic a 2^‘iie) ^ *2 


Exercise CLX. 

Soive the following equations :— 

X + +&*■*'*+4j: +49). 

2. ^(kx+ii-^{\x-^)=^^^lx). 


»ve")+v'(si)-j5- 

5. V(3^2 + j 6)^. ^(3;,r*-i6) = 8+4v'2. 

.r-io jr-r 5 


6 . 


. 2ax _, 

*• rTv'(^^+T)“'^- 


2 ;r -25 


n/(^-5)+n/ 5 ^(^ + 5)-2J5 V(2jr-5)-2V5* 

a + >/(a* - , o s/f-r® 4-1)+ -/(.r® - i) 


a — ij{a* — x^) 


= 4. 


N/(.r« + l>- V(4f®-i> 


8 . 
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;i:4-v'C.*”*- I) ’ rt + .r—J( 2 a.r+;r'^) 

-- ^{2a^-x'^) -¥h J{2a-x)_ Ja + b 

>/(2rt^- x'^~)-bV(2a -.rJ~ ^Jt^’-b’ 

12 \/ (^^+l)+ t ) + I-J)_ . ^/,.8 ,N 

VT?-^+T)+V^Cr*'- 

13- ^/(.r“ + 2^.f + a-) + ^/■ (.r''^ - 2/^,r + a“) = 2 J{x^ - b"). 


14. 


_ S_ _^ _ 5 _^ 2 :^' 

r + J(3 - - k /(3 - 3 


- «.r+i) 

15.- -r,-Y~o —:“l 6 . 

ax — (trx^ — I) 


III. ADPBCTEID QUADRATIC EQUATIONS. 

439. An Adfected Quadratic may alwa^^s be reduced to the 
form, JC*+jpx + </ = 0 , where the coefiTicient of r® is +i, and ;5, q 
represent numbers or known quantities. 

Now, in this equation, we have .r"+/^= - and, adding ( 3 ^)® 
to each side, we get -q \ (by this ste'p, the first 

side becomes a comphie square^^ and taking the square root of each 
side, prefixing, as before, the double sign to that of the latter, we have 

x-fr\p-^± and x=-\p± ^K\P'--q\ 

which expression gives us, according as we take the upper or lower 
sign, two roots of the quadratic. , , 

440. From the preceding we obtain the following Rulp: (called 
Comploting 6qua|||s) for the solution of an adfected quadratic : — 

Reduce if to its simplest fo*'m ; place the terms itivolvimj^ and 
X on one side^ {the coefficient of f ^ being +/,) and the known quantity 
on the other. Then., if we add the square of half the coe£5.cient 
of a 3 to each side, ////’ ^rst side will become a complete square; 
and taking the sqwxre roof of each, prefixing the double sign to the 
second., we shall obtain, ns before, the two roots of the equation. 

Ex. 1. Solve A®+ 7 ^= 8 . 

’Here, x^ + y.v + (= 8 +=-V. 

Ext. the square root, -r +.' = 4 : 5 , 

whence .r= — :;= I or- 8 . 

Ex. 2. Solve y.r® — I 3 ar= 2 . 

Dividing by 7 , the coefficient of x^, we have x^— 

Completing the square, -r®+ = ^ + 
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Extracting the square root, = ±15 
/. = 2 or~4. 

Verification. When .r=2, 

the left-hand side = 7(2)^ — 13 x 2 - 28 — 26 = 2 
= the right-hand side. 

/, 2 is a root. 

When x= - the left-hand side = 7 ( — 4 )®— 13 x 

= lhe right-hand side. 

/, — ^ is also a root. 

441 . The general form of an adfected quadratic is 
frjf2 + fc£n + c=0, 

where «, and c are any quantities whatever, positive or negative, 
integral or fractional. 

We now proceed to solve the above equation. 

By transposition, nx^-\-bx= —c. 

Dividing both sides by a. x'^ + -x^ — ^ . 

** . a a . . 

____ ibV_ b'^ c-b^~^ac 


^ ^ . b Iby b'^ c 

Completing the square, + ^ 

T- .• 1 b -J'0^ — \ac 

Extracting the square root,.r-f — = :-- • 


..X ^ . 

The above formula may be used for the solution of any quadratic 
equation. 

Thus, in the equation 25.r2 - 7;r —86=0, 

rt = 25, -7, f=-86 ; 

- — 7± s.' 7 ^ - 4x2 5 X (- 

50 


74 r J8649 7 + 93 

50 50’ 


= 2 or - ^ 


442 . The above formula may be simplified when the coefficient 
of x is an even number, as 2b. 

T,,_ __ - 2 ^± ,j\2b'^-4ac_ -b± — 

X jlUS« nJC/ ^ 

2a a 
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Ezereise CIjXI. 

equations :— 

2 . -r® + 6i-+4at 59. 


Solve the following 
1 . ;r^-iar+16=0. 

4 . a:*—I4«»i3jr. 

7. x^ + igx=B20. 

10 . 7x''‘ - 26x= 1008. 

13 - jr“+lil:»r = 34oo. 

16 . x^ +3^* * 4 ax. 


5. x-^~x=42. 

8. ;»:* +32.1-■» 320. 

11. 2A-^~3T =• 54. 

14 . i2.r’‘+,r= 1740. 

I7 .2r®-3a,i' + 2a^ = o. 


3. :r*—A'as210. 

6 . ;r*+42:»l40. 

9 . x-^ + iSx— — 13 . 

13 . I32r‘-*-22.ir= 1911. 
16 . 3;r®-;r*s 102. 

18 . .r* + 2rt^-^“ + 2clX 


443 . Solution by factorization. Transpose all the terms to 
the left-hand side^ and resolve into linear factors, liquate either ol 
the factors to zero. 

Ex. 1 . Solve 4.^=5. 

Transposing all the terms to the left-hand side, we have 

x“ -4- 4 .r - 5 =- o. 

factorj^dng, (.r + 5)(^-i) = o. 

Hence, ;r +5 = 0, - 5 or .r - i =0, a'=*i. 

Ex. 2 . Solve 2,r®-I i;r+12 = 0. 

Here, factorizing, (.i'-4)(2a: —3)=o. 

Hence, x — 4 -r = 4 or 2ji' - 3 = o, -r = 

Verification. When.r = 4, 

2X- - lIJr-hI2 = 2Xl6~lIX4+I2 = 32^44-t-12 = 0. 

4 is a root of the equation. 

When Ar=ff, 22r^- 12 = 2 x^ - 11 x 1 +12 

‘ « f--V- +12—- 12-1-12=0. 

/, I is also a root. 

444 . It is important to observe that if x —a is a, factor of both 
sides of an equation^ a is a root of the equation. 

Ex. 3. Solve 6x{4x + 5) + 7(4^* 4- 5)«o. 

4;r + 5 is a common factor ; 4.r-i-5«*o gives a root. 

whence 

Again, dividing by 4-r + 5, we have loft 

6 a:+ 7=0 ; whence AT 

Hence the required roots are -£ awd —1. 
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Exercise OIiXII. 


1 . 

4 . 

7 . 

10 . 

12 . 

14 . 


16 . 


Solve the following equations 
2jr*-5;r+2 = o. 2. 

2(5Jr:-I2)e=,r* 5 . 

:ir^-13.1=68. 8. I 4 -: 

5 j:(2;r-3) + 7 ( 2 .r- 3 ) = o. 

4.r*+ I3;f = 12. 

(tjS — b'^)x^ — 2 ax +1=0. 

.r’ + 2{b - c)x -h = 'ibc. 


3.1- = 160. 3. =4(.r + 8). 

io:r = 57. 6. 5^*= 370 “ 13'^'- 

= 3 .r. 9. — 4 ;»r= 4 (,r - 4). 

11. .r“ + 4-8A‘ + 2*87*»o. 

13 . acx'^+(bc—ad)x — P—o. 

15. abx^ - (rt* + 4 =o. 

17 . abx^ — (ai-b)cx+c^=o. 


445. Sridhar Acharja’s or Hindu method. An equation 
of the general form ajv^+bio + c -r 0, may, however, be solved as- 
follows, without dividing by the coefficient of x^. 

Transposing, we have ax^ + bx= 

Multiply every term by 4a and add b^ to each side ; 
then 4a®jr® + 4rt^;r + b^= b^ - 4ac ; 

Taking the square root, 2ax4-b= 4 Jb^ — 4a<: 

, , 2ax= —b^>Jb^- 4ar, and uc=--• 

Ex. 1- Solve 2^r* + 3a- + 1 = o. 

Hy transposition, 2x'^ + ;}x= — i. 

Multiplying both sides by 4x2 or 8 and adding the square of 3 
or 9 to both sides, we have 

i6;r^ + 24Ar + 9 = 9-8 = i. 

Extracting the square root, 4:r + 3= -fc i. 

/. 4.r*-341=-2 or-4 ; r=or-i. 

Ex. 2 . Solve 3.r*+I4;r + 3=0. 

By transposition, 3;r® + i4.r= —3. 

Multiplying both sides by 3 (for here the coefficient of the 
second term is a multiple of 2), and adding the square of -V- or 7, 
/. 49 to both sides, we have 

9;r* + 42.r + 49 = 49 - 9=40. 

Extracting the square root, 3^+7 = ± 2 ^/(lo). 

3^= -*7dt2^/(io) and /. x^i(-74:2 jio). 
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41 Q. When the exact values of the roots of an equation cannot 
be found (as above), we may approximate them, to anji degree of 
accuracy. ' 

££. 3 . Solve the equation 5V'—qr —4 = 0. 


We 


, 9± v8i +4 X 5 X4 , 

have.i'=- - —Art. 441. 

JO ’ 


9dbVi6i 9db 12-688 


10 

21-688 


10 


approximately 


or- 


3-688 


JO JO 

>2-17 or-*37, correct to two decimal places. 


Exercise CLXIII. 

Solve the following equations :— 

1. 9r‘-‘>-24j;-hi6=o. 2 . 2i.v= - i7,r+2=o. 3 . - 3^:'-* = 2(^ - 4). 

4 . 5 a“ + i 4 a'= 55 - 5 . 3.v“-iiA'-20=o. 0 . 8a=*-V + i=o. . 

7. i4Lt'-*-88;«r-45=o. (M. M. 1895). 

B. 129.r^-34^-80=0. (M. M. 1896). 

9 . Isor'-*as299^ + 2. 10 . 9r“= i8.i'+16. 11. 7 o.v“ = 35+a'. 

12 . 7A''^ + 32jr=i5. 13 . 25.1'=*-7.1- = 86. 14 . iia--= 3(2A'‘^ + j). 

15 . 3(.r~2)2«8(A' + 2)+3. 16 . (.v+10)2= 144(100 -a-). 

17 . {.r-l^O(.T- 2 ^)=K■^''“ 0 (I+^v). 18 . ( 5 -^'- 3 )( 3 '^+i)=i- 

19. jr* +12 + 3 -r*‘ + y.r + i == (.ar^ 4 - -jx +4 )(.r‘-* + 5 ^ - 4 ). 

20. (:r+i)(3A- i) = 28(a-+i)- j6(3-r-i). 

21 . x^'-axJi-\ab'\-^b{x-~b)^Ci. 22. 2(.jr-2a)®=(3.r-2^)(3fl-^). 

23 . a{b — c)x^'^b{c-~a)x-Vc'\a~~b)=o. 24 . x'^ ‘~ 2 ax-^c^ — b = Q. 

25 . 4(tf^ + ^HA“) + l7a/J= io(a + ^)^. 

2 S. iJ-b'^)(x^-i)= 4 abx. 27 . (b'^-a^)(x^ + i)=- 2 ia^+b‘^)x. 

Solve the following equations, giving the values of the roots 
correct to two places of decimals ;— 

28 . A-*a=2(i -.r). 29 . -24jr=5. 30 . 3:1:“-4^ = 156. 

31 . n8A-2iir‘‘‘*=20 32 . (.r + i)(;r-4) + (A' + 2)(;r-3) = o. 
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IV. ADFBCTED QUADRATICS INVOtiVINa 

FRACTIONS. 

447 . If the given equation involve fractions or brackets, they 
should first be cleared away, as in the following Examples. 

ft ' * 

Ex. 1 . Solve the equation I —3) = |(jr-3). 

Clearing of fractions, we have 6(Ar‘^ - 3)=;^“ 3. 

/. 6jr=^-.v-15 = 0 ;(3A'-5)(2.r + 3) = o, (factorizing), 

3A —5=0, which gives or 2a'+ 3=5=0, which gives a'= —1. 

Verification. When x = ly the left-hand side= V'“3)= —r* 

.the right-hand side = ^('— 3)== — J. 

a is a root. 

When x= — \^ the left-hand side =4(4 — 3)= — i'',, . 

.the right-hand side== ~ 3)= " Vii- 

. - 2 IS also a root. 


Ex. 2 . Solve-^-"-^-5=3’L-l7, 

4 ;r + 5 2x 

Multiplying every term by 4.t', we have 

8.1''' - 20.r . Sy- - 20,r 

Tx -=56.r—14 .r+i4 = —--. 

x + s .1+5 

Multiplying crosswise, (a'+ 14)(.*'+5) = 8.v'^—2 oa'. 

/, x^ +19;r + 70 — Sy - 20A', or y.r- - 39^; =sx 70. 

/. x^-X-x^io; A'^--V^ + (U)" = io+>rVV=^VT,V. 

' r 

Ext. the sq. root, .r-44= .ar= ? y + = 7 or-li,*. 


Ex. 3. Solve —^ ^ 

3;r - 5 2.r - 3 

Clearing of fractions, we have 

2 {( 2 .v - 3)** + - 5)‘1 = 5(3*^.- 5)(2-i' - 3)> 

or 26x^ — 84y4’'b8 = 30,1*^ — 95.r + 75, or — i i;r= - 7. 

Ext. the sq. root A‘=V-±l=t4 or i.' 





matriculation algebra. 


4»o 


QtX •• C I 

Othtmoise thus \ Let-then - - 

3X-5 ■'* 2X-S _v’ 

and the equation becomes >»+^== 

/. 2y-5^+2«o, or (2^~i)(j-3)«o ; /. j=»2 or 


(i) When 

3^'-5 

then 2 ar — 3 *s 6 a*— 10 , or 4 :r** 7 , 

.*• ■*■—5 *” i|- 


(ii) When 

then 44 :- 6 « 3 .r- 5 , 

4 := I. 


EzerciBe CLXIV. > 

Solve the following equations :— 

1. 4* — ^ + r ,2-t'*. 2 . “ 9'“*^ oV( ^ * 8)* 3 . ix^ s=s 34: — 8 

24 ?+II . 4?-«; .. 4.' . 3 , ^ , 24 


4. 


X 


— 5. ;^+|»4r-i 6 . 4?+-’-*=3^-4- 


« 4 r +22 4 94--6 

3 ” 4: 2 

1ft 4 ^+ 7 . 5 -^_ 4 a* 

“• ~ir^ 3+^~9 

12. “tl+fc*,.. 


A 40 27 

8. ---+ =13. 

4r- 5 4 ? 


X— T 

9. •’--^+ 5 - = 


14. 

16. 

la 

21. 


4:-1 34r+2 

‘.+ • 


4: + 2 4:+4 4r+io 


11 ^ + 4 _ 2 ^- 3 _.n 
■ 4?-3 .r + 4 

13. -4-+ -5_r= -V^- 

4: + 2 4: + 4 x + 6 

15. ' 


. —4. 

5 - 4 : 

4-A- 

=3 - 

4r+2 ‘ 

17. _ 

3 

I 

I 

= 1 10 


.r- I 

A' + 3 


4:+4 24r-3 

3^^ 7 

+ 4*: 

* ^ 1 

- IQ , 

L i» * 34* 

22 . ^.+ 


4r+2 4r + 7 34r+i' 


»6s 


3.4r+3 4:+JO 




25. 


4 ^ + 3 

. 5*»^+36 . „ 

totf-Si'^®^ 54 r- 8 ' 


2(1 > 3 ^-i_i 3 
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27 . /.r-+8y 

x+6 x + 7 \x + <)f 

29 . 

\4;l'-l/ X~1 


28 . 

y-^x y+x 
X^^xV2 ^^ 


^±.4+ . L_ = 3^ + 7 

x + 6 2X+4 3X+4 


3£±7 . 32 . ^±' 6 + ,g, 3 ). 


33. yi35_.5,.5£^ ^ . 34. +_!-= (m.m. 1893). 

i-4.r 7:1' —25 28^:—193 S~^ 4~^ x + 2 


* -f 7-3 ^ 2 ( _f_- 5 \ 

x~2 x -4 \.^-3 X-6J’ 


2X +3 yx+12 


= 5 (M. M. 1897). 


38 + 3 -^-- »^^ -x+i x^ -2X+1 

X — 1 X — 2 X — 3 


3 ;y - I ^ x+ I _. .v-io 
3;ir —9 x — y x'^ — iox + 21 


37 . —^'+~--^ + i 4 o. 

X -~2 X~ I * 

(M. M. 1898) 

39 '!!±? +^ 1±3 r= -^ +13 

X-I X -2 .V-fl ‘ 
(M. M. 1899). 


(m. m. 1899). 


Solve the following equations, (giving the values of .t'c<?rr(?^r/ 
tivo places of decimals) :— 

x + ^ X-3 -o -/ \ 4 -5^' 40 3 -*-' + ^ 3V--1 ^ 

41 . --t- --=0. 42 . 2(x-i)=‘~ —43. - - —=2. 

X+ 2 X-4 x +1 3 r- I 3.r +1 

AA I -1- ^ ^ 4 e \ . ^“3 t 

44. -+ ->H -= 0. 45 . -H—v- -—> =-• 

.^4-3 .v + 6 x + () x^+3x + 2 x^ + Sx + 6 -r + 2 


448 . Iiiteral Equations. The following are typical examples 
vith their solutions. 

^ » 

Ex. I, Solve the equation -- + — =~ +- . 

a X a 0 

x~b /ii\ x-^b 
Hy transposition, ”7" ^Xr ' 

Hence, x~b (being a common factor) = o ; /, x=b^ 

and dividing by :r —we have • 

bx = a^y and /, x^d^jb. 


M.A.—31 
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!Bx. 2 , ' Solve , ^ =ia + 6. 

x—b X—a 

Clearing of fractions, we have 

«“(,r — a) + b'^{x ’-'b) = (a + b){x — a){x - b), 
or {a^ + b^)x — o' — ~(a + b)x’^ — (a + b)^x 4 - ab{a + b). 

Transposing, {a + b)x- — 2{a'^ + ab + b'^)x ■¥ {a + b){a'^ +^®) = o. 
Factorizing, {{a + b)x — {a^ +b'^)){x — {a+b)\ = o. 

/, x — {a + b) — o, and x = a + b. 

Also (a + b)x—{n‘^+b‘‘)=o, and . 

% 

Exercise CLXV. 


Solve the following eciuations :— 


1 . 

X , a X , b 

a X b X 

2. 

b , c 

-H- r — ~- 

-V — c x — b 

„ b-\-c c-\-a 

0. - + = 2. 

X—a x—b 

4. 

— + 

X— a x—b 

a b ‘ 

5 . 

I _ ^ _ I _ I 

x—x—b X a b' 

6 . 

a ^ b _ 
X — a x — b 

a b 
b^a ■ 

7 . 

(XC 

a 

(sa'-M 

]x-a\ 

\^x-\-a} 

-j- —0. 9 . 

x-{-b x + a 

10. 

a — bx a + bx 

2 - = —. + 1. 

aX' b ax + b 

11 . 

-+-=ss - ' + - 

x+a x+b c+a c+b 


12 _.i—a _x — b 

x-^a x~ b x + a x + b 


V. ADPECTBD QUADRATICS INVOIiVIKG SURDS. 

449 . The following are illustrative examples. 

Ex. 1. Solve v^Cr + 3)4-A,/(.r + 8)= 5 
Squaring, ,r + 3 +;r + 8 + 2 V(.r + 3)f.r + 8) = 25^. 

Transposing, 2 jix+;^){x + 8)^2^y— ii. 
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Squaring again, 4;r=®+44jr + 96=* 529^-^- 5 o6a'+ 121, 
525-r®-550^ + 25 = 0, or 2i-r*-22;r+i=o. 
Factorizing, {x— i)( 2 ix- i) = o ; .*,--r = i or 

Ex. 2. Solve J(S<^ + x)+ J{$a--x)=~-—- - r. 

Multiplying every term by v/( 5 r^+t'), we have 

<^a+x+ ^/(2 5<*’ ^x^) = I2fz, or ‘/(2^a^ -x^) = 7a^x. 

Squaring, 25^- ~x^ =49«’* - i4rt.r 

/, 2.r‘^ - T4nf.r = - 24^'*, or x- — yax + 12rt® = o. 

Factorizing, (.r- 3a)f.r-4a) = o ; /, .ir = 3a or 4a. 


Ex. 3. Solve (194-8 J6)jr“ 4-2(17+6 v'6)jc=53 + 2o ^/6. 

Multiplying both sides by the coefficient of ;r^(for the coefficient 
of X IS even), we have 

(19 + 8 " + 2( 17 + 6 v/6){ 19 + 8 >^6).r 

= (53 + 20n/6)(i9 + 8>/'6). 


Add the square of 17+6 VC to both sides ; then 

(19+8 +2(17 + 6 V6)(i 9 + 8 s/6)a' + (T 7+6 

= (53 + 20 ^6)( 19 + 8 J 6 ) + (17 + 6 JO )'^ = 4(618 + 252 ^,/6). 


Extracting the square root of both sides, we have 

(19 + 8 V6).t- + (i7 4-6V6)= ±2(18 + 7 v^6). 
.*.(19 + 8 ^/6>^'= -*(17 + 6 v/6)±2(iS + 7 x/6), 

= 19 + 8 V6 or-(53 +20 V6). 


^'= I 


53 + 20^6 

19 + 8V6 


Exercise CLXVI. 

Solve the following equations : — 

1 . ^+2. Ay(2;r + 3)x ^(3^ + 7)=i2, 

3. 3 \/(ii 2 - 8 .r) = i 9 +^( 3 .r + 7). 4. s/ix + 3)+ 

5. n/(3''»^-3)+'^( 2 ^ + 8 ). 

6 . V(2.r +1) + Jiyx - 27) = J{3x +4). 

7. 2 V( 4 ;r+ 5 )- J( 8 .ir- 4 )« ^'{2x+ii). 
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8. 7V(|^-5)--v/G-^+45) = tn/(iO''»^ + 56). 

9 . 2jx+ -/4Jr+ -/(7.r + 2)=i. 10 . ^/(.^' + 4) + 2 iv/(^- 8 )= . 

,, 3s/^-3t io _ 3 

9-~s/x' 5 2 +>J{i 2 -x) 

iq *23 + 4* 20 s } x -¥ Ax _2r*_ 

~Sjx-x “ 3-n/^ (5 n/^)* 

14 . (4+2v/3)-'«^“ + (n/3 + 0-'«-=2. 15 . (3 + 2 J2)A-’‘ + (^/2^-I)A'=: 

16 . (6-2 ;v' 5)-^^ + 4-(>/5-O'^ + i^o* 

17. ^/(2:“-8.r+ 15)4- V(,r2 + 22r- 15)= .^(4^'^- i8;ir4* 18). 


18 . 

20 . 

21 . 

22 . 


(x — c ) Jab -{a — b ) Jcx = o, 19 . { d ^ - b ^ x "^ + 2 Jb.x -1=0. 

a+x+ J{2ax+x^)= V'(rt,r-.r’*)+ •/(la^-ar-x^). 
b—x+ J(3b^ — 2 bx—x'^)= J{ 3 b^ + ^bx + .v'-^) — J{b'^ — x"^). 


n/(SS)*n/'(S)-* 


V 450. Nature of the roots of a Quadratic Equation. 

From the general form of the quadratic ax^-k-bx + c=o, 

, -b-iz Jb'^ - ^ . 

we have A = — 2 a'~~~ 44 *’^ 

1. Hence four cases may arise as to the nature of the roots. 

(i) When b^ = 4ac, the quantity within the radical sign is zero, 

, , ^ , —^±0 . b b 

and the roots become -, iu\. — , — — . 

2 a 2a 2a 

Hence, in this case, the equation has a pair of equal roots. 

(ii) When b^ — ^ac is a positive quantity and 2l perfect square, the 

roots are real, unequal and rational. 

(iii) When ^®--4«r is a positive q\mni\iy,h\iX not a perfect square, 
the roots are real, unequal and irrational. 

(iv) . When b^ — ^ac is a negative quantity, the roots are im¬ 
aginary. 

Hence, if any equation be expressed in the form «x‘'* + fox + r= 0 , 
the roots will be real and different, real and equal, or im¬ 
possible, according as 6 ® :>, =, or <c 4a6*. 
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So also, in the form + the roots will be real and 

different, real and equal, or impossible, according a.sp* 
or <c 4 g. 

2 . Also it is clear that if 6=0, the roots are equal in magnitude 
but opposite in sign. 

VI. EQUATIONS SOLVED LIKE QUADEATICS. 

461 . Many equations, though not actually quadratics them¬ 
selves, may be put into the form of quadratics, and thus solved. 

452 . Equations reducible to the form 6 x"-|-c= 0 , 

where n is either positive or negative, integral or fractional. 
Assume then and the equation becomes 

ay^-\-by-\rC—o ; whence y and .% x. 

Ex. 1 . Solve — 25=0. 

Let'<r-=jK, theny-* —26>'-|-25 =o, or {y — ‘2^)(y—i)=o. 

/, j/-25 = o orj>/-i=o, .\jj/-25or i. 

Hence x= ‘Jy= ± 5 or ±1. 

Ex, 2 . Solve Vx + y = 

Let \fx=y^ then and we have 

j + 7jj/*=ii 6 or yy^+y— 116=0. 

/. (7-4X7/ +29)=0 ; whence >/ = 4 or -V*- 
Hence .r=y = 4^ or (--V')*=256 or 294^4 St- 

Ex. 3, Solve .r'^-9.r'2 4.2o=o. 

Let ;ir“®=7, then/*'* —9_y-f 20=0, or (/- 4X/~ 5)='0- 
/, /=4 or 5. Hence x~'^ or ilx^=s^ or 5. 

x^=\ or J and /, ,r=±^ or ± i/^S- 

Exercise CLXVII. 

Solve the following equations :— 

1, —25;r2-l-144 = 0. 2 . A'* — 5,a'** + 4=o. 3 - ;r'’ —6,*:^= 16. 

4 . 5 . 2>x-\r2 sjx’^i^o, 6. 5^;r—i4*=o. 
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7. 

3*Jx=x- 10. 

8. rr"^ —4.r“® — 5=0, 

9. 

2nr^ + 2.r’^ = 5. 

10. 

1 i 

3nr^ -5.r^ + i4»=o. 

11. X ^ —6. 

12. 

4 2 

:r^ + 7 .r®= 44 . 

13. 

A 3 

.r^ 4 -j;''f = 756 . 

14. x^-x=s6-r'^. 

15. 

.3 3 

.nr '^ + 27jr'’ = 28. 


16. (;r2-9)2=3+ii(,r9~2). 17. (.r^-I)(;r2_2) + (.^'“-3)(;^^■'-4) = ^"+5• 
18. 4 .r^(.r^~ 2 )<= 9 .r^ — 4 . 19. (,r"^ 4-2)(.r'^^ + 5 )=-r"^ + 8 . 


20. A-»+;r'^ = 2. 21. (.r + i)»-;r2(.r“-i) = (,r-i)^ + 2(y^ + 3). 


453. Any equation which can be put into the form 

+ c)® + + c) + C = 0, 

may be treated as a quadratic, of which the roots are the values of 
aA®” + At:" + f ; whence x may be found. 

Ex. 1 . Solve x^-\-6 >J{x'^ — 2;i + 5) = 11 + 2x. 

Observing the quantity under the radical sign, we may put the 
equation in the form, 

(y-* - 2;r 4 -5) + 6 — 2.1'+ 5) = 11+5 = 16. 

Assume J{x^ — •2x + 5) =_j', then + Gy=\6 ; 

y + 6y-i6=o, or (j-2)(j + 8)=o ; /, y=2 or -8. 

(i) Let .r®-2,r + 5=j^®=3 4 (ii) Let .r''^ — 2.r + 5 = 64, 

/, .r* — 2.r + I = o — 2 a: + I = 60, 

/. (.sr-I ® = o and .r= 1, I. nr-i = ±2 ^^15, & ;r= i ±2 J15. 

Ex. 2 . Solve 9nr* + 42nr® + 55.r®+I4nr = 728. 

Here, completing the square with the first two terms, 

(9^^ + 42;ir® + 49x ^) + 6nr“ + 14.ir = 728, 
or (3A-® + 7;r)® + 2(3.r® + 7.r) - 728 = o. 

Assume 3nr® + 71 —then + 2j^ - 728 =o ; 

/. {y+2S)(y-26) = o ; /. -28 or 26. 

(i) Let 3Ar* + 7;r=j=26 (ii) Let 3^:^ 4-7nr=j/=-28, 

then 3jr® + 7nr-26 = 0 /. 3;»r2 + 7jr + 28 = o, 

/, (.r-2)(3nr+i3)«=o , 

A rr =2 or,- 4 |.. •. 6 . ’ ^ 
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Ex. 3. Solve + = 


Dividing both sides by (i we have 


16 \i-.r) ’ \i-,r) \I-,r) ’r.s-o. 

I 

/1 + x\ *’ 

Assume ='-J'y theny-- v+ /’; /. J' = t or 


I 4--r 


1 +x 


J =(.»)'-■" iVA U>) Let ^ =(!)«= 


I 1267 


1025 


By Comp. <! 5 r^ T)ivd. | Comp, Divd. , 


• -r ‘21< T- 


• ^ __1 <> u s 


Exercise CLXVIII. 

Solv(^ the following equations :— 

1. y(A'+i 3 ) + 5 V(.r + i 3 ) = 22 . 2 . lr(.r + 7) + 3 v^(;ir+ 7 )- 5 . 

3. sx-7x^,J{7x^-S^+^) = ^- 

4 . — yc- 3 rjJ{Mx— 2x^ + 2) = lx + 21. 

5. 2x" — 2 r + 2 y( 2 a “ - 7,r + 6) = 5,r — 6. 

6. 3 -->^( 3 -'i:) = ii- 4 y(-v=*- 3 ^ + 5 )- 

7 . x^~x + S J( 2 x’‘^ - sx + 6) ^ i(r + 11 ). 

8. 9.v-4Jtr^ + y(4.r2-9,r+ii)«* 5. 

9. x'‘‘+x~^+x + x-~^=- 4 . 10. x^+x'^+x -x~^= 2 . 

11 . i 5 ar- 3 a '2 + 4 ^/(ar 2 - 5 .r + 5)=i6. 

12. ^(i+x'f-^ Sf(i ~x)^=S ^(i-x^). 

13. x^ — 2Xy/x + 2x— y.r = 6. 14. a* — 2,v*+a:''' = 36 . 

15 J(x^+x + 6)-2} 

3 s/(x‘‘+x+6) 


454. Consider the equation 

(x+2>)(ic + r/Xcr+rXx + s)=A:, 

where ^,17, rj s are quantities such that the sum of iwo'of them is 
equal to .that .of the /.i’.,/ + r=5r+.p. 
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We have {x ■^p){x -Vr) Y.ix q){x s) <= 

' /. {x^^(p+r)x+pr}x{x^ + {q+s)x + gs)=k, 
or (x'^-^ftix+pr’)x{x^ + mx+qs)=k, for p+-r=»q+s=sm, suppose. 

+ ^x)^ + (pf'+=k. 

Assuming x^-Vmx=yy the equation becomes 

y^ + (pr + qs)y + prqs = k^ or+ {pr+qs)y+prqs — 
which is a quadratic in^. Whence x can be found. 

Ex. 1 . Solve {x+i)(x + 2)(x + ^){x+4)=24. 

Here, (.r + i + 4) x (^ + + 3 ) = 24 » 

or (;r2 + 5;r + 4) X (;r^ + 5jr+6) = 24. 

Assume x^+S^=yy t^en (j+4X^+6) = 24. 

,*./’*+10^ + 24 = 24, or^(j + io) = o ; .\y = oor -10. 

(i) Let + S’^=y—o 
then x{x+S)—Of x^o or -5 

455. Next, consider the equation 

(x + a)* + (x + b)* =a 2c*. 

Let x+a=yj then ;t: 4 -^=j+^suppose. 

Hence the equation becomes j/* + C^+;^)^ = 2ir*, 
or y* 4 -(y* + 4 y^P + 6j/^p^ + 4yp^ +p*) = 2c*, 

Adding p\ 2{y* + 2yp + 3y^p^ + 2yp^+p*)—p* + 2c*, 
or 2(y^ +py +p^)^ =p^ + 2c\ 

Whence 4 -Py +P^= ± ijiip* + 2{*\ a quadratic my. 

Hence four values of y, and therefore of x, are determined. 

Ex. 2 . Solve (f + 2)* + (.r'-iX = 257. 

Here, expanding and adding, and dividing by 2, we obtain 

;r* + 2A’ + i5^* + i4jr- 120=0, or (;r* + ;i')2 +I4(;r>+4r)-120 = 0. 
Assume jr*+jr=^, then j/®+14>'— 120=0 ; y—6 or —20. 

(i) Let x^+x =y = 6. (ii) Let .r 2 +;r=_;'= — 20. 

/, x^4rX — 6=Oy /, .^*+^ + 20=0, 

/. (;r + 3X^-2)=o, /. ;r = 2or -3. ;r=^(-i ± V^). 


(ii) Let ;r® + 5 .^=~io, 
then 5 jr+10=0. 

^=i(“5± N/-~i5)- 
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Exercise CIiXIX. 

Solve the following equations :— 

1, jt^-4-r’ + 2;r®+4.T-= 15. 2 . x^~2x — 

3. ;r*+ 4 ,i:“ + 5 r J(,r 2 + 4 ) = 4 - 4 . 2 V(^*+A' + 9)-3v“-3Jl^=6• 

6. 4^ Jix'^ + 2ax + + 2-r* + 4<^.r= 


6 . 




-r+ r 


+ '!• /- = I3' 

X s/X 


„ .r^ 63 2204 . , 

2 ^2-+49.^'"-n96 


8 . -Jix + 5) + s/x + 3 sj{x^‘ + 5 ^) = 2 5 - 2 X. 

9 . lJ{x■^ra)■^^ >/x = 2 »J{x^-\-ax)->r 2 x-Ya. 

10 . 2 x + 2‘/{{x + a){x + b))+ >/’(a: + «)+ J{x + b) = c~a-b. 

I i 


11 . 


8^^ — 30.r + 27 1 2X‘^ - 35.r + 18 

12 . .r2-4A''/,ir + 5.r-2 ;^,r = 6. 13 (jt- 2)^+ (;»:-4)* = 272. 

14 . (i2.r- i)(6.r- i)(4.r- OCS -*^-0 = ^.- 


:=^(l2jr2-39.r+ 17). 


15 . A® - 5,r - 2-2 = °- 

x^ - sx 


16 . x^ + yr~^ + 




= 0 . 


456. Resolution into Factors. Many equations of higher 
powers than the second can conveniently be solved by using factors. 

Ex. 1, S oh e 2.r ” — x^ = i . 

13 y suitable transposition, we have, 

.r''-.r^= -x^+ I or a^(x- i)= -(.r“- i)= -{x- i)(.r^+.v + i). 
/. .r - I = o, or .r = I and x^= - {x^ -^-x 4- 1). 

/. 2X^ +ar+1 =0, which solved gives Jir=|(-i± J -7). 

Ex. 2 . Solve .r® - 2px^ 4- 2px = 1. 

By transposition, (a'* - i ) — 2^jr(A' — i) = o.. 

Now x- I being a common factor, .r- i—o and a’=i. 

And (-r’* 4 -Ar 4 - i)-2/a: = o, /, x^-(2p- 1)^:4-1 =0, 
whence a’=^{ 2/ - i ± -Ji^p— i}^- 4 )=l\^p- i± sIaP*-‘^ — 
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Ex. 3 . Solve A^ + 2rt.r®=2A'+ (c. F. a. 1874). 


a‘ 


By transposition, 


or 


or + ■■ + 2ax =o, which solved gives ,r = - « ± 

(I 


s/ 


Exercise CLXX. 

' Solv'e the following eLiuations :— 

1, ,r^ —Si'4-3 — 0. 2 . 31'^ —22.1'~ 15. 3. — 6at^+l2n‘^x—Sa^. 

4 . 25,r'‘ + 5A‘*--T- I -=0. 5 . (-V-i)^ + (2.r+ 3)^ = 27 a'’ + 8. 

6. (a‘ +i)-(-t- 4 - 4 ) = 2. 7 . .r’- + 7 r = 49 (Ar 4 -1). 8- x^ + x‘^ + 4~o. 

9. ,r2+ [. 10. .i'”-->- . 11. v2- =ir’,. 

.r" 4 X 4X 

12. -A.+ 6 ' = 5 ^ ^ 13. 3 . . 

AT - I .r + 2 .r - 3 .r +1 x -2 a- + 3 2:1- - 5 a"* - 1 7 

14 . 27A-®4-2rA: + 8 = o. 15 . --76Ar +240=0. 

16 - ^2(a+xy+7 \l{^-r-x~)-- yf2{a-\-x)+ J2{a-r). 

17 . G 7 -.r )9 + (^-A ')^-(.7 + <^-2.t)^ 18 . {n-xY + {d-xy^ia + &~2x)*. 

19 . ^(a-x)+ ^{b-x)— ^{a-\-b -2x). 

20 . V(rt''T) + ^r(^“Ar) = */‘(a + ^-2-r). 


457 . Reciprocal Equations. An equation is said to be 
reciprocal which is not altered by changing x into ilx. 

E 3 ^. 1. Solve A-^ + 6.r^-23Ar^+i2.r + 4 = o. 

12 4 

Dividing by x^j x^ +6x — 2^+ +-3=0. 

JlT jIT 

2 

Whence Ar+ -= -•3±6 = 3 or -9, and /. .i'^"- 3A'or a^+9A'=-2. 
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(i) Take x' — ^x— — 2. (ii)' Take +9 a'= - 2. 

3.ir + 2 = o. 

/, (.r-i)(;r-2) = o, and x=^i or 2. j *^73)- 

Bx. 2 . Sol ve x^ + 2 x^ — 3.t'” — 3;r‘^ + 2.r + i = o. 

The equation may be written (.r'’+i)4-2r(:r^+1) — 3^%i'+i)--Oi 
where each bracket is plainly divisible by x+i ; 

Dividing, the original equation b} .r + j, we have 
x^ + x^ — 4A'^+x+i=o, a reciprocal equation of the 4th degree. 

▼ I 

Dividing V)y .r®, - 4+- 4--;j{ = o, 

X + *; = - T -t i = 2 or - 3, an d /. .r^ + 1 - 2.r or - 3;r. 

(i) Take :*:“+I =2.r (il) Take + i--- 3,r 

/, .r2-2^'+i=o .r’‘+3^+i=o 

(T-i)2 = oand ,r=^T,T. I /, v'S)- 

Also corresponding to the factor .r+ i, we have a: + i = oor r = - r. 

458. Exponential Equations. The following are illus¬ 
trative examples. 

Ex. 1. Solve 2‘-‘*+'‘-f 1 = 32.2*. 

We have 2^*+® —2.2®'*'‘*-f i =0, since 32 —2.2^ 

Taking the sq. root, 2®^^— i -=o : /, 2®"^^ = 1 — 2". 

Hence A'+ 4 = 0 and /, .r=-4. 

Ex. 2. Solve 3*+ 3"® = 9^. 

We have 3® -f =-- V-, or 3^* --V-.3* +1 = o- 

/, 3*=-V'±-^,'-=9 or i-3‘'* or 3"®; /, x= i2. 

459. Binomial Equations. The following- are illustrative 
examples. 

Ex. 1. Sol ve A ® +1 = o. 

Here, (a-1-i)(a® —a +i) = o; either jir4-i=o, z: e. a—— i, 

- or 1 =0, which solved gives Ar = J(idL V — 3) 
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Ex. 2 . Solve .r* +1 =o. 

Dividing by + /. 

Takings the sq. root, .r + ^ ± ^2, and 

X 


whence x = 


± I + (J-1 

'v/2 “ " 


= 2 . 

/, ;r'‘TV2.;r+i 



Exercise GLXXI. 


Solve the following equations 

1. x'^ + 6.r®+6 a: +1 = 

3. A:* + 4A'® + 3Ar^ + 4A:+I =0. 

5 . i2(a:*+i)- 56(A'’+.f) + 8g.r- = 

7 . A- 2 +^., + 6 .r 4 -^^ = 23. 

,r“ X 

9. 6»-i + 6-*=ii. 10. aS+i=( 


2. 4.t'*-4.r’‘-7.r®-4.r + 4=o. 

4 . X* 4 - 7.v^ + 8.f^ + 7,r + I = o. 

6 . 4a:*—164:^+23^'''*-i6a‘+4=o. 

8. 4 A'^- 20 - 5 (a: + ^,^ = 

11. x^-i—o. 12. I. 


Miscellaneous Equations. 


Solve the following equations :— 

1 . AT* — 2a:'’ —2A-“ + 3Ar= 108. 2. V(a: + 2i) + ^fA' + 2i)=3 12. 


q x^[ + 4 x^- 4_34 

a:‘-’- 4 '^:^'^ + 4 "' 15' 


4 . .v(Ar + 4 ) + ^(| + 4 ) 


= 10. 


J(x-iS) _ Jx 

n/i8 n/-^ ' 


6. 

8 . 


27 x^ - 


8^ 17 



A- + 2 


232 1 . 

= -- 5 + 5 - 

3,r 3Ar-* 

^ 5 JL 

.r - 3 a: +1 A” - 2 


7. .r“ + 4 .^ + 


+ 


2 1 

A' + 3 * 



17a:-8 
X 


9. (a+.r)^- 5 (a*-Ar®)-’’—- 4 (a-A-)^. 10 . 4 a:*+^a:= 4 a* + 33 . 

11 . 6 a:,^/a:—IIA: + 6 ^/^A: —1=0. 12 . 2a:*— a: — 2a:V(i — a*) = i^. 

13 . 3{(a:- i)’*-A:p + 2.r=34i+2(.r-1)2. 14 . Jat^+ ^^a:®- i7Ar=8. 
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15. +Lj =1. 

I+.*■ 




2 - 4 .r -8 
i;2 + 2a'+ Ii) 


— 1>J 2. 


17 + _ I ax Y « ;r‘^ 

SW-a\x^+x^}~ W-x'^J ' ^/(a' 

19 . A:®-3A: = a” + —. 20 . * =a^ + -^. 21 . Ar’' + -- = 2a'^A'. 

df’ .r"* a* X 


lx-\- ]o _2jr + 4 __ 3 

A-2-4Ar + 5 A*- 2;j; + 2’~'*^ ■ 




24 . .r® + (A +i)®+1 =2(.r^+A+I)^ 25 . 2*+^+ 4* = 288. 

26 . (a +1)'’+ (a-1)'’= i9{(a' +i)^ + (a- i)*f. 27 . 3*+^ +9*•• 108. 

28 . { 2 X - I )(a- + 1 )(2A- + 5 )(.r + 4) = 70. 

29 . -/(2A-2 + 9,t' - I) 4. v (2A-“ - 7.r + 7) = 6. 

30 . .r(r-iX.r-2)=9.8.7. 31 . (x + 2)(x+ 3 Xx + 4) = 3.4.S- 


VII. PROBLEMS PRODUCING QUADRATIC 

EQUATIONS. 

460 . In the solution of rrobleins, depending on Quadratic and 
Higher liquations, there may be two or more values of the root, 
and these may be rtvi/quantities ox impossible. In the foinier case, 
we must consider if any of the roots are excluded by the natuie of 
the que.stion, which may altogether reject f?ar,iional, or ncj^altve^ 
or surd answers ; in the latter case, we conclude that the solution of 
the proposed question is arithmetically impossible. 

Ex. 1 . Divide 12 into two parts so that the square of one of 
them may be four times as great as the square of the cfthcr. 

Let .r be one of the parts ; then 12 - a is the other part. 

By the question, a'^ = 4(i2 — 

Taking, the sq. root, ±2(12 -a-) = 24 —2jr or =* -24 + 2jr. 

Thq former gives A‘=8 and 12 —^ = 4. 

Hence the parts are 8 and 4, which is the orithnieiical solution. 

The latter gives .^ = 24 and /, 12 -a:= —12, which answers the 
condition symbolically. 
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Ex. 2 . What number, when added to 30, will be less than its 
square by 12? 

I.-et X be the number. 

/. By the question^ 30 + A'=;r®- 12 ; or ;r 2 —.r-42 —o. 

/. (x - y){x 4- 6) = o ; whence .r = 7 or - 6. 

Hence the reqd. number is 7. Here the latter root is excluded. 

Ex. 3 . A person bought sheep for i^s. which he sold 

again at £2. 8j. a head, gaming thereby as much as one sheep cost 
him. How many sheep did he buy ? 

Let X be the number of sheep bought. 

Then is the price of a sheep in 

and 2lx is the selling price of the sheep in £. 

ry ^ 

By the question, 2"x —33'^= , 

5 4 

which reduces to 48.1 ^-675.r— 675 =>o ; whence x = i5 or ~ - 

Hence, the number of sheep hought=i5. 


Ex. 4 , A person bought a number of oxen for/v\r. 120 ; if he 
had bought 3 more for the same money, he would have paid Rs.2 
less for each. How many did he buy r 


Let X be the number of oxen bought. 

120 

Then -- is the price actually given for each in Rs. 
120 

and is the price of each, if 3 more be bought. 


I'70 I'’0 

/. By the question, 

which reduces to x'^-V^x- 180=0 ; whence x= 12 or 
Hence the number of oxen bought=i2. 


— I 


5 - 


Ex. 6. A’s rate of travelling is one mile an hour less than B’s, 
and B can go 21 miles in 20 minutes less than it takes A to go 
20 miles. How many miles an hour can A travel ? 


Let X be A’s rate of travelling in miles per hour. 
Then -r+i is B’s rate. 
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Now A takes hrs. to travel 20 miles, and B takes-hrs. 

X -v + i 

to travel 21 miles. 

20 2 T 

By the question, j niin. = ^ hr.) 

which reduces to —60 = 0 ; whence x=6 or — 10. ' " 

Hence A's rate of travelling' per hour is 6 miles. 


Ex. 6. A reduction of 2<L a dozen in the price of eggs will 
give 6 more for 3.9. 6d. ; find the price per dozen. 

Let X be the price of a dozen eggs in //. 

1 2 

Then we can obtain x 42 eggs, for 3.?. 6it or 42^. 

X 

Also, when (x 2)d. is the jjrice of a dozen eggs, 


we obtain 



X42 eggs, for 3-r. 6c/. or 42ti. 


j 2 12 

/. By„the question, “ x 42-X42 = 6, 

rT* ““ 2 jT* 

whilh reduces to .r" - 2;i'— ib8 = o ; whence -r= 14 or — 12. 
Hence the price of a dozen eggs is 14^. 


Ex. 7 . A person invested A\r. 10660 in the 34 per cent. Govern¬ 
ment Securities when they were at a certain rate ])cr cent, premium. 
If he had investeil them at a price r 4 i>er cent less, his annual 
income would have been increased by 4a. Find the price of 

the (rovernment Securities. 


Let X be the price of the Government Seemdties in J/s. 

. /> • /> 10660 , 

Then, the first income = /vj. — X3^, 

11 j 7, 10660 , 

and the second.= /\ j. , x 34. , 

. , 10660 , 10660 

. . By the question, - x 3*-- - x 34= 5 i, 

A — I 5 

which reduces to 2.r‘'^ — 3.1'— 21320 = o ; whence .^=104 or — to 24 . 
Hence, the required price is lis. 104. 


Ex. 8. A number of two digits is less than four times the 
product of its digits by ir, and the digit in the tens’place exceeds 
the digit in the units’ place by four. F'lnd the number. 
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Let X be the digit in the units’ place. 

Then .ar+4 is the digit in the tens’ place. 

The number—io(,r+4)+;i:= Iijr4-40. 

Four times the product of the digits = 4:i:(.r+4). 

/, By the question, ^{x + 4) - (1 i;r + 40) = 11, 
which reduces to 4^:® + 5-r - 51 = 0 ; whence .r = 3 or - V-- 

Hence 3 is the digit in the units’ place, and 3+4 or 7 the 
digit in the tens’ place, and therefore 73 is the required number. 

Exercise OLXXII. 

1 . There are two numbers, one of which is ^ of the other, and 
the difference of their squares is 81. Find them. 

2 . The diffeience of two numbers is i of the greater, and the 
sum of their squaies is 356. Find them. 

3. Determine two magnitudes whose difference is ^ and the 
sum of whose squares is (i;)®. 

4. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128. Phod them. 

5. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part ? 

6. What two numbers are those whose difference is 5 and their 
sum multiplied by the greater 228 ? 

7. What two numbers make up 14, so that the quotient of the 
less divided by the greater is of the quotient of the greater 
divided by the less ? 

8 . A labourer dug two trenches, one 6 yards longer than the 
other, for A\v. 356, and the digging of each cost as many rupees 
per yard, as there were yards in its length. Find the length of each. 

9 . Bought two flocks of sheep for A's. 360, in one of which 
there w'ere 5 more than in the other : each sheep in each flock cost 
as many rupees as there were sheep in the other flock. How many 
were there of each ? 

10 . By selling a horse for A’.v. 240, I lose as much per cent, 
as it cost me. What was the prime cost of it ? 

11 . There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is Jess by i than the 
square of its double. P'ind it. 
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12 . There is a rectangular field, whose length exceeds its 
breadth by i6 yards, and it contains 960 square yards. Find its 
dimensions. 

13 The plate of a looking glass is 18 inches by 12, and it is 

to be framed with a frame of uniform width, whose area is to be 

equal to that of the glass. Find the width of the frame. 

14 . Two partners, A and B, gained AV. 140 by trade ; A’s 

money was 3 months in trade and Ids gain wa.s /\s 60 Icsi than 

his stock, and B’s money, which is A’s. 50 more than A’s, was in trade 
5 months. What was A s stock ? 

15 . A person bought 38 sheep for A’.v. 71. 4a. ; but having lost 
a certain number ?? of them, he sold the remainder for « annas 
a head more than they cost him, and so gained upon the whole Re. 1. 
How many sheep did he lose ? 

16 . A and B distribute A\s’. 50 eac h in charity ; A relieves 5 
pel sous more than B, and B gives to each Sci'. more than A. How 
many did each relieve ? 

17. A and B take shares in a concern to the amount aluigeiher 
of A's. 5000 ; they sell out at pa?'., A at tfie end of 2 years, B ot 8, 
and each receives in capital and profit A’.r. 2970, How much did 
each embark ? 

18 . Two Indus each run a distance of 330 miles. (.)ne o 
them, whose average speed exceeds that of the other by 5 miles 
an hour, takes litdf an liout less to Itavcl the whole distance. Find 
their average speeds. 

19 . In loo minutes a boat’s crew row 3^ miles down a river 
and back again. If the river runs at 2 miles an houi, what is the 
pace of the boat m still water ? 

20. A battalion of soldiers when formed into a solid square 
])resent 16 men fewer in the front than they do when formed into a 
hollow sc[uaTe 4 deep. Find the number of men. 

21 . Mr. (iladstone w.is born in the year A. p, 1809. In the 
year A. D. .r" he was .v —3 years old ; find x. 

22 . A and B set out at the same time ; A fiom C to go to D 
and B from D to go to C ; they meet on the road, w'hen it appears 
that A has travelled 30 miles more than B, and that at the rate he is 
travelling, he wall reach D in 4 days, and B will arrive at C in 9 (lh,ys. 
Find the distance of C from D. 

23 Ten minutes after the departure of an express tram a slow 
train is started, travelling on the average 20 miles less per hour, 
which reaches a station 250 miles distant 3^ hours after the arrival 
of the express. Find the rate at which each train travels. 


M.A. —32 
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24. A rides from P toQ in one hour at a uniform speed. B rides 
for one-third of the way 2 miles an hour faster than A, and for the 
rest of the journey i mile an hour slower, thus taking 40 seconds 
longer. Find the distance from P to Q. 

25. The men in a regiment can be arranged in a hollow square 
4 deep ; if the number of men be increased by 129 they can be 
arranged in a solid square having on each side 10 men less than 
were on each outer side of the hollow square. Find how many men 


VIII. THEORY OP QUADRATIC EQUATIONS. 

f 

461. A quadratic equation cannot have more than two roots. 

If possible, let the general quadratic equation 

nx* + dx+c^o 

have three di^erent roots, a, /} and 7. 

Since, each of these values of x satisfies the equation, 


we have 

ac^-Vlri-Vc=o... . 

.(O'! 


afi? ■\-bfi-\-c=o . 

.( 2 ) 


ay'^-^by ■>fC=o ., 

.( 3 ) 


Subtracting ( 2 ) from (i), — — 

Dividing by a-/5, which by supposition is not equal to zero, 

a{a + ^) + d=o .( 4 ) 

In the same way, subtracting ( 3 ) from (i) and dividing by 0 — 7 , 

a{a + y) + d=^o .( 5 ) 

Subtracting ( 5 ) from ( 4 ), a[/3-y) = o ; 

/, either rt = oor/8~7 = o, 

which is impossible, for a is not equal to zero, nor is fi equal to 7, 
by hypothesis. 

■lence the quadratic cannot have more than two roots. 

462. If a and fi are the two roots of the quadratic equation 
then 

b . c 
a-f/8= — and o/8= - . 
a a 
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Solving the equation, we have 

■b-\- -b- 


x= 


2 a 


or 


2 a ’ 


2a 

-b- J{b^ -4af ) 
2 a 


. -b+^t{b'^-^ac) ^ -b-J{b^-^ac) ~-2b 

..“ + ^= -+- - 5 ^’ 




<5 

* 

a 


and a/8= 


a 


b 


{- bf - {b^ - ^ac) _ 4ac 

4a^ " 4a'^’ 

Since the equation can also be written in the form x^+''x + ~ =o, 
, a a 

we may express these results as follows :— 

When the cocfjicient of .r*'* in a quadratic equation is unity^ 


(i) the sum of the roots is equal to the coefELcient of x 
with the sign changed; 

t 

(ii) the product of the roots is equal to the constant term. 

Note. If a and fi be the roots of the equation x^-\rPx4rq — o^ then 

a4-/3= —p and a(i = q. 

e 

463. If a and fi are the roots of ax^ +^j; + ^:=o, then 
ax^ + bx + c = a{x — a){x — /8). 

We have ax‘-^+bx + c^a{x‘^+ x+- \ 

\ « af 

= a'A'^-(a + /J).rH-a/ 3 ], Art. 462. 

=>a{x — a){x— a). 

Note. If a and fi are the roots of x"^ 4-px-\-q^Oy then 

4rpx4rq-= {x - a){x — jS). * 


Ex. 1. The quadratic whose roots are -4 and 7 is 
(;r + 4)(.^^ —7)=o, or y** —3;r-28 = 0. 


Ex. 2. If a and /3 are the roots of x^+px+q=^o, find the values 
of(i)a-/8, (li) ai> + / 3 ‘-J, (iii) a^ + / 3 ^ 

We have a+/8= —and a /3 — 7. (Art. 462). 

(i) Since (a - / 3 )-^{a +- 4a/i ^ {-0 4q =:p'^ 4q^ 

/. a~fiz=± y/(f^- 4 q). 
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(ii) a* + jfl* = (a + fif - 2alS — -21^ - 2q. 

(iii) a^+^'' = (a+^)^-3a^(a + /J) = (~;^)'’' + 3;^jf= 

Ex. 3. If a and R are the roots of ax" ■\-b.r + c—o, form the 
equation whose roots are ^ and ^ . 

Wc have a + /3 = and . 

a a 


The sum of the roots of the reqd. equation 

_<i /O^ + (a 4 -/^/-* —2aj8_ Ih'^ 2A c 

jS a a/3 0)6 \(V a f a 

_ //•* •“ zac 
ac 

The product of the roots=- x '*^--1. 

‘ jS a 


lienee the required equation is 

{l>^--2ac\ , ^ ti^ N . 

x-— I- - - |.r+I =0 or 2rft'lv + rtf = o. 

\ ac } 

464. To find fhr condition that the equations ax^ + bx + l ^ o and 
atx"^ b’X d = 0 may luvac a (omwon root. 


Let n be the common root of the equations. 

Then by supposition, /.?f7‘^ +M+i:=o.fi) | 

a'a^-\-f)'a + c'=o...{2) } 

From (i) and (2) by the /\u/e of Cf-oss Multiplication., we have 

a- _ a _I 

be' — b'c ca' - c'a ab' — a'b ' 


, be -b'c , ca'-c'a 
Hence «•' = —77— , , and ,. 

ab — (l b an - a b 

, bc'-b'c tca-c'a'Y 
Therefore KaC-a'i) 

or {ab' - a'b){bc'— b c) — {ca' - c'a'f., the reqd. condition. 


465. If a is positive and a, arc real roots of the equation ax^ 
+^;r + £'*=o, the expression ax^ -^bx■\-c vanishes when x=Q. or Piy and 
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1 L Graph corresponding^ to the equation 
— 4j|/^ + 6.r — 8y — 7 = o. 

The equation may be written thus : — 

3(.i-+i)--4(7+i)^ = 6, 

. (.1 +1)- (>'4-1)‘^ , . , , 1 , , , 

-■ —'^ --'- = 1, which represents a hyperbola, whose 

" u/“' _ _ I 

centre is the point t —i, — i), semi-transveise axis 2 and seim- 
conjuj^cite axib >/'!. 


15 . Graph of - . 

Let y= ^ ; then xy~-a'^^ which 

represents a rectant^ular hyperbola, 
whosi* CLiitre is the origin ancl 
whoic asymptotes are the axes of 
r and p, (as shewn in 8). 

'['he transverse axis is the line 
AA' which bisects the angle 
between the axes of co ordinates. 



Fig. S. 


W.B. In a rectang-ular liyperbvjla, CN.PNs=a constant, wiiich 
^ives the equation xy = d^. 


16 . Gfaph corresponding to the equation 
xy -2.r-3>/-io. 

We have (jr —3)( p — 2)=t6 , which re¬ 
presents a rectangular hyperbola, of which 
the centre is the point (3, 2) and asymptotes 
parallel to the axes of co-ordinates (as 
shewn in Fig. 9). 



T-'ig. 9. 
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17. Graph of 2 ^l{ax). 

Let j = 2 J{ax) ; then = ^ax ; 

which represents a parabola, whose vertex 
is the origin, the axis the axis of x, the 
tangent at the vertex the axis of y and 4a 
the latus rectum, (as shewn in Fig. 10). 

' Fig. 10. 

The curve is symmetrical with respect to the axis of x and lies 
on the right side of the axis of y and extends to infinity. 

N B. In the parabola, PN'^=:4AS.AN, which gives j/®=4^1:. 

Note. The grapfi^of 2jx, See. are all parabolas. 



18. Graph of 'i\J\a{x — b)\. 

Let>'=2 ; 

then y^ = 4a{x — b). 

If we transfer the origin to the 
point (^, o), the equation becomes 
y^ = 4ax, and the curve is a parabola, 
(as shewn in F'ig. ir). 



Fig. II. 


19. Graph of 

4^1 

Let y — —■, then x^=4ay\ this repre- 

^ 4 <* 

sents a parabola whose vertex is the origin, 
the axis the axis of y and latus rectu n 41, 
(as shewn in Fig. 12). 

N.B. The curve is symmetrical with 
respect to the axis of y. 



Fig. 12 
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20 . Graph of ^X’~ 2 x^. 

Let y = 4x~2x^s= —2{x - 1 )^ + 2 ; 
then j — 2 = - 2(jr - i )'**. 

If we transfer the origin to the point (i, 2), the equation becomes 
y=—2x'^, and the curve is a parabola, (as shewn in P’ig. 13). 

JPJ'.B. Here the maximum value of ^ is 2 and then ^=1. 
The axis of the parabola is the line AN and the vertex A. 


21 . Graph of — 8;r + 10. 

Let ^ = 3;r® - 8jv +1 o = 3(;r''* - ^x + -V-) 

= ^- V + -VM = 3(^ - + -V-; 

th e n ^ - -3’ =fx-^ f. 

Transfer the origin to the point (3, V-) and 
the equation becomes y = 3x\ which represents 
1 parabola (as shewn in Fig. 14). 



Fig. 14, 

W.B. The curve does not cut the axis of x, because the roots 
of the equation 3Ar*^-8.r+10=0 are imaginary. In this figure the 
iicales of x and y are different. 


The minimum value of y is -V and then x=^. 


512 


MATRICULATION ALGEBRA. 


II. GRAPHS OP QUADRATIC EQUATIONS. 

467 . We shall now consider some graphs of fjnctions of a 
degree higher than the first. 

Ex. 1 . Draw the graph of 

Corresponding values of .r and^ may be tabulated as follows : —- 


jr : ... 1 - 5 -4 -3 

1 1 

-2I -I 

1 _ ' _ 

0 I I 

ij 

1 

4 

Si- 

y ... 1 25 16 i 9 

4 I 

^1 

0 1 I 

' 4 1 9 

i 



If the above deterihined points arc 
plotted and joim^l bv a continnous 
line drawn freehand, \vc shall obtain 
the graph rcquiicd,as .shewn in Fig. 15, 
which we see to be a curve. Such 
a curve is called a parab^-la. 

In the above E.\ainj)lc wc notice the 
following facts : — 

(i) \Veha\efrom the equation .r = 

-t- ’» every value of the 

ordinate v there arc two values of 
the abscissa .1^ rqual iv mt^i^niludc 
but opposite in s/i^if. Hence the curve 
is symmetrical with respect to the 
axis of y; so that plotting sufficient 
points in the first quadrant to deter¬ 
mine the form of the graph, its form 
in the second quadrant may easily be 
obtained by joining corresponding 
points without actually potting them. 

(ii) We notice that the graph lies 
wholly in the first and second quad¬ 
rants ; for, whatever value we may 
give to .1'. we can never have y 
negative, and threforc no point on 
the curve will be found belinu the 
axis of X. 



(iii) As the numerical value of x increases, so that of ji increases 
rapidly. Hence the parts of the curve on either side of OY meet 
only at the origin and then extends upwards and outwards to an 
infinite distance in both the first and second quadrants. 
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f 

Ex. 2. Draw the graph of y=2X-~ 

4 

Tabulate ♦^he values of x and^y as follows :— 


X 

XO 

y 

8 

7 

6 

s 

.1 

1 

- 

z 

1 

0 




--4 

■ 2 .x 

20 

x8 

16 

14 

12 

TO 

8 

1 

4 

2 

0 

—2 

—4 

() 

8 


2=5 

20‘23 


l-'’25 


6 '.'s 

4 

■ 

T 

■';5 

0 

•a 3 

r 

■ 2 'JS 

4 

y 


V5 

0 

1 73 

.i 

, 

373 

4 

175 


j ^75 

0 

- 2-2S 

—5 

— 8 "35 

—12 


Plot the points (10, - 5), (y, - 2 25), ( 8 , o), \'C...(o, o), (- i, - 3*25) 
..&c. ; the resulting graph is shewn in Fig. J 6 , below. 




N 


IT 

I 


— 

-- 



— 



1 

tx 

□ 


_ 


Y. 







Fig. 16. 


In the present case only three or four negative values of x and 
j need be plotted, but more attention must be paid to the results 
arising out of positive values of x. 

N. B. The equation can be written in the form (,r-4)®s= 
— 4(^ — 4) which shews that the curve is a parabola whose vertex is 
the point (4, 4) and latus rectum 4. 

468. The curve obtained from the ecjuation where a is 

constant, is called a pdCTabola. If a is positive, the curve lies wholly 


M.A.— 33 
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above the ;r-axis ; but if a is negative, the curve will lie wholly 
below the :r-axis. The greater a is, the more rapidly does ihe 
gi*aph recede from the .tr-ax;is. 


^ Exercise CLXXIV. 

1 . Draw the graph of 

(i) Taking o'4" as unit for .v, o'l" as unit for_j'. 

(ii) Taking i'" as unit for x\ o‘i" as unit for i'. 

(lii) Taking the x unit five times as large as theji' unit. 

2 . Trace the graph of the equation x^=y. 

(i) When the x unit is equal to the y unit. 

(ii) When the x unit is five times as large as the^ unit. 

3 . Plot the graph of the equation ^ = 

(i) Taking the x unit equal to theunit. 

(li) Taking the x unit four times the y unit. 

4 . Draw the graphs of :— 

(\)y=-x^. (ii) y'‘ = .r. (iii) y=-.r. (iv) 2y = :r* 

5 . Draw the graphs of the following equations :— 

(i) ^ = 8.r^ (ii)y=-4 .T. (iii) = 

- j 6. Plot the following 

(i)j = 2.r + '- . (li) jy= r--i,T^. ► (hi) i'= +x — 2. 

4 “ 4 

7 . Trace the graphs of : —, j / 

(i) y — -jx^—x + 2. (ii)‘/'t=.r2+,r + 3. " 4 (iii) _y=2jr®-.ir+1. 

8. Draw the graphs of ^ = .r‘^ and .r=y, and shew that they 
have only one common chord. Find its equation. 

an. aRAPHio solution op quadratic 

EQUATIONS. 

469 . If /(x) represent a function of a*, we can obtain an ap¬ 
proximate solution of the equation/(.r) = o by plotting the graph of 
y=f(x) and then measuring the intercepts made on the .r-axis. 
These intercepts which make y=o are the values of x and , are 
therefore the roots of the equation /(;r)=o. 
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' Sz. 1 . Solve graphically the equajtion 2.r^+x— 

Put y»=»2;r^+;r—15, and find, the graph of this equation. 


4 

X 

V 

2 ii-“ 

\ 

4 

32 

3 

,.i8 

1 

■ 

2 

7 

— 2 

- s 

“ 3 * 

18 

“4 

32 

X- IS 

- II 

-12 1 - 13 1 - 14 1 - 1.5 

16 

“17, 

J- 18 

-19 

y 

21 

1 1 

5 1 “12 1 -15 

“I4 

- 9 

0 

*3 


I Take the unit for x twice as great as that for j/. 

Join the points (4, 21), (3, 6), 5), (I,~ 12), (0,-15), (-1,-14) 

(. (-3> o), (-4, 13” The resulting curve ist'de graph of 

v=2.r''+.v—15 and is shown in Fig. 17, below. 



Fig. 17 . 

M B. The equation can be written in the form 
which ^hews that the curve is a parabola whose vertex is (— 
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and latus rectum i. (lenerally when the terms of the second degree 
fbrm a perfect square, the curve is a parabola. 

Now the equation 2x“+x— is the same as the equa|;i^n 

• +T — 15 = o, if T ~ o. 

Hence to find the roots of the latter equation we note the points 
on the curj(e where /^o, and these will give us the value of x 

vhich we ha ;e to find. 

1 ’.. 

At the points and Q where this curve meets the jtr-axis, ^=o ; 
therefore at these points 2.r^- 15=0. 

But OP and OQ are the values of x at these points ; 

they are the roots of the given equation. 

Ah P, X = 2'5, and at Q, ,r= — 3. 

Hence^We see that the roots are 2'5 and —3. 

V 

Veriflcation. 4--r - 15 = o, or (2;r - 5 )(x + 3) = o. 

\ /.tf., 2jr~ 5=0 and/, a = 2'5 

'^■1-3 = 0 and .r=—3. 

Hence the solution is correct. 


Ex. 2 Find graphically, correct to one decimal place, the 
roots of the equation 2 .i'^ + 6a'—5 =0. 

Trace the graph of y = 2x'^-i-6x— 



The equation is sifcsfied when 2.r2 + 6.i'~ 5=0, r ? when^=o, 
s.e.f where the curve cuts ]|ke .r-axis. 

It will be seen that ibere are two points on the curve w'^hcre 
j/=o. namely the points P and Q. 

At P, .;r = '6 (nearly), and at Q, jr«=« -3*6 (nearly). 

Thus the roots required are "6 and — 3'6. 
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same way we can 
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Fig. i8 

Veriflcation. W h en == ’6, 

2 ;t®+ 6;r - 5 = 2(-36) + 3-6 - 5 = 73 + 3'6 - 5 = -'^8 

Tims, when .r = -6, 2 X^ + 6x-S is nearly zero. 

Hence *6 is an appro.ximate root. : 

verify the fact that - 3 6 is an approximate 

Or thus : Since zx'^ + 6.r - 5 = o, 

If we take 4*358 as the approximate Jpue of, 4 19, ^ke values 
of X will be found to be -3*68 and *68. F 

"V: E. The j^tiation to the curve is + which shews 

+h? ‘the curve 'a parabola whose verty is (-1, *“ V) and latus 
rfjtum 

it ded'rce the 

i*. 


,- , ^’.V, 

/ ±ix. 3. Draw the graph of * 

oots of the equation f 2 + 3^ - 4 =» or' W 7. , — 
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Tabalate the values ol x a.vd j/ as follows 


V 1 

1 

3 1 

— 1 

2 

I 

0 

1 

i 

- 2 

-3 

1 

-4 

-5 

-6 


9 

4 

I 

0 

\ 

I 

4 

9 

16 1 

25 

36 

3 ^ 

9 

6 

i 3 1 
1 ( 

i ’« 1 

1 

1 

1-6' 

1 

!- 9 | 

1 

-15 ' 

- 18 


18 

^^1 

4 n f 0 

1 “ 2 1 

1 ! 

-2i 

0 

i ^ .1 

10 

18 


Take the unit for x twice as great as that for v. 

Plot the points thus obtained and we obtain the graph required, 
IS shewn in Fig. 19, below. 



Fig. 19 . 

Now, we have to solve the equation .r” + 3;r —4=0. 

Since ••-3,1'— 4=6, /, .v* + 3;r=4. 

Hence, we must find twl|, points on the curve where ^=4. 
The two suc’i points ^e ^ and Q. 

At P, ;r-i i-= -4. 

Hence^i the required roots. 
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Plotting these points and joining them, we see that they all lie 
-on a circle, whose centre is the origin and whose radius is 5, as, 
^ s^.iewn in Fig. 22, above. 

d' 

474. Distance between two pMncs. Let P be the point 
y) and Q the point {a, b ); draw PN, QM perpendicular to the 
axis of X and QR perp. to PN. 



PR = PN~NR=;r-/ 5 , and QR = ON-OM 

Now, PQ‘-®= QR^ + PR'** and PQ= ^^(QR 2 + PR 2 ). 

Thus PQ= J{{x-afHy-^)\ 

Hence the distance between two points (x^jy) and (a, b). 

= -/{(a; - a)2 + (?/ - I 

Also OQ= ,,/(OIV|2 + MQ 2 )= ^(a^ + b^). 

475 . Equation, of a Circle, We have already founc/^ 
equation of a circle. It is easy to find the equation of any circle 

Let the centre of the circle be at the point A (a, b) and let its 
radius be c ; then if P (x,jy) is any point on it, 

^ we have, by Art. 474, {x — aY-{-{y — b)'^=AP'^ = c^ .(i'' 

which is the required equation. 

Ex. 1 . Draw the graph of x^ + y^ - Sx - 6y = o. 

The equation may be written (x ~ 4)^ + (j/ - 3)^=2$. 

Thus the graph is a circh. whose centre is at 4, 3 and whose 
radius is 5. 










iviAi HJUOJi/iiKA. 


■r Ex, 2. riolve graphically the simultaneous equations 
(i) ,r*+y'^=6i, (ii).3 j/=4Jf-2. 

1 

The graph of (i) i- a circle. Since the equation is satisfied 
by;r=5,j'=6 (the point P), the graph may be drawn by describing 
a circle with centre O and radius OP, 

The «raph of (ii) is a straight line, which cuts the axes at the 
points (o, - 1), 0,0). 



Fig. 24. 


This line produced cuts the circle at P and Q. The co-ordinates 
of these points are (5,6) and (-4'36,-6’48) ; thus the solution of 
i equations is given by 



J = and -4*36, -6'48. 

Exercise CLXXVII. 


Draw.the graphs of the following :— 

1 . ,i'"+y= 36 . 2. + 3 = 4. X^+y^—o. 

5. x'^+j^“- 6 x- 8 y=^o. 6. 2r^+^^=49. 7. x^+jy^ = 16 . 

S. -v’®1 2 . 9 . x^+j^^=s8. 10. x’‘+y=20. 11. jir*+j/*=35. 

Shew that the following equations represent circles and find 
their centres and radii :— 

12. x^+j/^ — 4x+6j/+';=o, 13. x^ ■{•j'^-\-6x+4y+4^o. 

H 4 ^*+ 4 J®- 16 ^+ 8 ^+ 11=0 15. x^-^y^6x+/[y+^t»o. 
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Find the equations of the following circles :— 
le. ^ Centre (-2, 3), radium*=5. 17 . Centre (- ij, —2^), radius = 6. 

[18. Shew that the equation (where a, c are constants) 

x^jf.y*-^ax-\-by-¥c^o 

represents a circle and find its centre and radius. 

19 . Solve the following equations graphically :— 

;/(i) ;r 2 +y= 41) /(ii) 341 J 0 ”) ^'^+^=85) 

[’ 3 .r- 27=3 2j / .a: + 2 ^=>:i 3 j / ' 2 jr=j/ + 5j 

20 . .Solve the following equations graphically :— 

x‘^+j/^ — 4 jc — 2y + i=o, 2 .r -37 = 3 . 

VI. FRACTIONAL FUNCTIONS. 

476 . Infinity. Consider the fraction ^ whose numerator 

has a certain assigned value but whose denominator .r is a 7/. 
quantity ; then it is plain that as .r diminishes the value of the 

fraction increases. 

X 

For instance 

a a a « 

- = lOdj, — = looort, --= 10000000a, and so on. 

' -I ’ -ooi *0000001 3 

Thus we see that by giving to x a value small enough, we can-’ 
make the fraction ajx larger than any assigned number, no matter 
how large that number may be ; i. e. if x be made less than any 
assigned quantity, the value of the fraction ajx can be made larger 
than any quantity that could be named. This is expiessed by 
saying that 

when x=o, the value of ^ is 00 

for any number less than any assigned number is termed zero and 
is denoted by the symbol o, and any quantity greater than a 
quantity that could be named is termed infinity and is deiuited 
by the symbol 00. 

Similarly, if x is a quantity which gradually inrreaser. and 
finally becomes greater than any quantity that could be named, 
ijie fraction ajx becomes smaller than any assigned quantity. This 
is expressed by saying that 

when ;r=s 00, the value of - is o. 

' ' Again, when the quotient ajx is positive, ajo is said to be 
positively infinite (+ 00); when ajx is negative, ajo is said to be 
negatively infinite (- 06), and so oh. 
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Ex. Draw the graph of xj/=8. Shew that it consists of twi 
infinite branches, one in the first quadrant and the other in the tnirdi 

g 

The equation can be expressed in the formj'-= . 

Jr* 

(i) It will be noticed that when jr=o,/=s oo and when oo^j/sso. 
Also y is positive when .r is positive and negative when x is negative. 
Hence the graph must lie entir^ in the first and third quadrants. 

(ii) If(.r,^)is any point dd^the curve, is also on the 

curve, for if ,ry = 8, (- jr)( -^) = 8. 

Hence the part of the curve in the third quadrant is exactly 
similar to the part in the first quadrant ; or, any chord of the curve 
through the origin is bisected at the origin. 

Tabulate the values of x and y as follows 


BiH 

B 

±2 


•k 6 

-tS 

± 13 

ii6 


± CO i 


A CO 

±8 

i 4 

±2 

± Iff 

Al 

A. 

1 

j 

! 

« • • 

±o 
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Plotting the above points, we see that the graph continually 
approaches the :r.axis in such a way that for a suffici^tly large 
positive value of x we obtain a point on the graph as near as we 
please to the ,r-axis but never actually reaching it until 00. 
In the same v'lay the curve approaches indefinitely near to the 
axis of y, but never meets it. Such a curve, having two branches, is 
called a rectangular hyperbola. 

Such lines are called asyn^totes of the curve. 

Ex. Solve the following graphically 

(i)>'r = 3 \ i\i) x^+y^==6s 1 

xy = 2^ j xy = 2 ^ } 

In each case we require the graph of xy — 28. Proceeding as 
above, we find that the curve is a rectangular hyperbola lying the 
first and third quadrants. 

In (i) .r-j=3 is a straight line QS making intercepts 3 and 
- 3'on the axes. 



Fig. 26. 

M* a?"^ 34 ’ 
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In (ii) ^^^+>^^'==65 IS a circle. As the equation is sa.isfied by 
x=4, the graph can be drawn by finding the point R (4, 7) 

and describing a circle with centre O and radius OP. 

The roots of (i) are the coordinates of Q and S ; that is, 
•*■=7,7=4 ; or x= -4, -7. 

The roots of (ii) are the coordinates of P, Q, R, and S ; that is, 
.r = 4,j/ = 7 ; x = 7 ,j^ = 4 : -7,ji/= - 4x= - 4, - 7 - 


Exercise CLXXVIII. 

1 . Plot the graphs of the following. 

(i) xy^i. (2) xy = 4. (3) xy==i 6 . (4) ^17 = 32- 

(5) .r}'==i2. (6) 7y^-35. (7) -ry==36. (8) ri' = 4o. 


2. Solve the following equations graphically 
(I) A 


’5 I 

.rr = 36 j 


“(4) .r + r =7 \ 

'.r/=l2 j 


( 7 ) A'- 


(2) X-V = 3 \ 

xy—iS j 

(5) x^+y^ = 2 


■jj/2 = 20 1 
.rr = 8 J 

-2)'=io J (8) 16 1 

.rr==8o J .rj/ = 6 / 


(3) x‘'‘+y^ = 2S 

xy 


= 25 I 
'=12 J 

(6) .i'-y = 3 I 
\rj = 8 / 


(9) -r + y = 9 


+7 = 9 ) 

xj'= 16 J 


VII. HARDER GRAPHICAL PROBLEMS. 

477 . The following are typical examples with their solutions. 

Ex. 1 . One tap will fill a cistern in 4 hours, and a second 
will fill it in 6 hours. How long will they take to fill the cistern 
running together ? 

Measure time horizontally along OX as shown in the diagram, 
alidletOP(i in.) drawn vertically along OY denote the capacity 
of the cistern. 

Then OA is the graph of the first tap. 

, From C, the point where this meets the vertical 6 li^our line, 
lake CD = i in. upwards. 
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J’'ig. 27. 

Then OD is the g^raph of the work clone bv the two taps. 
Now, examining any ordinate QN, we see that QN is the po on 
of the cistern filled by the,two taps, running together, in time ON. 

Since BM = 0 P ; BM is the reqd. time = 2-4 hours. 

Ex. 2 . A workman is engaged for 28 days at AV.i. 43. pei 
day, but instead of receiving anything, is to pay 8^. a day on ad 
days upon which he was idle ; he receives altogether /\s'.26. 4a. ; 
for how many idle days did he pay ? 

Let OA represent 28 days and OB represent 35* rupees. 

Then OC is the graph of the money the man earns. 

Draw AD, OD being 14, the graph of his fines, from the point 
A, instead of from O. 

Now', examining any ordinate PQN, we see that 

PN represents the money he earns in ON days, 
md QN.amount of his fines in AN days : 

w“ 

Hence PQ represents the money he actually receives 
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PQ = EC = 26 i. 


Hence ON represents the no. of days he is at work, 
and AN the number of days he is absent. 

From the diagram, AN*5 days. 

Ex. 3 . A walks round a circular track one mile long in 20 
minutes, and B motors round it in 5 minutes in the opposite direction, 
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but starting from the same point. Draw graphs to shew when and 
where they meet, distances to be measured in A’s direction. 

Measure time horizontally along OX as shewn in the diagram, 
and OE vertically along OY to represent one mile. 



, Fig. 29. 

Then OC is A’s graph for one mile. 

Take E as B^s starting point; then EF is his graph for the first 
5 min. 

Then B is at the starting point. Hence we take LG as his 
graph for the next 5 min. 

Similarly, MH is his graph for the third 5 min. and NK is his 
graph for the fourth 5 min. 

The points P, Q, R, S, where these lines meet, give us the times 
reqd., which are 4, 8, 12, 16 minutes from the start. 

Also the distances are 352, 704, 1056, 1408 yds. from the start. 

Ex. 4 . A, B and C run a race of 180 yards.* A and C start 
from the same point and at the same time, and A covers the distance 
in 40 seconds, beating C by 30 yards. B, with 12 yards’ start, beats A 
by 6 seconds. Supposing the rates of running in each rase to be 
uniform, find graphically the relative positions of the runners when 
B passes the winning post. 

Measure time horizontally and distance vertically as shewn in the 
diagram. 

Take O the starting point for A and C ; then OE, representing 
12 yards, on the vertical axis, denotes B’s starting point. 
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A’s graph is drawn by joining O to the point F, which marks 
40 seconds. From this ppint measure a vertical distance of 30 yards 
downwards to D, Then since FD represents 30 yards, D is C’s 
position when A is at the winning post, and OD is C’s graph. 

Along the time-axis take a point P denoting 34 seconds ; then 
EP is B’s graph. 

Thrpugh P draw a vertical line to meet the graphs of A and C 
in Q and R respectively. Then Q and R mark the positions of A 
and C when B passes the winning post. 

By inspection PQ and PR denote 28 and 54 yards respectively. 

Thus B is 28 yards ahead of A and A is 54 yards ahead of C, 

£ix. 6. Cl A man walked a certain distance at the rate of 4 miles 
sin hour, without delay ran part of the way back at the rate of 6 miles 
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an hour for half-an-hour, then waited for 12 minutes, and wjilked the 
• remaining distance home in ^ hour. The whole jourriey took him 
25 hours. Find the distance. 

Measure time horizontally and distance vertically as shewn 
in the diagram. 



31. 

Now OA is the graph of 4 miles an hour, BG is the graph of 6, 
miles an hour (the distance run) and BE=i2 min. the waiting time. 

Take ED=J hour. Through D draw a vertical line to meet 
OA produced at C. Then CE is the graph of his walk at the end 
of the journey. 

> 

Hence the vertical distance of C from OX will give the 
required distance. 

Thus, from the diagram, distance reqd. = 5'2 miles 
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Exercise OLXXIX. 

1 . Two taps, A and B, fill a cistern in lo and 20 hours respec¬ 
tively. In what time will they fill it together ? 

2 . Two pipes together can fill a cistern in 8 min, and one of 
them alone in 24 min. How long would the other alone take ? 

3. A man can do a piece of work in 5 days, and a boy in 

10 days. What fraction of the work will they do working together 
for 2 days ? 

4 . A alone can do a piece of w'ork in it days, and B alone 
can do it in 17 days. How many complete days they would take 
to do it together ? 

5 . A cistern has three pipes A, B, and C ; A and B can fill it 
in 4 and 5 hours respectively and C can empty it in 2 hours. If 
these pipes are opened in order at noon, 1 o’clock, and 2 o’clock, 
find when the cistern will be empty. 

6 . A labourer is engaged for 30 days on condition that he 
receives 2J. 6 d. for each day he works, and loses u. for each day he 
is idle : he receives £2. ys. in all. How many days does he work, 
and how many days is he idle ? (c. E. 1869). 

7 . A travels at the rate of 7 miles an hour, and B at 2 miles 
an hour round a circular track one .mile long, .starting at the same 
time from the same point in the same direction. Find the first 
three times when A passes B. 

‘8. A man walked from A to B at the rate of 3 miles an* hour, 
bicycled back without delay for 2 miles at the rate of 8 miles an 
hour, and walked the remaining distance home at the rate of 2 
miles an hour, taking 4 hours over the journey. How far is it from 
A toB? 

9 . A walks at the rate of 2 miles an hour, B at the rate of 
3 miles an hour, round a circular track i mile long, starting from the 
same point, and at the same time in opposite directions. Find the 
times of their first four meetings. 

It 

10 . A man receives JRs.2 for every day that he works, but 
is fined 12a. for every day he is absent. After 25 days he receives 
Rs.zS. How many days was he absent ? 

11 . A man receives }2a. for every day that he works, 

but is fined 8 a. for every day he is absent. After 20 days he receives 
the same wages that he would have earned by working steadily for 

11 days. How many days was he absent from work? 
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12 . Two sums of money are put out at simple interest at 
different rates of interest. In the first case the amounts at the end 
of 6 and 15 years are Rs.260 and Rs.^so respectively. In ihe secorfd 
case the amounts for 5 and 20 years are /?j. 330 and Bs.4.20. Find 
graphically the year in which the principal with accrued interest 
will amount to the same in the two cases. Also from the graphs read 
off the vajue of each principal. 

13 - A can beat B by 20 yards in 120 and B can beat C by 
10 yards in 50. Supposing their rates of running to be uniform, 
find graphically how much start A can give C in 120 yards so as 
to run a dead heat with him. If A, B and C start together, where 
are A and C when B has run 80 yards } 

14 . A man walked a certain distance at the rate of 4 miles 
an hour, and then ran part of the way back at the rate of 6 miles 
an hour, walking the remaining distance home in 15 minutes. The 
whole journey took him i hour 20 min. How far did he run, and 
what is the distance ? 

ft* 

16 . A tap which would fill a cistern in 3 hours, and a plug 
which would empty it in 7 hours, are both opened at the same 
instant, when the cistern is empty. How long will they take to fill 
the cirtern ? 



CHAPTER XXIII. 


rUOGRESSIONS. 

I. ARITHMETICAL PROGRESSION. 

478. Quantities are said to be in Arithmetical Progression, 
when ihey proceed by a common dijference. 

TJius, each of the following series is in Arithmetical Progression. 
(A. J>) 

3 , 5 , 7 ,. 

4 -» • • 

a 4 - 2 ^, a 4 - 3 ^,. 

the commoti differences being 2, —4, //, respectively. 

479. The common difference of the terms of an arithmetical 
progression is found by subfracting any term of the scries from that 
which follows it. \ * 

Thus, in'the series a, a + d., a4-2rf, <24-3//,. 

the common difference = (a 4 -^)-«='«4-2df)-(a 4 -<'/)=. =d 

480. To find the «th term of an A. P. 

Let <2= 1st term, and d= common difference. 

Then the series will be a, ^2 4*2^, « 4 - 3 </,. 

where the coefficient of d in any term is just less by one than the 
number of the term o|,J^series. 

Thus, the 5ti!i t^m=<2 4 - 4 </; 

19th term = a 4 ’ iSd ; 

30th -term —a + 2gd ; 

and generally, the^th term=<2 4-(/- i)d. 

Hence, if n be the number of terms, and if I denote the last or 
jfth term, we have 

> l = a + (n^i)d. 

Ex. 1 . Find the 10th term of the seri« ij 5, 9,. 

t Here tf=i,//=5--i=4, «=sio. 

loth term = i 4 -(io- i) X4= 14*9 X4=37. 
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Ex. 2 . Find the 13th term of the series —48, -44, -40,. 

c 

Here «= —48, d= -44-(-48)=*4, «==i3. 

/, 13th term= -48 + (i 3 - i) X4= -48 + 12 X4—0. 

Ex. 3. Which term is 897 of the A. P. 10, ii]-, 13,.? 

Let 897 be the ^th term of the series ; 
then, since the common difference = 1J J- - 10 = 

/. 89^=TO + (/>-i)xii ; 159 = 3 (/-O; 

- 1 = 53 , and .'./i= 54 . 

Hence the required term is the 54th term. 

Ex. 4 . Is 576 a term of the scries ir, 17, 23,...? 

Here, the common difference = 17 — 11=6, 

Suppose, if possible, that 576 is the ^th term of the series. 

57f>= Ji+(/-i)x6; 

- and ^ = 94i + i = 9Si. 

The value of p being fractional, is inadmissible. 

Hence 576 is not a term of the given series. 

481 . Again, beginning at the end of the series, we may write 
down the terms by successively subtracting d. 

Thus, if the last term is /, the term before it is /—<^5 the one 
before that is l—id^ the one before that is I—"id-, and so oil. 

482 . An Arithmetical Progression may completely be deter¬ 
mined if any two of its terms aie given, for then we shall have 
two equations, each of the first degree, which solved will give the 
first term and the common difference. 

Ex. The 9th and 35th terms of an .< 4 . P. are respectively } and 
39:}^ ; find the series and write down the 24th term. 

Let a = first term and common difference. 

Then the 9th term = a + 8/fand the 35th term=a + 34<il 

Hence a-\-^d=\ and <'2 + 34^f=39i, so that «= - ii|, d=k> 

Thus the series is—114, — lo^, - 83 , —74. 

Also the 24th tenn = a+23«if= - ii| + 23xf= — 111+34^ = 224. 
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Exercise CLXXX. K 

1 . Find the 

(i) sth and 31st term in the series 13, 10, 7,... 

(jzf 13th and 20th term in the series —3,-2, — i,... 

(3) 9th and I 02 hd term in the series i, ——2,... 

(4) i6th and sist term in the series —ii, 4, 19,... 

(5) 13th and 50th term in the series — 3^,-2|, —2,... . 

(6) '40th and 90th term in the series —2*8, o, 2*8,... 


2 , Find the last term in the following series 
(i) 16, 15^, 15I,. .;to 80 terms. (2) 13^, 9, 4^...to 15 terms. 
' (3) II, 17, 23,...to 95 terms. (4) 2<ai, 3a,...to 25 terms. 

(5) 6a —^a — 2dt 2 a —b, .to 25 terms. 

(6) $a + ^bf 2*^ + 2 by a+ .to ii terms. 


8 . Find the «th term in each of the following series :— 

(0 9 +-V- + 7 ff+. (C. F. A. 1884 ). 

, . I . « +1 2 n+1 , oo£N 

'.^( 2 ) ;; + —r- + +. (c. F. A. 1886 ). 

n ft ft 

, (3) {na -f,ft) ^{n-i)a-\-{{n-2)a + b)+ . 

n ft ft 





... 4 . Find the 

(r) 30th and «th term of the series — 27 — 20 — 13 —. 

• «——2.« — 3 

^ (2) «th and (2« — i)th term of the series --h-+ 

' * ' ' ft n ft 


,« 5 . 4 Which terni of the series *6, i*2;'-i*8,.is 7*2 ? ^ 

6. Which term of the series 3!^, i, — ly,.is —2i|? 

Is 544 a term of the series 64, 96, 128,. 

8. ‘ Is — 389 a term of the series 9, 5, i,. 

f 9 * If the «th term of the two series 2 + 3 | 4 ‘ 5 | +.and 

187Hr 184^ +18 1| +.are the same, find ft. 













10 The 18th |prm of an A P. of which i is the fust term is 35 ; 
hnd Its 50th term. 

IP ^ • 

11 . The first/«-erm of an A. P is 3 and the 13th term 55 ; find 
the common diffe^ ence. 

12 . The fir^t term of an A P. is 17 and the looth teira-16; 
find the 30th terOT- 

The 2ad and 3is>t terms of an A P. are 7^ and ^ respec¬ 
tively , find the/59th term 

14 Find* fhe first teim and the common diflerence of an A. P, 
whose 7th and h7th terms are i and- 61 ^ 

16 The i(2th, 85th and last term of an A P are 38, 257 and 
395 respectively* Fnd the first term and the number of terms 


483 SuuciL of the Series To find the sum of a given 
nu7nber of terms m Anthfnetical Progression^ the first term and 
the common dtfi^rence beintrgiven 

Let a denott* the fii t tei m, d the common difference, and n 
the number of >,erms Also let / denote the last term and S the 
required sum. , 1 hen 

.S = +rt?) •+•(<'* + 2 ^) +. . +(/— 2/f}+ (/—<#) +/ 


4 


Again, wr ting the senes in the ic\erse older, we havA 


.S + (/—2</) + .. + (<^ + 24/)4-(a — 

'^ow, adding together {ly and (2), we have * 


3J) = (d! + /) + («-l-/) + («+/)Hh...to n terms 


=a«(rt +/) 

...(I) 

Also/e=a+(«-i)<f.(2) ^ 

.% ^N2a+(w-i)€f}.(3) 


Note* To find the sum of an A. P oi a. given numlicr of terms, 
formula (l) should be used when the first and last terms are given, but I3) 
should be used when the first term and common difference are given* 

Sx 1 Find the sum of 20 terms of the series 14, 64, 114, 


Here, a«i4, ^«64-i4»5o, n=»2o. 

/, X144'i9^5o)«»iox:978»te978o. 
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Ex. 2 . Find the 9th terra and the sur 




Here, a=7, «/a=5^ — 7= — ^ *•= 



j^terms of 7, 5i, 4,... 


/. /=7+(9-05< “|«7-8xf = 7-i2=a*%5. 
and .9=(7-5 )x3-«2X J = 9. ’ 


1 1 

> S > 'b» • • 


Ex. 3 . Find the sum of 7 terms of the? series 

Here, a=-J, --/t, « = 7- \ 

/. 6''=i(2X^+6x-.V)=i(r^i) = ixo=o. j 

* i 'V 

In this case, the series, continued, is t, o,— i, —5 
, where the first 7 terms together amount W) ■/.( 


zero. 



Exerciso OLXXXI. 

1 . Find the last term and sum of the folIo\n.ij, o,v,, . 

4 ( 

(J) 2, 5, 8,.to 10 terms. (2) 3, 9, 15,.‘.to 13 terms. 

' (3) 7» 3,.to 24 terms. (4) 4, - 3, - 10,to 20 terms. 

f 

.(5) L 2 ,.to T2 terms. ( 6 ) 5, b, ii.'.to 17 terms. 

j 

' (7) h 4"-5> -nj.to 6 terms. (8) 5 , ,.....to n terms. 

^(9) 40j 38, 36,.to 36 terms.^(io) 4, i,.';.,to 100 terms 

the sum of the following series ;— 

.to 16 terms. (2) 1, 3, 5,.to 20 terms. 

- V • • -to 11 terms. (4) i, 8, 15,.to ibo Ui.-ms 

.<^21 terms. yCfi'i -V, ■■ -to 13 terms. 

i»..*to 8 terms, (8) i, t» tj .to 15 terms'- 

9)V4, — io,.....-to 10 terms, (to) ?, i, .to 10 terms. 

2|, 44,.to 20 terms. (12) twj “t^j .to 10terms. 

(13) 12, 9t, 7, .to 35 terms. ^(14) -17, -12, -7,...to ii terms. 

^(15) tV» .to 8 terms and 3« terms. f 

3rt, 5a,.to « terms. (17) 24, sW* 43). to « terms. 

"(iB) \{.^b-a) .to 19 terms. 

(19) a — ‘^b^ 2a~sb, 3<«-7^,.to 40 terms and n terms. 

*(20) 3jr+4jK, 5.JP + 2_y, jx^ .to n terms and (2« + i) terms 

<21) 17I, 14^, 10 ^,.to 24 terms. (B. P. E. .1883). 

^(aa) - , ^ ..to 20 terms. 





























ARITHMET 


^23) + f(i-^)* +.to n tetms 

^ {c i A 1880 , P I F i8qi) 

(24) 3 + 4 + 8+9 + 13+14 + 18 + 19+ ..to2otenns (c i 'x 1881; 

(25) , 3«-^j 5«-l, to » terms 

fy 71 7 t 

3 ^lnd the sum of n terms of the A P whose 

(1) 1st and Tooth terms aie 17 and — respective!)' 

(2) 12th and 50th terms aie 5 and 9+ respectnelv 

4 The 8th term of an A P is double the 13 term , prove that 
the 4th leim is double the nth term 

5 If there aie 6 terms in an A P , the sum of the fiist and last 
IS equal to the sum of the 31 d and ;th (i’ i l 1893) 


484 llv means of the equations ^.ivtn in 4 rt 483, when an) 
ihiee of the quantities #7, </, /, s iic t,ivt,n, w* ma) find the otheis 

Ex 1 Whit numbti of teims of the seffts 10, 8, 6, .. must be 
taken to make 30 ind wh it number to make 28 ’ 

(1) s-=30, «=io, d=-2 


30 = ^120-2(«- i)b from (3) 

= «(i 1 — «) , n^— 1IW+ p—o 

B\ sohinft this quadr itic, we shall obtain ^ 

which satisfies the (juestion, since the siAth term of ^0 

(11) 5 = 28, a=fo, — 2 

/. 28 = ”{2o-2(?/-i)b from (3) 

= «(ll—«), «*~II« + 28 ~ 0 . 




Now, from the abo\e quadratic, we obtain or 7, either of 
which satisfies the question, since the 5th, 6th, and 7tlf terms of the 
series, 2, o, -2 together 5=-7ero 


ff. Ex 2 How many terms of the series 3, 5, 7,.make up ^4 ? 

4 Here, J!=24, «=3,7f»*2 

.V 24s»” 46+2(«-l))«»C« + 2) ; /, «® + 2 «- 24 =sO 

2 

Solving this quadratic, we shall obtain «=4 or -6, of which the 
first only is admiss:ible by the conditions of the question 
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Ex 3 The sum of lo terms of an A P, whose first term s 3, 
IS 41 ] find the common difference 

Here, r=4i^,so that the equation (3) of Art 480 gives 

4ii = \{6+9<f) or45ef«iii, /, 

Ex 4 The first term of a senes in A P is 3, the last term 90 and 
the sum 1395 find the number of terms, -ind the common difference 

If « be the number of teims, then from ( we have 

1395 = ”(3+90) , whence ^=30 

If dhe the common diffeience, then we have 
= the 30th teim 
-3 + 29^/ 


Exercise OLXXXII. > 

1 The fiist term ot t. s in A P is 1 and the colh 

mon difference 2 , find the sun teims 


first term of in netic series is 2, the common 
^,^d the last term 79 n 1 the number of terms 

15 terms of an arithmetic series is 600 and the 
4t£feret)Cie is 5 , find the fiist term 

first terftn of an A P is i3t 1 the common difference 
teim 4 , find the numlier of terms 


Jk li terms of an A P la 14^, and the common 

li I, fiffd the first term 

many terras of the series 13, 12^, iif,.must 

zero 

sum of a certain number of teims of the series—7 —5^ 
• IS 133 ! find the numbeiLof terms 


fik Hotw maim terms of the series 7, 6, 5,. ...must betaken 
to ntaise-H24'8?^N^ 

Find ft m each of the following cases — 

(l) J=*-2Q75 (2) a*3. <i?=6, j-507. 

(3) €tm I, d=> ^=»94i (4) «’“2, d*^-^7, jw-438. 

How many terms of 12+24+36+fie amount to 163 2 1 ^ 

The first term m an A P is i, the number of terms is 33 ^j 
what must the cooimon difference be. m ofdec thtt the sum may 
be I 49 i ? (C F A 1864). 




13 . How many terms of the ser?es 5 + 7 + 9 + &C., must be taken 

ip order that the sum may be 480? (P. 1. E. 1889). , 

13 - The Sth term of an A. P. is-5, and the nth term-23; 
jfiind the 30th term and the sum of 30 terms. 

14 . The nth term of an A. P. is 36 and the 20th term 27; 
find the first term and the sum of 25 terms. 

15 . The sum 01 the Sth and 4th terms of an A. P. is 24 and the 
sum of the 15th and 19th is 68. What is the series ? 

1 6. The sum of 24 terms of an A. P. is - 18 and the 7th term 
is 2. Find the series and the sum to 48 terms. 

17 . ''Find the last term in the series 201, 204, >07,..., when the 
sum is 8217. 

^*^ 18 . If the sum of n terms of an A. P. be and the common 
difference 2, find thcsitirst term, \ 


486 . The following are ty» i examples with their solutions. 

Ex. 1 . Find the A.P. which is such that the sum of «terms is 
|i]vvays t) for all values of «• — 

ist Meihod. Putting «= i, the sum of one term, ?>., Jstterm=a2. 

- - ^ ' V 

I’utting w = 2, the sum of two terms= 1 X2(3,2+i)=«7^ rW*,' the 
1st term + the 2nd term = 7, i.e. * ■ '*** 

the 2nd term = 7-the 1st term = 7 —2=5. 


The A.P. is thus 2, 5, 8,.... 

Note. This method is open to objection, for it is based on the asswmp* 
tion that a .series must be in A.P., which may not sometimes happen. 





2nd Method. Let 6"^ denote the sum to r terms of the series, 
that .S',.., will denote the sum to (r-1) terms.* Then 

r 

the ^-th term = 6',. - 5 ,..,. 

Now + and i’r-1 i)®+ 1 )- 


/. 5, - .SV., = J{^2 - (r - I)S}+- I)} 

= f(2r-l)+^x=3r-I. 

Then makiiig i, 2, 3, &c. the result follows. 


.<'■ . Ex. 2 . In an A.P. shew that the sum of any two terms equi- 
^i^ant from the beginning and end is constant. 

M.A.—35 
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Let iJ5=*the first term, ^^=the common difference and /=the 
Ifist term, so that the rlh term from the end = /—(/'— i) d. Art. 481. 

Also the rth term from the beginning = « + (?' — \ )d. 

ffencc the sum of the rth term from the beginning and the 
rth term from the end 

= a-\r{r— i)d-\-l-{r— \ )d 

— which is constant, being independent of r. 

£Xi 3 . P ind the mic Idl e term or terms of a sejies in /l.P, of n 
terms, whose first and last terms arc a and I respectively. 

First. Let ?7 be odd. and of the form 2/+1. 

Then, obviously, there will be one middle term, vi::. the + 
there being / terms before, and / terms after it. 

Now 2/4-1 =« ; i) and r = ■,in+ 1). 

Hence the middle term or the ^(«-hi)th term 

- l jd=<r+ ---- d=l{2n+(n - \)d} = + 

(where d is the common difference). 


Secondly. Let n be even, and of the form 2p. 

Then obviously, there will be two middle terms, v\z. the ;^th 
and the (/+i)th, there being p—i terms before and/~i terms 
after them. 


are a 


Now, 2p — n ; .*, / = \n and p-V\ = }(« + 2). 

Hence the two middle terms, /.c., the /th and (/+I'th terms 
+ and a-\- ^respectively, 

(where d is the common difference), 

t.e. \{2a + {n — 2)d) and \{2(i + nd) respectively, 

i *• na *(« —2)/ , (n -~2)a + nl I. , / ~a\ 

t.e* - r — and -- , j {tord= -) 

2(«—i) \ n~if 


Not©- The sum of the two middle terms 
= \{/^a+{2n — 2)tl)^.2a + {n-i)d=a + l. 


Ex- 4 . In the two series 2, 5, 8, &c., and 3, 7, ii, &c., each 
continued to 100 terms, find how many terms are identical. 
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Let the fth term of the first series be identical with the /th 
term of the second series. 

Then, by question, 2 + (r - t) X3 = 3 + (;5 — i) x 4. 

/. or 3r=4/J ; /. r=p + ip. 

Let g^==7«, tb^^=3w and /, r^^m. 

Now, since r and p must each be a positive integer not greater 
than TOO, therefore m must not be greater than 25. 

Hence 25 terms are Identical. 

•. . ■ . - • ' ' 

Ex. 6. If the sum of n terms of one A.l\ be to the sum of 
n terms of anotlier as i + 2n : 5 4-3/^, find the ratio of their 4th terms. 

Let ^^ = first term and ^ = com. diflf. of the ist A.P. 

and ~ . and /> =.2nd. 


Then 


]ni2,i+(u - 1 Vd 

IMVA 


2(1 + (// — I 

2 A + {?i - i )B 


I +2n 

5 +. 3 « 


.(0 


Now,to obtain the ratio of the 4th terms, we must find the 

. r + ■ i- 2«'t + 6d 

, .4 +37-'2^ +6fl- 


d'herefore, making -v —7 in (i), we have 




2(i + 6 fi « + 3<^ I+ 14 

2A+()B^^'^ /2+3A’‘ 5 + 2r 


15 

26" 


Ex. 6. Find the sum of the series in the «th group of 
4 + (6 + 8 ) + (to + 12 + I4j + (i6 + 18 + 20 + 22) +. 

The no. of terms of the series 4,6,8, 10,...in the first (n—i) 
groups is evidently the sum of the series 1 +2 + 3 + ...to i) terms 
= f). Similarly, the no. of terms of the above scries in the 

first n groups = \ft{n + 1). • 

Now, the sum of the series 4, 6, 8, 10...to },n(n+i) terms 

= +1)[2 X 4 + {.^»(« + i) - i} X 2]= -\n^(n + I)® + }n(n*+ 1). 

Similarly, the sum to i) terms 

— i)®+ t), (writing « - i for «), 

Hence the sum of the series in the nth group 
« ln^(n +1)* - (/? - I )*l + !«{(« +1) - (« - I)} 

= X 4« +X 2 = «(«•* + 3). 
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TXBxercise CLXXXIII. 

y 

1 . If the first term of an arithmetic series be=i, and the 
common difiference = /«,' the sum of n terms of the series is 

2 . Prove that the sum of the rth and (» —^)th terms of an 
A. P‘ is equal to the sum of the first and (»- i)th terms. 

. 3 . If the sum of ft terms of an A. P. is always equal to 
for all values of find the first term and the common difiference. 

4 . 'I’he sum of the latter half of in teims of any Arithmetical 
series = one-third of the sum of yt terms of the same series. 
Prove it. (c. F. a 1876). 

5 . The sum of n terms of an A. P. is ifP‘ ; find the first term 
and the common difference, (c. f a. 1878). 

6 . If the sum of tt terms of an A. P. be for all values 

of fly prove that its «th term is always (2W— \ yp-\-q. 

7 . The sum of terms of two series in A. P. are as i+3«: 
17 — 2« ; compare their fifth terms and their rth terms. 

8. If the With term of an A. P. lie n and the wth term fit ; of 
how many terms is the sum i(wi + w)(wi+w—i) and what is the 
last term ? 

9. The ^th term of an A. P. is a and the ^ih term is b. Show 
that the sum of the first [p + g) terms is 

(m. r. A. 1887). 

10 . If the sum of the first n terms of an A. P. be one-third of 
the sum of the next n terms, prove that the common difference is 
double of the first term. 

11 . If the and ip-\-q)\h. terms of an A. P. be m and 

n respectively, find the^th and (7th terms. 

iZ. The sum of the firit ten terms of an A. P. is to the sum 
of the first five terms as 13; 4 ; find the ratio of the’first term to 
the common difference. 

13 . The surn of n terms of one A. P. is to the sum of « terms 
'{ another as 2«-|- 1 : 3w - i ; find the ratio of their 9th terms. 

- 14 . If the sum of h terms of an .< 4 . P. be tV«( 5 - 3«), find the 
7th term. 
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16 . The sum of w terms of an A. P. is and the .sum’ of n 
terms is m. Find the sum of (w+w) terms and also the sum pf 
(w-») terms. 




6. Sum to n terms the series whose ^'th term is 5 a'+4. 


3 « + 


17 . ‘ The sums of n terms of two arithmetic series 
I : 5«-3 ; shew that their ninth terms are the same. 




“t 

are ^’as 




8. Find the sum of n terms of an A. /*., of which 121 is the 
Tddle term. ' 


' 19 . Find the first term and common difference of an A. P. in 
hich llie sum of n terms is equal to \rfi‘ + ^n. 

20 . Find the sum of the series in the nth group of 


(1) 2+ (7 +12)+ (17 + 22+ 27)+ (32+ 37+ 42+ 47) +. 

(2) 1 f(8+i5) + (22 + 29 + 36) + (43 + 5o + 57+64) +. 

(3) (i+3) + (5+7 + 9 + ”) + (i3 + *5 + i7 + 19 + 2I+23) +. 

21 . 'I’he series 3 + 9+ 15 + ...and 2 + 7 + 12 + ...extend each to 50 
terms ; find how many terms are the same in both. 

22 . ' The series 3 + 8 +13 + ...and 4+ 6 + 8 +.extend each to 

100 terms ; find how many terms are the same in both. 


• 23 . Find the sum of 15 terms of an A.P. of which the 8th is 6. 


24 . The sum of the first and fourth terms of an A.P. is 19 and 
the sum of the third and sixth terms is 31. Wha^t is the first term ? 


25 'Fhe first and last of (2« +1) terms of an A.P. are a and A. 

« 

Write down the sum and the middle term of the series. 

26 . Find the rth term of a series the sum of whose first n terms 
is 32«“ for all values of n. 


27. If /’j K be the 7>th, qth, rth terms of an A.P.^ shew that 
{q-~r)P + {r-p)(2 + {p-q)R=o, '• 

^ 28 . Find the sum of the first n numbers of the form 3^+1, 

29. 'Fhe first two terms of an A.P. are 1] and 2^. How 
many terms must be taken that the sum may be 171 ? 

30 . If s be the sum of an Arithmetic series whose first term 
is a, and common difference is 2a, find the number of tei ms and 
the last term. 
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466. -Arithmetic Means When three quantities are in 
Arithmetical Progression, the middle one is called the Arithmotie 
Mean of the other two. 

Thus, if u, X, b are in A.P.^ x is called the Arithmetic Mean 
{A. M.) between a and b. 

By definition of A.I\ given in Art. 479, we have 

x — a = b-x; /, 2X~a + b and /. x=l{a + b). 

'i'hus, the Arithmetic Mean of any two qiumtitics is half their 

sum, 

487 . When any number of quantities are in arithmetical pro¬ 
gression, all the intermediate terms are called the Arithmetic 

* Means between the fiist and last terms. 

Thus, to insert any number of ai'ithmctic means between two 
given quantities, is the same as to determine an A.l\ whose first and 
last terms and also the number of terms are given. 

488 . To insert n arithmetic means between two quantities a 
and b. 

Let dhe the common difference of the required A.P. 

Here, we have to find an A. 7 ^. of (n + 2) terms, of which a is the 
first, b is the last, so that b is the («-f 2)th term of the A.P. 

r^tiw, the («-l-2)Lh term of a series, whose first term is a and 
whose common difference is rf, is 

« + (i'/ + 2 — i)rf, + i)rf. (Art. 480) 

f, a-ir{n-\-i)d—by ox {n-\-\)d—b — a \ 


I'he means may now be easily determined ; for they are 

2rf, a + ^d, . a + nd. 

The /)th mean =a +pb = a+pl ^ +T' ~ * 

Thu'-S, on calculation, the means will be found to be 


na + b {n— i) a-t-2b (n~2)a + ^b a + nb 

n + i ’ n + i ’ n + i ’. n+i 


/ Ex. 1 . Insert 3 arithmetic means betw'een 6 and 26. 

Here, we have to find'three numbers between 6 and 26, so that 
the five may be in A.P. This case then reduces itself to finding dy 
when a=6, b= 26 and n— 5. 
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We have 26*»6 + 4rf; whence ^/=5. 
Thus the means required are ii, 16, 21. 


Ex. 2 - Find the number of Arithmetic means between 1 and 
19, when the first mean is to the last as i to 4. 

Let n be the number of means, and ^f=lhe com. difference. 

Then the ist mean = n-^/ and the last mean= 19— r/. 

Hence, by the question, 

\^d \ .4; 4 + 4<f= 19-rf= 3 . 

T, , T iB .18 , . 

But - --3, and ., «= 5. 

n + i /i + j «+ 1 ^ 


Exercise CLXXXIV. 

1 Write down the arithmetic mean of 

(i) 7 and 13. (2) 9 and -9. (3) x+j/ and x-j/. 

/ 2 . Insert 4 arithmetic means between 2 and 17. 

3 . Insert 9 A.M’s between 3 and 9 and 7 between — 13 and 3. 

' 4. Insert 4 A.M.’s between 2 and - 18. and 8 between — 3 and - 4. 

5. Insert 10 arithmetic means between —7 and 114. 

6- Insert 9 A.M’s between (i) —2^ and 4-4, and (ii) -3'^ and 2!'. 

7. Find 4 arithmetic means between 4 and 324. (c. F. A. 1890). 

8 Insert 10 arithmetic means between 5^ — 6^ and 5/'-6(2. 

9. Find the sum of n arithmetic means inserted between 
a and b. 

' 10 . There arc n Arithmetic means between 3 and 17 ; and the 
5th mean : last mean :: i : 2 ; find n. 


v 

•^ 489 . Natural Numbers. The numbers 1, 2, 3, 4,...a];e called 
the natural numbers. 

Ex. 1 . h'ind the sum of 1+2 + 3+44-.to n terms. 

Here, the wth term=«. Hence s=l-n{n + l). (Art. 483). 

*■ -.r '.PW' 

, Ex. 2 . Find the sum of 1+3+ 5+ 7 +.to « terms. 

/ Here, the «th term~i+(«- i)x2 = 2» —i. 
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. Hence,'+2«-i) = ^« X2«=w.*. 

/• Thus, the sum of n consecutive odd numbers beginnin^r with 
"unity is 

Ex. 3 . Find the sum of all the even numbers which are greater 
than 150 and less th.an 350. 

The first even number greater than 150 is 152 and the last less 
than 350 is 348, of which common difference is 2. 

If « be the no. of terms, we have 

348= i52 + («—i) X 2, which solved gives n — ()(). 

Hence, j = j x 99 x (152+ 348) = .V x 99 x 500 = 24750. 


Exercise CLXXXV. 


' 1 . Find the sum of the first 40 odd numbers w'hich are greater 

than 150. 

- 2 . Find the sum of all the «)dd numbers between 100 and 200. 

•' 3 . Find the sum of all the even numbers which are betvveen loi 
and 999. 

4 . Shew that, if iihity be added to the sum of any number of 
terms of the series ^ 16, 24, &c., the result will be the square of an 
odd number. 


5 . Find the sum of all the numbers between 100 and 500 which 
are divisible by 3. 

6. Find the ^um of all the numbers between 100 and 1000 
which are divisible by 7. 

' 7 . If b, r, d are in A.P., shew that a + d'=b+c. 

8. If b, c are in A.P.^ prove that a“(d + r), b\cArct) and 
(?{a-\-b') are in A.P. 


/ 9. If <2®, b^ and c~ be in A.P.. prove that 

■ , ’ ^ b-\-c ’ c^a b 

are in A.P. 

10 . If the roots of the equation — a):r+(a —^)=o are 

equal, prove that and c are in A.P. 


i/' 490 . To find the sum of the squares cf the first n natural 
rmmiers. 
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* Let S be the required sum, so that we have 
6 '= 13 + 22 + 3 *'^+.+«®. 

We have - (;r - i )^ = 3;ir''® - 3^; + i ; {ideniically). 

Putting M, «—I, ;z-2, .3, 2, I for ,r in the above identity, 

we have 


«=-(w- i)^’ = 3//2 -3« + 1 , 

(«-i)^-(;;-2)» = 3(w- i) 2_3(«_ i) + ij 

(« - if -{ n - 3)8 = 3(;z - 2)2 - 3(« - 2) +1, 


28- l 3 
and 18 — 08 

Also there are n 


__ -,3 

— J'J 



— 3*3 
- 3*2 
- 3-1 


of these equations. 


+ 1, 

+ U 
+ L 


Adding together the vertical columns, we obtain 

«8-o8 = 3(i2h.22 + 3“+ .+«') 

-3(1 +3 +3 +.+w) + «x r, 


i.e. «8 = 3.S‘'-3x 


n[n + i) 


f« ; (Art. 489. Ex. 


1 


•/ 


_!_!- \ — ft ss ^ . 

2 2 

_ ^(^^^ + 3^^+ I) «(/Z+l)(2?z4-l) 
2 ~ 2 

Hence = 

o 


V ' 491 . To find the sum of the cubes of the first n natural 
^Ttutnbers. 

' Let 5 denote the required sum, so that we have 
.S’=i8 + 28 + 38 +.+«8. 

We have - (.r - i )^= 4.r8 - 6.r'‘' + 4jr - i , (zden/icai/f). 

• Putting «, «-I, «-2,...3, 2, I for x in the above identity, we 
have 

i)**=4«8 -On''^- +4n -1, 

(n- i)<-(«~ 2 )*=* 4 f«- i)8-6(«- i)"^-f 4(«- i)- I, 

{« ~ 2)* - (« - 3)*=4(« - 2)8 - 6(« - 2)® + 4(?? - 2) - I, 


34-2* 

= 4-3“ 

-6.3a 

+ 4-3 

“I, 

2*- I* 

=4.2® 

- 6.2*'* 

+ 4-2 

“I, 

i*~o* 

= 4-i* 

-6.i« 

+ 4-1 

— I. 
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/ i\lso tb'ere arc n of these equations. 

Adding together the vertical columns, we obtain 

—o*=4(1^ 4-2^ + 3**—6(1 “ + 2"+ 3“ +... 4 -w^) 
+ 4(1 +2+ 3+ ...+«)-« X I, 


i.e. ;/* = 4.,S’ —6x 


n\u H- \ y 27 Z + 1) 

' 6 ^ 


fi{n + 1 ) 

■qx - -- -n, 


(Arts. 490 and 489 Ex. i) 
== 4.V — w(/? 4 -1 )(2// + 1) + 2n{n + I) — « ; 

/, 4.V= + fiin + IX2// f J) - 2;/(;/ +1) 

= n{n' -^r i) + w(/A+ I j{\ 2 «+ i) — 2 l 
= «(w+0{(«‘-^-w + ]} + (2w~ i)J 
= n{n+ I)(«“ 4-/7) = «“(«+ 1)’^. 


Hence 

Cor. Thus we see that 


n + \) 
2 



i’4-2®4-3^4-... 4-7i^= =(i 4 - 24 - 3 - 1 -...4-w)‘‘^. 

i. e. The sum of fhc cubes of Ihe first n natu7'al number: is 
equal to the square of the suj/i of these first n natu? al numbers. 


492 . Problems. The methods employed in solving the 
following examples deserve special notice. 

Ex. 1 . 'fhe sum of three numbers in A. P. is 21, and the 
sum of their squares is 179 ; find them. 

Let the middle number be x and the common difference of the 
numbers be 9/, so that they are x—y., .v and x+y (this being a con¬ 
venient assumption in problems of this kind). 

Then, we have {x—y)+x + {x+y) or 3;r = 2r.(i) "i 

and (.V --yf+x‘^ {x +yf or 3:1:^ 4- 2 y^ = 179.. .(2) J 

h’rom (i) .r = 7 and 2^= 179-3^^= 179-147 = 32 ; .V=±4- 

Hence the reqd. numbers are 3, 7, and ii. 

Ex. 2 . Find five numbers in A. P. whose sum is 15 and the 
sum of whose squares is 55. 

« 

Let X be the middle number and y the common difference, so 
that the numbers are .*■ —2jr, x—y^ jr, x+y and x + 2y. 
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We have then — 2j') + (.r —j') + -v + (a* +jy) + (a + 2^’) == t ^ ...( i ) ^ 

an cl (.V [x -yf- + + {x +y)^ + (a + 2j')“ = 55 . . .(2) .J 

From (1), 5v=i5 and /. a = 3. 

From (2) 5.1^+ioy“= 55, or y-+ 27-= 11. 

/. 2/=ii-A“=ii-9 = 2 ; y=±i. 

Hence the reqcl. numbers are 1, 2, 3, 4, and 5. 

Bx. 3 . A man stands by a heaiJ of 100 stones. How far must 
he walk, carryinj^ one stone at a time to place the stones separate¬ 
ly, at intervals of 10 yards apart, in a stiaight line having one 
end where the heap is ? 

To carry the ist stone, the man shall have to walk 20 yds. 

.2nd.,.40 yds. 

.3rd. ...,.6o)ds. 

and so on, till he carries the 99th stone, for one stone should 
remain at the place where the heap is. 

Thus, we have to sum the series 

It 

20-1-40 + 60-1-.. to 99 terms. 

V Hence, distance travelled on the whole 

= -V{2 X 20 + 98 X 20}yds. = (-V X 20oo)yds. = c^qooo yds. 


Bxercise CLXXXVI. 

1 . How many strokes a-day do the astronomical clocks make, 
which strike from one to twenty-four? 

2 . How many strokes does a common clock make in 12 hours ? 
and how many, if it strikes also the half-hours 

3. Find the three numbers in A. /’., whose Sum shall be 21, 
and the sum of the first and second = J that of the second and third. 

4 . There are three numbers in A. whose sum is' 10, and 
the product of the second and third is 33} ; find them. 

5 . Find three numbers in A. P. whose sum is 21, and the sum 
of whose squares is 155. 

6 - Find three numbers in A. P. whose common difference is 
I, such that the product of the second and third exceeds that of the 
first and second by 
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7 . Find five numbers in A, P. whose sum is 40, and the sum 

of whose cubes is 4720. < 

« 

8. Find five numbers in A. P. whose sum is 40 and the sum 
of whose squares is 410. 

9 . Find three numbers in A. P. whose sum is 21 and whose 
product is 315. 

10 . A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the third, ; required the last 
payment and the amount of the debt. 

11 . Divide 25 into five parts which are in A.P.^ and which are 
such that the sum of the squares of the least :ind greatest of them, 
is one less than the sum of the squares of the other three. 

12 . A number of three digits is equal to 26 times the sum of 
the digits and the digits are in A.P ; if 396 be atlded to the number, 
the digits are reversed : find the number. 

13 . One hundred stones being placed on the ground at the 
distance of a yard from one another, how far will a person travel, 
who shall bring them, t)ne by one, to a basket, placed at the distance 
of a yard from the first stone ? 

v-U. A class consists of a number of boys whose ages are in 
/I./’., the common difference being four months. If the youngest 
boy is just eight years old, and the sum of the ages is 168 years, 
find the number of boys in the class. (C. F. A. 1872). 

15 . A sets out from a place and travels 2^ miles - an hour. 
B-sets out 3 hours after A, and travels in the same direction, 3 miles 
the first hour, 3^ miles the second, 4 miles the third, and so on. 
In how many hours will B overtake A ? 

16 . A man saves each year A’j.io more than he saved in the 
preceding year and he saves Rs.\ 7 .o in the first year ; in how many 
years will his savings, not including interest, be more than A.y.1000? 

17. The sum of three numbers in A.P. is 18. The sum of the 
squares of the first and third exceeds twice the square of the middle* 
one \iy 32. Find the numbers, 

■ 18 . A person is employed to count A’j. 12000. He counts at the 
rate of A.v.i5o per minute for an hour, at the end of which time he 
begins to count at the rate of Rs.2 less every minute than he did 
the previous minute Find when he will finish his task, and explain 
the fact that two solutions occur. (M. f. a. 1886). 
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II. GEOMETaiCA.Ii PROGRESSION. . * 

I 

493 . Quantities are said to be in Geometrical Progression* 
when they proceed by a constatitfactor. 

Th\is, each of the followini^ series is in Geometrical Progress¬ 
ion {G. P.) :— 

I, 3 , 9 , 27 ,.-. 

4? ‘ ) -1 » I f'.) • * ■ 

_ 1 • _ ’ ‘ 

.(1 V >) 1 5 ".I 7 • • 

rt, ar, ttr^, ... 

the constant factors bein” 3, -j, - J, r, respectively. 

494 . 'I'hc coiVit.'int factor is called the common ratio of the 
series, which may he found bv tiividin}^ any term of ike series by the 
term f receding. 

Thur>, in the series a, ar^ af^^ ar^.^... 

. . ar ar~ ar"^ 

the coirinion ratio== =--^— \.— ... — r. 

a ar ar^ 

495 . To find the nth term of a G. P. 

-Let a- 1st term, and r=cbmmon ratio. 

'Then the series will be a, nr, af^, ar^,... 

Avherc the indev of r in any term is just less by one than the number 
of the term. 

Thus, the yih terin = rt;‘’ ; 

T3th terin=-aH‘-^ ; 

30th term = ; 

and generally, the/th tenn = rzrf’L 

Hence, if n be the number of terms, and I denote the last or 
.;2th term, we have 

3 x. 1 . Find the 8th term of the series 8r, —27, 9,.. 

Here rt = 8i, r= - H = -11, n — 8 ; 

Hence the 8th term = 8i x(-- \==— -.jV. 

3 3 ' 

496 . When any two terms of a .series in Geometrical Pro¬ 
gression are given, the series can be completely determined, for 
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then we shall have two equations to determine the first term and 
the common ratio. 

Ex. 2 . Find the G.P. whose 7 lh term is i and whose nth term 
is I'g. 

Here, we have ai^~i and ar^'' = Vr,- 
Thus, by division, r*= and so r—\. 

Hence n(|)‘*=i, that is, «: = 2*5 = 64. 

Thus, the scries is 64, 32, 16, 8,... 


Exercise CLXXXVII. 


1 . Find the 

(1) 5th and 14th terms of the series 9, 3, 1,. 

(2) 6th and i6th terms of the series 2, — 3, S, ... 

v(3) loth and »th terms of the seiies 6, -2, rj, 

(4) 8th and 17th terms of the series '6, ‘03, *0015,. 

(5) 12th and «th terms of the series h, . 


.• 2. Find the «th term of the series v/3+ *-+ +..(c.f.a. i8&'6V 

V 3 j \ o 

3. Write down the 12th term of the series 2,-2 J2, 4,... 

4 . Find the last term of the series 3, -3-, 3^...to 2n terms. 

‘ 5 . Find the/th term of the scries a, a**,. 

^ 6. What is the fifth term of the G.P. whose first term is 3 and 

whose third term is 4 ? 

^ 7. The 5th term of a G.P. is 20 and the 8th term —160, find 
the «th term. 


8 . The second term of a. G P. \s 4 and the 5th term 256 ; find 
the series. 


i^d t 


9 The fifth term of a geometric series 
d the third term is 12 : find the series. 


is 8 times the second 


10 * The fifth term of a geometric series is 4 times the thirds 
and the sum of the first two is — 4 ; find the series. 


il. Find a geometric series, whose first term is 2 and 7tb 
term is sV* 
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12 . Given 6 the second leim of a geometric series and 54 the 
fourth, find the first term. 

13 . I'he 3rd term of a G.P. is i, and,the 6th term is ; whjfl 
is the 10th term. 

14. hind the series in which the 5th term is ‘ii and the 9th 
term is 


497. Sum of the Series. 7 h find the sum of a j^iven mnnbet 
of terms in Geometrical I’roj'rcssion^ the first terin and the common 
ratio beifii' gfocn. 

Let denote ihe first term, r the common latio, n the numbei 
of terms, and .S' the sum of the terms. Then 

.S =: a + ar + af^ + + ... + ar'" ;. (i) 

Multiply by r ; then 

.S>'= + +...+ + .(2) 


Hence, by .subtraction of (i)fiom (2), we have 
Sr — S=a 7 ^^ — a ; 
i.c. S{r - I) = </:(?•" — I) ; 

, . ar" — a r" — 1 

.. ^ =- = «- ..(i) 


Changing the signs in numerator and denominator. 



a 


1 - '/•” 
1 -r 


(2) 


Note. The foim (2) i.s the nmsl convenient to use \\hen r is uuia/r:c. 


If / denote the la'^t term, we have 

.(3; 

so that the formula (i) may be written 

„ r.ar»~^-a rl-a , , 

.(» 

a form which is sometimes convenient to use. 


Ex. 1 . Find the sum of 3 —6+12-...to 6 terms. 
Here, rt««3, r= 2, ^ = 6 ; 

3 U- 2 )«-i^ 3(64-0 




- 2-1 


'=-63. 


-3 
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Ex. 2 . Find the sum of 4 terms of the series i, —it, -ff-j-** 


Here, I, - fi, « = 4 ; 

'I 




256-_8_i 

3 * 


I7S _ _ 3_5 
7 - 3 ® 27* 


, Ex. 3. Find the sum of 2I - i + 5-&C., to 5 terms. 
Jleie, 5, r= n — $ ; 



Ex. 4 . 



q 5 3 :’. + 3 i 2 ? 3157 201 

27 5 " 14 5 " 250 

Determine the wth term and llie sum of n terms of 

4 

I's "h — 11 "V "i" 


Here, a= r= - 4 = - ; 


and S'—4. --- ^ 1 

anu — v;. 

1 — t — '.t; 


4-4-^-=wV{i-(?)"(-1)"}- 


Exercise CLXXXVIH. 

1 , Find the last term and the sum of 


(i) I+4+16 + &C. to 4 !$rms. 
o) 3 + 6+I3 + &C. to 6 terms, 
'( 5 ) I- 44 -j 6 -&c. t <4 7 terms. 
(7) r 4-2+4 4 -<S:c. to 6 terms. 

2 . Find the sum of 

(T-) ?i 4 -7. + Vif + &c. to S terms. 
(3) 5-+1 + -d'h&c. to 6 terms. 

• ' "(S) 9‘-64-4-&c. to g terms. 


( 2 ) 54 20 4-8o+&c. to 5 terms. 

(4) 2 —448-&c. to 8 terms. 

( 6 ) I -2 + 2 ^-&c. to 10 terms. 

(8) 81 —274-g —&c. to 8 terms. 

( 2 ) 7 +.3i 4.^ 4-&c. toJ 6 te«ns. 

U) 3 “ 7 4 -iV - &c. to 5 terms. 

( 6 ) 100 - 404-16 —&c. to 5 terms. 
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3 . Find the last term and sum of the following series 

(1) T+2 + 4 + 8 + . ;.to « terms. - 

(2) 8 + 20 + 50+125 +.to « terms.- 

(3) * +3+9 + 27 +.to 9 terms and to n terms,' 

(4) I — 2 + 2® -■ 2^ +.to 10 terras and to n terms. 

(5) 3 B + 2 i + iT +.to 8 terms and to n terms. 

(6) T + 4+4+ - to « terms. (7) j —.to » terms. 

(8) '2+ ‘02+ ’002+.to « terms, 

(9) + (2|)”i+. to « terms. 

(10) - ^- + 1+ +.to 10 terms. ^ 

4. Sum the following series :— 

(i) I — * +^ -&r, to 6 terms. (P. l. F. t888). 

(3) A — (j)^ + i -&c. to n terms, (c. K. a. 1865). 

(3) V + I + ^ - +&C.,.. to t 8 terms, (r. i. K. 1891). 
x /3 v 3 

(4) 2+ ,j2 + i+Ltc. to 71 terms, (p. I. F,. 1890). 

'’ll 

(5; -^+- 1 - , +&.C. to 10 terms. 

V 3 V 3 “ N. 

I I ■' 

(6) \ —1-3'/a'4- h V'.r+ - , +&c. to 2« terms. 

^ Jx ' .r X sjx 

5. Find the sum of n terms of the following series :— 

(I) i+^+i^?+ . (2) i-l + ^-V-+. 

(3) + . ^4) ~^2~ '^^"*”^2** . 

. . 

,; 498 . The following are illustrative exarapljesL— 

f . . --- 

^ Ex. 1 , In a G.P‘y shew that the product of any two terras equi* 
stant respectively from the first and the last terms is constant. / 

S uppose a is the first term and r the common ratio._ 

M.A.—36 
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Let the two terms be the ;;fJth term from the beginning and the 
/th term from the end, both the terms inclusive. 

, Thepth term from the beginning^fe^f-P'*. 

Also, the ^th term from the end is the («-^ +i)th term from 
the beginning, and hence it is 
= as 

Hence tlieir product = a. 

=a/=a constant. 

Ex. 2 Find the middle term or terms of a series of n terms 
in ‘G. P. 

j 

Let a, ar, ar‘V..denote the series to n terms. 

First. Let n be odd. 

Then there will be one middle term, 

tt+1 _ j _ 

anditis = a!r '■* =ar “ ■—\/a{ar^~^)^ Jal, 

Secondly. Let n be even. 

Then there will be two middle terms, vis. the ^th and'^—-th 

2 2 

terms, and they are 

- 1 2i2« ] «-'2 n ' 

ar'^ and ar or ar and ar 

Note- It should be noticed here, that the product of the two middle 
terms 

n ' 3 n 

~ar ^ xar* ^ 


7ds. the 


rf) 


th term, 


Ex. 3. Sum to n terms the series whose ^th term is (— 

When I, the first term = (- i)a*s=-a*, 

When p=^ 2 , the second term=( — 

When ^ = 3 , the third terma=(— and so on. 

Hence, the first term= —a"^ and com. ratio => —a*. 

4 

{(-I}. 






-a*-I 


a*+i' 


Ex. 4. The sum of the first lo terms of a certain G. P. is 
equal to 33 times the sum of the first 5 terms. What is the common 
ratio ? 

Let <* —the first term and r=the common ratio. 
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I 


Then, by the question, we have 
T ~o3- • 


I +f^=:33, or ^=*32 


r=2. • 


,/ Ex. 5. If ,9 be the sum of an odd number of terms in G. P. 
^and S' the sum of the series when the signs of the even terms are 
( hanged, prove that the sum of the squares of the terms will be SS\ 


Let fl = the first term, ?'=the common ratio and 2«+i = no. 
of terms. Then 

S^ a + ar-\‘af^ +.+ *- . 

I —r 

and .S ==a —+ -...- --. 

I +r 

' '* 

Also g- + {arr + {ar^)'^ +... + ^ ^ I - . 


Hence the result. 


Exercise CLXXXIX. 

1. If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms will form another G. P. with the 
same common ratio. 

2. If every alternate term of a G. p. be taken away, the remain¬ 
ing terms will be in G.P. 

3. Shew that the reciprocals of the terms of a G.P.y are in G.P. 

4. If g, c, d be in G.P.^ shew that ad==bc. 

5. Shew that the product of any two terms of a G.P..^ which are 
respectively equally distant from the first and the last terms, is equal 
to the product of the first and last terms. 

4 

6 . From three given numbers which are in G. A, three other 
numbers in G.P. are subtracted, and the remainders are found to be 
also in G. P .. prove that the three series have the same common 
ratio, (n. P. E. i8go). 

7. If an odd number of quantities be in G.P..^ prove that the 
first, the middle, and the last of them are in G.P. 

v- U If ab be the ( 2 w-H)th term of a G.P.., whose first term is g, 
find the middle term. 
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.9. The sum of three terms in G.P. is 63, and the difference of’ 
the first and third terms is 45 ; find the terms. 

f 

10. When the number of terms of a series in G. /*., is even, 
shew that the product of two terms equidistant from the beginning 
and end is equal to the product of the two middle terms. (P.I.E. 1890;. 

11 . Show that the sum of n terms of a G.P. beginning with the 
j^th term is times the sum of an equal number of terms of the 
same series beginning with the ^th term. (m. f. a. 1884). 

18 . A G, P. has 2« terms. The sum of the n odd terms is 
equal to a and that of the n even terms is b. Find the G. r. 

13 . If there are six terms in G. prove that the product of 
first and last is equal to the product of third and fourth, (p.i.e. 1893). 

* 14 . In a G.P. if the (;^ + ^)th ierm = w, and the (/ —5?)lh tenn~«, 
find the;Jth and the ^^th terms, (i;. P. K. tB88). 

15 . The sum of the first four terms of a G.P. is 40, and the 
sum of the first eight terms is 3280 ; find the senes. 

16 . Shew that the product of all the terms of a (t./\ is equal 
to the «th power of the middle term, when n is odd, and’s equal to 
the Jwth power of the product of the two middle terms, when n is 
even {n being the number of the terins in each case). 

17. If rt, c, rj?be in G.P.^ prove that 

(1) b‘^c\<i= ■\-P + c'^. 

(2) + b^-\-c^ and c“-\-(P are also in G.P. 

‘(3) {a^rb-\-(: + dy^ — {a-Tbf-\r{c + df-\-2{b-\-cy‘. (c. F. A. 1900). 

(4) {a — df~{b-cY-^{c — aY + {d - b'f. (c. F A. 1900). 

(5) + b‘+ c^){b- + + d'^) = {nh + be + cd:yK 

, 18 . If tf, and c are in A. P. and .r, z in G. /*., prove that 

19 . If Q, and R be the ;>th, ^th and rth terms of G. P. prove 

/>fl-r_^i-p./?p-a= I. /R. p. K. 1889). 

80 . Show tha? the 2nth term of a geometrical series is the 
mean proportional between the «th and 3«th terms, (c.f.a. 1877)- 

21. If a be the first term and be the last term of a 

geometric series, and be the first and a the last term of 

the same series reversed, and if the terms of the first series be 
divided by equidistant terms from the beginning of the second, then 

the sum of the resulting series will be . (c. F. A. 1868). 
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22 . If S be the sum, JP the product and the sum of the reci¬ 
procals of the series a, ar^ &c. to n terms, prove that 

(c. F. A. 1883.) 


23 . The common ratio of a series in Geometrical Progression 
lb 3 ; the sum of the first and third terms is equal to the squares of 
the first and second terms ; find the sum of n terms. If « = 6, shew 
that the sum is 364. (c. f. a. 1866). 

24 . If a, f, X be real quantities, and if 

{a^ 4- - 2 dia + c)x + P + r‘‘^=o, 

prove that a, c are in G. P. and x is their common ratio. 

25 . If denote the sum of a-Var-\-ar^-\- ., and R that of 

., each to « terms, prove that aS=lR^ when /is 

the last term of the first series. 


26 . If 5 ^, 6’b be the sums to «, 2«, yt terms of a G, P. 

respectively, prove that 

(i) 5 /'^ + .SV=6\(.S-2+.S-b). 

(ii) 5,(.S3 -.S'p) = (-Vjj-J>j)^. (b. p. e. 1882). 

27. Prove that in the product 

(i+;r+.^^+. +x^'*)(i-x+x^ . 

the coefficients of odd powers of x is zero, and of even powers 
unity. (B. P. E. 1893). 

^ 28 . If « terms be in G. P., whose common ratio is r, and 

denote the sum of the first m terms, prove that the sum of the 

T * 

products of every two terms = 


499 . Sum to Infinity. If r be a proper fraction, i. c., if r 
be < 1, its powers, r% &c., r” will, a fortiori^ be also >< i, and 

^therefore, will be < : hence, instead of writing , in 

which fraction both numerator and denominator are negative^ we 
may write, in this case, 

^ a-ar^ a ar*'‘ 

. ” i^r i — r I -r' 

Now the greater we take the value of », {i.e. the more terms we 
take of the series) the less will be the value of ar^ ; and, by taking 
n sufficiently great, we may get as small as we please, only never 
so small as actually to vanish. If ar^ vanished, we should have the 
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sum of the series— ; but since, however small may be the vaUie 

« I ^ 

of iir", the second fraction will never actually become sero^ it follows 
that the sum of the series will never actually reach the above value, 
though, by increasing «, i.e. taking more terms of the series, it may 
be made to approach it as nearly as we please. 

On this account, the Limit oi the sum of the series, a + ar+ar^ 

+ - , or sometimes (but Jes? correctly) ^the sura of the series 

ad infinitU 7 n or the sum of ^x^infimH numbcr/bf terms, in which r is 

numerically less than unify^ (s ^ . / 

Note. It is usual to denote the Limit of such a sum by S. 

Ex. 1 . Find the Limit of the sum of the series 1+^ + 7 +. 

Here, «=i, r—^] s= i=2 ; 

i.e. the more terms we take of this series, the more nearly will their 
sum*2, but will never actually reach it. 


* 


Ex. 2. Suma^ —^ + —. 

Hence, a = 2i, r= - L 

/, reqd. surn= - f---= 
^ 1 “ -si 


to infinity. 




11 


ir. __ 1 

TI — 2i5-. 


500 . Roourring Decimals are examples of infinite geometrical 

series. Thus, for example 

000 j „ 28 28 28 

•9282828.denotes + - t+ —=+. 

10® 10* 10^ 

* Here the terms after Vo- form a G. /*., of w'hich the fij^t term is 
28 , ,, . . I 

—r and the common ratio is —j 
10* 10^ 

Hence the sum of an infinite number of terms of this series is 
Therefore the value of the recurring decimal is 

9 + jS. _ ?9* _ 919 

10 990"" 990 ~ 990 ‘ 

Note. The value of a recurring decimal may be found practically 
thus :— 

Let *9282828. 

then ioj=s 9*282828. 

and 1000^-928*282828. 

Hence by subtraction, (looo -10)^=928 - 9; 

so that 990J»=9i9, 
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Exercise CLXL. 


1. Sum to infinity the following series :— 

(l) 4 + 2 + 1 +. (2) ^ + 4 + t +. (3) + 

(4) . fs) . ^ ? (6) + . 

(7) ^+T + |+A+ .(c. F. A. 1888). (8) sr + TV + Tlf +. 

(9) 432 + 324 + 2434'**‘**-(C' f. a. 1894). (10) •j + ff+ifV + »*.*.- 

(11) 3-1+^-} +.(c, F. A. 1876; R. P. E. 1886). 

(12) 2 —j + jW —. (13) 2--13+^ —. y'(l4) ^+? + l"5 +. 

(15) 9+^ + 4 +. (*6) 2 + a + ^ + j\ + ,.. (17) 31 + 2^ + 17 +. 

(j8) -3^ + ii-| + ... *(19) (lJ)-l + 2’'‘ + (2t)"l+... (20) 6-2 + 1-.., 

(21) 6-3 + 7 — 2 +.(also to n terms), (c. F. a. 1878). 

(22) 48-36 + 27— 2o| +.(also to n terms), (c. F. a. 1879). 


/V II I . / X I I . I 

(23)l-i3+,j3 io3 + -- 2*" 2-2S'*’2-2'‘ . 

(25) I-«- + i®-,r'’ +.(;r < i). 

2 . Sum to infinity :— 

’ <i) ^ 3^3"^. (C. F, A. 1886'. 

(2) (V2 + i)+I+(n/2-i)+.(C. F. A. 1887),' 

(3) (2+ x/3)+I+(2- ^/3)+. (C. F. A. 1891). 

(4) + »(/1 + 3 \/ff+. (s) I+( s/2 — i) + (3 — 2 'N^ 2 ) + . 


f6^ 5+2 n/2 5-W? + 

5 - 2 ^ 2 +‘+ 5 + 2 n/ 2 ^' 


/ X I I . I 
( 7 ) --/ 2 +-,- 


.(* >1). 


>y^+ >/S+ . (a»-2:»)+(rt-*)+^+. 


(I +;r)*‘^ (I +:r(i +;r)«+*’*' 


3. Find the sum of an infinite number of terms of the series 

bcahcabc 

«+?+ ;;+ ,7+ . 


4. Find the values of the following recurring decimals 
(I) *2343434 . ( 2 ) *43285285 . ( 3 ) 75363636 . 
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6. If 2^ and i be the first and third terms of a G. /*., find the 

sum of the series ad infinitum. ** 

« 

6. In a G. P. continued to infinity, the common ratio being less 
than unity, each term bears a constant ratio to the sum of all the 
terms which follow it. 


7. 


Shew that 


a — .to inf. 

(I + ar+ar^ + ar^ + ... to inf 


i-r 
I +r ’ 


/ 8- Given a and the first two terms of a decieasing geometric 
series, find the sum to infinity ; and the sum of the same series to 
inf. commencing after the »th term. 

The first term of a Geometric senes continued to infinity 
IS I, and any term is equal to the sum of all the succeeding terms. 
Find the senes, (m. k. a. 1881). 


10 . In an infinite G. P. whose teims are all positive, the 
common ratio being less than unity, piove that any teim is >►, = 
or < the sum of all the succeeding leims, accoiding as the common 
ratio is <:, = or > \. (h. p. e. 1887). 


11 . If .Sj, .S’j, .S’.,..,.Sy are the sums of infinite Cieometric series, 
ise " 


p+i 


-, respectively, prove that 


.S'i 4 -.Sj + .Sg 4 -... +.S', —itfif + s). 


(b. p. e. 188 


12 . If .S'j, 52, .S., are the sums to n terms, 2n teims and to infinity 
of a G. P., shew that 

5 j(.Sj — 53(KSi — kS'jj). (c. r. A. 1877)* 


501 . By means of the equations of a G. P. given in Art. 482, 
we may find any one of the four quantities a, r, w, and j, when the 
other three are given. It is not, however, generally easy to find 
when the oihei quantities aie given, because this quantity occurs 
in the form of an index The student should be able to guess at 
Its value in the simple instances we shall hei'e give; but in other 

cases, it could only be found by the aid of logarithms. 

% 

Ex. 1 . In a G. P. the first term is 4, and the sum of the first 
8 terms is yfj. Find the common ratio. 

^ — I 

Here, ««*4, w=s8, and J = VV-» so that Vr =“4» * 

which simplified gives 1281^-255^+127-*o ; 
or 256^®-5ior+-254«o ; /, (ar)”-i-255(2^—i)=o. 

Hence, 2r-i (being a com. factor)=0, and /, r=^. 
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‘ , iBx. 2. How many terms of the series 6,— 3 , a.*-inust be taken 

tltit the sum may be 44 ? 


Here, a=6, r= - I and J = 4 ?-U=-V/ 5 - ; 
so that, if n be the number of terms, we have 
3280 . 9, , ,, , 

729 I-I-A; 2' V j 


Heilce.’ (- ^)'' = I 


. 3 ^X -4- = 'i=(-i)®: "“S. 

729 9 6561 3“ 


502 . In the case of an infinite Geometric series, the cases 
•considered in the preceding Article are much simplified. 

Ex. 1 . The sum of an infinite 6\ J\ is 4 and the second term 
IS 4 , find the series. 

Let a be the first term and r the common ratio. 


Hence, ^ = 4...(i), and ar=-l...{2) 

By di\^ionp we have r(i -^')= ^|►4=^”ft• 

/, r^-r+j\; = o, whence or 

As Koth the values of r are less than unity, both are admissible.. 
Also from (2) a=^-^r=2 or i. 

Hence the series is either 3, &c. or i, &c. 

Ex. 2 . The sum of an infinite Geometric series is 3, and 
the sum of its first two terms is 2^. Find the series. 


Let a be the first term and r the common ratio. 
u 

Hence, -- -^ = 3...(i) and «+ar=2|...(2). 


By division, we have s = 

/, i-r^= ^ and /, r^= 1 - ^=5 ^ ; and /, r= i .L 

Hence, from (i) rt-= 3 (i + j) = 2 or 4. 

Thus, the series is either 2, 3, &c...or 4, — J, &c. 


Exercise CLXLI. 

1 . How many terms of the series 2 - 3 + Ij - &c. must be taken 
that the sum may be-S^V? 

2 . The first term of a 6r. Z’. is 12 and the sum to 6 terms is 
39 HI* Find the common ratio. 
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^ ' 3. The first term of a G. P. exceeds the second by 2, and the ] 

sum to infinity is 50. Find the series, (c. F. a. 1892). * 

4 . The sum of an infinite Geometric series is 2, and the second 
term is-f, find the series. 

5 - If the sum of a G. P. continued to infinity be n times the 
first term, find the common ratio. 

6. Qiyen the first term 3, the last term 768, and the number 
of tepB'S^, to find the common ratio. 

7. The sum of a G.P. whose common ratio is-3 is-1092 and 
the last term is - 1458. Find the first term. 

8. Given <2=5, ^=4, /«= 327680; find s and n. 

9. Find the G. P, whose second term is - ^ and whose sum to 
infinity is 4 t\. 

10 . The sum of an infinite G. P. is 10, and the sum of the first 
two terras is Find the series. 

11 . The first term of an A. /*. is the same as that of a G. P,y 
and the common difference of the one and the common ratio of 
the other are both 2 ; and the sum of 5 terms of each series is the 
same. Find the 5th term of each series, (c. F. a. 1873.) 

12 . Find the G. P, whose sum to infinity is 9, and whose second 
term is -4. 


603. Geometric Mean. When three quantities are in Geo¬ 
metrical Progression, the middle one is called ihe Geometric Mean 
,pf the other two. 

^ Thus, when a, x", b are in G. /*., x is called the Geometric Mean 
(G. M.) between a and b. 

By definition of G, /*., we have 

-= /, x^=^ab\ and x=^-^ Jab. 

a X 

Thus, the geometric mean of any two quantities is the square 
root of t^eir product. 

Note. It is worthy of notice here that quantities which are in G. P» 
are in continued proportion (Art. 409), and that the geometric mean of two 
quantities is the same as their mean proportional. 

504 . When any number'of quantities are in geometrical pro¬ 
gression, all the intermediate terms are called the Geometric 
Means of the two extremes. ' ' 
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Thus to insert any number of geofnetric means between two 
given quantities, is the same as to determine a G.P,^ whose tirst and 
last terms and also the number of terms are given. • 


605 . To insert n geometric means between a and b. 


Let r be the common ratio of the required G. P. 

Here, we have to find a G, P. of (« + 2) terms, of which a is the 
first term, b the last, so that b is the (« + 2)th term of the G. P, 

Now, the (« + 2)th term of a series, whose first term is a, and 
whose common ratio is r, is 

a)-i^ ^ ^ ^y.,,+1 (Art. 481). 


ar'*+^3a^, so that r>**^=:bja ; 
and 

The means may now be easily determined ; for they are 
ar, ar^, ar\ . at"-. 


( b\-^ -L- 

^ l«+i 1 


Ex. 1 . Insert 3 geometric means between 2 and lo^. 

jHere, a = 2, b=io^ ; r=(ioi-^ 2 )^= 

Hence the means are 3, 4^ and 6^. 


^ Exorcise CIiXLII. 

I T Xt*' \»s ^ - 

. Insert «** 

(i) 3 G. M.’s between t and 16, and also between J and 128. 

(2) 4 G. J/.’s between —xff And 3^, and also between f and - StV* * 

(3) 3 G. M.’s between 4 and 324. (c. A. 1890). 

(4) 5 G. MJs between and 4!^. 

(5) 3 G. J/.’s between 2 and 32, and also between 37 and 2997. 

2 . Insert 5 mean proportionals between 8 and 27. 

■ 3 . Insert 2 G. M.\ between ^J2 and ^^3. 

4 . If n geometric means be inserted between a and prove 

ft 

their product is (a^)^. 

5 . The arithmetic mean of the first and third terms of a G. P. 
is five times the second term. Find the common ratio. 

6. Insert two numbers between 6 and 16 such that the first three 
may be in A. P. and the last three^in ' 6 ^. P. 



572 


matriculation algebra. 


■ 7 ^ Find the ratio oi a : b when their arithmetic mean is to their 
geometric mean as 13 : 5. *• 

- 8. If c be in G. and x and j' be the A. M.’s between 

b and c respectively, prove that 

2 I I , a c . o \ 

-= -+ - and 2=' + . IP, I. E. 1892). 

b X y xy 

9 . Find the geometric mean of —24;ir4-16 and 4;ir® + 2o;ir + 25.- 

10 . The G. P. between a and b is to their A. M. as m is to « ; 

shew that a ; ^ = ; n- — (a. I. E. 1889). 


506. Problems. The following are illustrative examples. 

Ex. 1. The sum of three numbers in G.P. is 21 and the sum of 
their squares is 189 ; find the numbers. 

Let x^ xy and xy^' be the numbers, so that we have 

^(i+j+y“) = 2i...(i) and x\i+y‘^+y*)=i8g..,.{2) 

Dividing the square of (i) by (2), we get 
I + )' + y^ 2 j X 21 _ 

-;—5-= -- o— = j, which solved gives y = 2 or -L 

i-y+y^ 1S9 & 2 

Hence from (i) .r = 3 or 12, so that the numbers are 3, 6, 12. 

Ex. 2 . The sum of three numbers in G. P. is 21, and their 
product is 216. Find the numbers. 

Let xjy^ x^ and xy be the numbers, so that 
* r X 

~+x+xy = 2i...(i) and ' .x.xy=2i6...{2) 

7 ' y ' 

From (2), A®=216 and .ir=6. 

„ (i) j^+i+>' = V=i, ory-^y+i=o ; 

which solved gives 2 or 
Hence the numbers are 3, 6 and 12. 

Hi 

Exercise CLXLIII. 

1 . The difference between the first and second of four numbers 
in G. P. is 12, and the difference between the third and fourth is 
300 ; find them. 

2 . The sum of three quantities in G. P. is 243 and their product 
^ is 64 ; find them. (a. 1. e. 1891). 
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3 . The continued product of three numbers in G.P. is 2i6, .and 
the sum of their products, taken in pairs, is 156. Find the"numbers. 

♦ , 

4 . The sum of three numbers in G. P. is 38 and the sum 
their squares is 532 ; find them. 

5 . A man saves each year half as much again as he did in the 
previous year. If he saved /?r.40o in the first year, in how many 
years will he have saved 7^5.8312. 8^, ? 

6. Suppose a body moves eternally in this manner, viz. 20 miles 
the first minute, 19 miles the second, iH.j'o miles the third, and so on 
in Geometrical Progression ; required the utmost distance it can 
reach (c. F. a. 1864). 

7. Find three numbers in G. P y such that their sum is 19, and 
their continued pvoduci is 216. 

8. 'I’he population of a country increases annually in G.P.y and 
in 4 years was raised from roooo to 14641 souls ; by what part of 
itself was it annually increased ? 


Ill HARMONICAL PROORESSION. 


507. Any number of quantities are in ITarmonical Progres¬ 
sion. when the ditTercnce between the first and second of any three 
consecutive of them is to the difference between the second and the 
third as the first is to the third. 


Thus, tiy by c, dy c &c., are in Harmonical Progression {JL P.\ 
\{ a —b \ b — c \ \ a \ Cy 

b — c\c — d\\b\dy and so on. 

508 . The 'tcdfirotah of quantilics in Harmonical Progression 
are in Arithmetual Progression. 

Let a, by c be three cpiantities in H. P.y then 
a — b:b — c'.:a\Cy c[a — b) = a{b-c)y 

or ac^bc=ab — ac. Divide by ahe ; then * 


I 

~b 


I 

a 


1 

c 


id b' 


- are in A. P. 


Thus, since i, 3, 5, &c , :f, - j, -J, &c., are in A. P.y their reci* 
procals I, -5, &c., 4, -4, - &c., are in H.P. 

509 . We cannot find the sum of any number of terms of an 
Harmonic series j but many problems with respect to such series 
may be solved by inverting the terms, and treating their reciprocals 
as in A. P. 
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Bx. 1 . The 15th term of a H. P. is and the 23rd term is 
'• find' the series. * 

Let a be the first term and d the common difference of the 
-corresponding A. P. ; then 

25=the 15th term = a +; 

and 4i=the 23rd terra = « + 22//; 

whence //*=2 and —3. 

Hence the A. P. is —— i, 1,3, 5.; 

and the //. P. is — L -ii i» 5,. 

Ex. 2 . Continue to 3 terms each way the series 2, 3, 6. 

Since 5, -i are in A. P. with the common difference — ^, 

/, the Arithmetic series continued each way is 

t’’*-* > ’ In— 1 — 

R) TT) i!> Po j * 

and the Harmonic series is 

1, L 2, 3, fi, 3 * 

Exercise CLXLIV. 

1 . Find a II, P in which 

tl) the 3rd term is i^’s, and the 21st term is -jV- 
(2) the 2nd term is i|, and the 15th term is 

2 . Find the «th term of the series 

4 + 4^'-+ 4tt + 5+&c. (c. F. A. 1886). 

3 . Find the series in If, /\, in which the 39th term is yV and 
the 54th term is fa- 

4 . Continue the II P. to 3 terms each way :— 

(i)2, I. (2)1^, 24, 3^ (3) I, i!- 

5 . The I St and 5th terms of a If. P. are 3 and 7 ; find the 
20th term. 

6. Find the tnih term of a H. P., whose first term is whose 
last term is c, and wli^>se number of terms is n. (m. f. a. 1884). 

7 . Tn a II P., if the ^th term=^r and the ^th term=s;^r, prove 
that the f-th term=;>^. (a. i. e. 1892). 

8. If the wth term of a H. P. be «, and the «th term /«, find 
the (?«+«)th term. 

9 . tf P, the ^th, j^-th and rth terms of a H. P., shew that 

{q-r)QR‘\‘{r- f)RP^{p-q)PQ^o. (B. P. E. 1887). 
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10 . An 4(4./*. and'a uP.'have the same first terni^ the same 
apt term and the same nutriber of terms ; prove that the product of 
the rth term from the beginnings in one series and the rth term from 
the end in the other, is independent of r, (B. P. E. 1890). 


610 . Harmonic Mean. When thre% quantities are in Har- 
tnonical Progression, the middle one is called the Harmonic Mean 
of the other two. 

Thus, if x and h are in H. then x is the Harmonic Mean 
between a and b. 


Hence, by Art. 493, we have ^^ A. P. 

, I __ r I I . . I a + b 

X X * X b ab~' 

, 7 .ab 

Thus, the harmonic mean of hvo quantities is equal to twice their 
product divided by their sum. 

Cll. When any number of quantities are in harmonical pro¬ 
gression, all the intermediate terms are called the Harmonic Means 
of the two extremes. 

\ ' 

We find the harmonic means between two given quantities by 
first finding the arithmetic means between the reciprocals of the 
tv/o given quantities 

512 . To insert n harmonic means between a andh. 

Insert n arithmetic means between i/a and i/A 

P'rom Art. 474, we see that they are 


I 1 
a 0 
n + i 

nb + a 


t \ I 2 

«+ I 

in— 


t \ t 3 in 

_ a b a b 

n\i 


_ . (^-2)^ 4-3 a 

{n+i)ab^ (n+i)ab * / ln+i)ab 

Hence the required harmonic means are 

(n+i)ab (_«+1 )ab (n +flab 
a + nb ’ 2a + (« —i)^’ ^a+(n — 2)b 

, \n + i)ab 

Thus, the 2^th meanss --——, 

’ ^ pa-^{n-p^i)b 


n + i ’ 

b-\ na = 
’(n+i)ab* 




4a + b * 
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Bx. 4 harmonic means between 2 and 12. 

» Here, we have to insert 4 arithmetic means between ^ and 
Hence, by Art. 488, we have 

,’4 = ^ + 5^, so that 5//=* - A and 
Hence, the Arith. means are g ; 

and the Harm, means are 2?, 3, 4, 6. 


513 . If A, G, H be the arithmetic, tjeometric, and harmonic 
means between u and we have proved that 

^ .(t) > G— “/ €t>l> .(2) ; H — .(3)* 


Also, A-H= 


614. To prove that G is the (Geometric mean between A and 
rl ; and that A, G, H, are in order of mag^nitude, A being the 
greatest. 

Since A =-, and H=: AxH= -x ■~ --=ab = Gi^-, 

2 a-\-b 2 (i-^b 

G= sf 'A II, or G is the Geom. mean between A and H. 

a-^-b 2 ab _ {a-^-b)'^ — \aba —b)‘^ 

2 rt + ^ 2(a + < 5 ) 2{a + b) 

= a positive quantity for all positive values of a and b. 

Hence A is > //, and of course, 2> G, whose value (being the 
Geom. mean between them) lies between those of A and //. 

Thus, A, ( 7 , and // form a descending C. P. 

515 . Three quantities a, ft, c, are in Arith., Geom., or Harm. 
Progression, according as 

«* - ft a 


a 


a- 


-, or -- , or = -. 

b-e a ft c 

(i) ?=i ; a-b — b-'C^ and a, c, are in A.P. 
a — c a 

(ii) v--= i ; /. ab — b^ = ab — ac^ or b^ = ac ; 

^ 0 C ‘ c/ ' 


... .A h ^ 


bja^cjb, and a, b, c, are in G.P, 

ac — bc = ab-ac, or (dividing each by abc)y 


^ —^ — V : whence 7, - are in A.P.. 
b a c b* a b c 

and /, b^ c, are in H.P. 
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1 . 


2 . 

3 . 

4. 

5 . 

6 . 

7 . 

8 . 
9 . 

10 . 


11 . 


12 . 


13 . 


14 . 


15 . 


16 . 


Exercise CLXLV. 

Insert 

(1) 2 harmonic means between 2 and 4. 

(2) 6 harmonic means between 3 and /y. 

(3) 5 harmonic means between 3 and V5. 

Find the Ariih., Geom. and Harm, means between 
(I) 2 and 4.1. (2) 3^ and ij. 

Find a fourth harmonic proportional to 6, 8, and 12. 


Insert 3 //. /l/.’s between 4 and 2. (c. F>'. a. 1867)., 

Insert 4 H.M,\ between i and 30. (a. i. e. 1892). 

If <z, b and c are in //./*., prove that 

II I I , I I - rr r» 

+ , , , +-and 4 —-r are in I/.P. 

a b + c b c-{ a c n-^o 


If rt, b and c be in A.P., prove that 

- , ,, and ~~7\ are in //./’. (11. P. E. 1891). 

a{b^cy b{c+a) L{a + b) ^ ‘ 

Trove that Ix '^and (x^+jf^)x 
(jr® — 1 j'^) are in //./•*. 

If b and r are in prove that 


, and ^>'6 ^^so in //.P. 

b + c c + a a + b 


The A. 3 f. of two numbers exceeds the G'.Af. by ij, and the G.M. 
exceeds the /AAL by g. Find the numbers, (c. F. a. iSyc/Jr'" 

The sum and difference of the Arith. and Geom. means between 
two numbers are 9 and 1 respectively ; find them. 

The Harm, mean between two numbers is of the Arith. 
mean, and one of the numbers is 4 ; find the other. ^ 

The difference of the A.M. and //.M. betwjsen two numbers 
is ; find the numbers, one being four times the other. 

Find two numbers whose difference is 8, and the H.AA. between 
them i.s 

The square of the A.M, between two numbers exceeds that of 
'the G.AA. by 400, and square of the G.M. exceeds that of the 
H.M. by 144. What are the numbers "i (c. F. a. 1874). 

Find two numbers such that the sum of their A.M.., G.M., and 
H.AA. is 9^, and the product of these means is 27. 


M.A. —57 
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17 . If a, b and c be in A.P ^ and c, and d in H.P,^ prove that 

(ly by c and d are proportionals. 

18 . If rt,, <*3 be the /i,, the HM:^ hnd the G.M.'s 

between a and b, shew that 

(M. !•. a. 1891). 

19 . Ifayb and ^ be in li.P.y prove that 

(i) d^ +c‘">2d\ if/r, b and c be positive. 

{2) a : c : : 2a^‘\-bc : 2 c~-¥nb. 

20 . Uayby and c be in AJ\^ and //", />■' and in 77.J\, prove that 

either - i^Uy b and c aie in Li.J\, or else «, b^ and aie equal. 

(c. K. A. 1904). 


IV. OTHER SIMPLE SERIES. 


516 IJesides the J’rogressions, there are some other simple, 
but important, senes the siuiessive uims of which a.e formed 
accordinj^ to simple laws. We shall now lonsider the summation 
of some such series, which depend on ilie lulos hud down ni the 
preceding Articles. 

Ex. I. Sum the series 1.2 + 2.3 + ^.4+ . ...low terms. 


Here, the ?th term of 1+2 + 3+...is 

aW the rth term of 2 + 3 + 4 +.is ^ +1. 

Hence the nh term of the given seiies r iG-+i) = ;^ + r. 

Making r=i, 2, 3,.«, in succession, v.'e have 

the series = (i‘“+2^+3- +.+//-) + ; 1+2+3+ ..•+«). 


Renee sum reqd.= 


(w+ 0(2/2 + 0 , «'// + I) 


_//(«+0|2/^+ ’ 4. j| 


, (Arts. 490 & 489). 
w(w+ lXw + 2) 


Ex.^ 2 . Sum the series i“ + 3“+ 3- + .. .. to n terras, (m.f.a. 1889). 

Here, the Hh term of 1+3+5+ .is 2/'-i.r A 

Hence, the /'th term of the given series is (2r—i)^s=4r^ — 4;-+1.^ 
Making i, 2, 3, .. w, in succession, we have 

the 5 eries« 4 (i“ + 2- + 3* +. i24.34. .4.;^) 

+ O + T +.to « terms.) 
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nn+i;{2n + i) «(«+i) 

Hence, sum read =4 . --- 4 x - - + i x « 

o 2 

, ,(2W+1 1 4«(«^ —i) 

= 2«(«H-i)| ^ — i\^ns=. 

__ «( 4 «“ - 1) 

3 ■ 

Ex. 3 . Sum the series i+3 + 6+Jo+15 +.to « terms. 

Let .s’ denote the leqd. sum, and the «th term. 

'I'hen .S'= I+3 + 6+ 10+ 1 5 + .... +/«, 
also .S = 1+3+ 6+10+ . 

Hence, by subtraction, we have 

o = (i + 2 +3+ 4 + 5 +.to Ti terms) — 

/„ = I + 2 + 3 + 4 + 5 +.LOW terms = }. uin + i). 

Makhfg« ~i, 2, 3,...successively, we ^et 

the series = H'*”"l"2' + 3" + **- - +w^)'l'(i+2-l-3 + .-. + w)). 


Hence sum reqd. = \ 


n\n + i j 2/1+ 1) w( w + I; 


( 


I 


, //O; H- I / 2 W 4 - r » 


WI//+ l)(w + 2) , 


Ex. 4. .Sum to M terms the series » 

5 + 55 + 555 + 5555 +. 

The given series = 77 ( 9 + 99+ 999+ 9999 +.) 

<= -;;{(io - i) + {io-~ i} + (io^- i) +.} 

= .y^( 10 + 10 ® + ro'’ 4- .to w terms) 

— (1 + 1 + 1 + . .. tow terms)}. 

Hence sum reqd. = ^|———0~s'*- 


Ex. 5. Sum to « terms the series 

I +3 + 7 + 15 +31 +.(C. F. A. 1876). 

Let 6’ denote the reqd. sum and the «th term. 


Then 5 = 1+3 + 7 + 15 + 31 +.+/n, 

also 5= 1+3+ 7 + 15 +.+A.-i+/». 
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Hence by subtraction, we have 
• o=(i+2+4 + 8 + 16+.to « terms)-4 ; 

2**_I 

.*• 1+2 + 4 + 8 + 16+...to«terms =-= 2’‘-i. 

2 — 1 

Making «s=i, 2, 3, .successively, we get 

the series=(2 +2''‘ + 2'’+ ...to n terms) -(i +1 + i...to n terms) 

2-1 


'• Six. 6. Sum the series ^ +--- + ^ +., to w terms. 

1.2 2.3 3.4 

Here, the rih. term == ■ ~ ^ . = * —7—. 

’ iXr-Vi) r r+i 

Making r=i, 2, 3,...«, in succession, we obtain 

the series=(}-J)+(;-i) + (J-« + ... + (^^j-^) + ('-~) 


I — 




?/ + I ;; +1 ’ 


(since all the terms except the first and last destroy one 
another). 

Note. When n is infinite, ----- is zero. Hence the sum of an. 

’ w+ r 

infinite number of terms of the given series = i. 


517 Mixed Series. The ^ih term of such a series consists 
of a pair of factors, one of these factors forming an A.P. and the 
other a G. P. 

Ex. Sura to « terms the series I+3jr +5;r* + 7Jir* + ,... '* 

Here, the factors i, 3, 5,...form an A.P.^ whose first term is i 
and whose common difference is 2, so that the «th term = i + 

3(»— l) = 2»-I. 

The other factors i, jr®, ;i:^...form a G.P.^ whose «th term=;r""*. 
Hence the «th term of the given series =»(2«— 

Let S denote the required sum ; then 

I+3A: + 5jr*+7;r=’+.. +(2n-i)x*’K . (l) 

Multiply both sides of the equation by x^ 

■/, 5.jr«4r + 3;ir2 + 5;r=’ + ... + (2«-3)5:'‘-i+(2«-i);r“ 


(2) 
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Subtracting (2) from (i), we have 

S—Sx= I + 2;ir + + 2 ^-''+.+2;r«"^ —(2«- , 

or .S’(i ”;ir)= 1+2jr(n-.r + ;t'''*+. i);r'*...(3) 

But I+;r+-i® t-...is a (/./’. of («—i) terms, having 1 as 
the first term and .r as the common ratio, and thus the sum 

— ^ ~ 

” I -x 

Hence, from (3), we obtain 

1 — f’**-*- ' 2 X 2 V** * 

.S'(i — .r)= I+2.r. -■ '— (2«—I + -—(2«—l):r" 

1 - 1 - ;r 1 - ^ ’ 

_ i_ + _ 2.r’‘ -f (2;? - T x) _ i + _ ( 2 ?r -f i jjr’* - (2« - 1 )x’**^ 

~i-x i-x ~ i-x i-jr ’ 

. I- 4 -Jl' ( 2 ??+T).r’* —f 2 « - l).T'‘ + ^ 

-^-li-xr rr-xf ; 

Note. If X be <; i, and n be infinitely great, then .1“ and 

I + f 

arc both too small, and thus the sum to infinity = . 


Exercise CLXLVI. 

1 . Find the sum of the series to n terms : — 

(1) 2 + 5 + 10+17+ .(C- F. A. 1877 ; li. P. JC. 1885). 

(2) 2 + 7 + 14 + 23 + 34 +.(C. F. A. 1878 ; R. P. E. 1885). 

'(3) 5 ® + 7 ^ + 9^+ — + 25®. (C. "F. A. 1888). 

(4) 1.3 + 2.4 + 3.5+. (5) I-2.3 + 2.3.4 + 34 5+- ••• 

(6) 22 + 5® + 8* + i*’‘+. / (7) 3-S + 5-7 + 7-9 + 9'II+- — 

‘(8) 1 ■3- 5 + 3-57 + 5-7-9 . ^ (9) 1.2.4+ 2.3.5 + 3.4.^ +. ' 

(10) i®+3® + 5* . (ri) 2.12 + 3.22+4,32.,.(c. F. A. 1887).; 

V 2 . Sum the series 

.«.!+(«-l).2+(«“2).3+(« — 3).4 + ... + !.«. (C.F.A 1889) 

3 . Shew that * 

i + 2^ + 3+4^ + 5+6®+ .to « terms 

“tV(« + i)( 2«® + « + 3) or -^n(n+4)(2n-\-i). 

according as /r is d^d or even. (b. p. E. 1892). 
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4. Sum to « terms + (<* + ! )“ + (<'* 4- 2 )‘^+ . ^ 

5 . Sum I+(i+(*)?'+(i+rt + rt‘-*)r^+.to infinity, r and a 

being ci. 

6 . Sum the following series to n terms 

rt + ^ + + 2£/(^) + (<i . (C- A. i 89 i)< 

7 . Shew that the sum of the products, taken two and two 
together, of the natural numbcis fiom i to « is 

. 4-V(«“ 0 «(« + l)(3'^+2). 


8 . Sum to n terms ; — 


*" (i) 1 4 - 1 +;5+ -J +---(c. I'. A. 1884). (2) ;^ + ;I + i'v + ...(c. F. A. 1880). 


(3) ^ ^ 5 .^ ‘ 


(4) a{u + ^) + (rt + ^ .'(« + 2b) + {n + 2b){a +T,b)+ . 

9. Sum to infinity : - 

(1) T + <i T + H J + I-n't! +. ( H- V. K. 1S 83 ). 

(2) h+l+i + and also to n terms. 

(3) <i + {a +b)r+{a + 2b)r^ + [n +^b)r'+ ...{r <c i) and also to n terms. 

( 15 . P. E. 1889). 


10 . Sum to /t terms the series whose rth term is (2?'+i))3*'. 

11 . Sum 24 224-222 4 -22224-...to n lerins. 

^ 12 . Sum to infinity (;' and br being each <21) 
ar+{a+ ab)r^ + {a + ab 4 - ab'^)T^ 4 -. 


13. If 5 n denote the sum of n terms of a giyen series in G. /*., 
find the value of 4 -*S '2 4-.S3 4 -... 4-.S„. (c. f. a. 1861). 


14 . Sum to n terms : — 

(1) («4-^)4-(«^4-2^),^4-(<*”4-3^)4-. 

(2) rt 4 -^ 4 ' 3 a 4 - 2 ^ 4 - 5 « 4 - 4 ^ 4 -..., and to 10 terms, (c. F. a. 1868). 

(3) (2^ ~ i) + (3^* + tV) ■I"(4^ “ A) 4-. 

»X4) 14-54-13 + 294-614-.(5)^^9 + 99+999+. 

(6) I 4 -| 4 -i +V®+------(C. F. A. 1880;. 

^(7) 3+6+11+204-.(I 5 . P. E. 1886). 

(8) •55 + *555 + -5555 +. 











APPENDIX. 

SIMULTANEOUS (,)UAi)RATIC EQUATIONS. 

1. TWO UNKNOWNS. 

1. We shall now ronsidcr a few Examples of Simultaneous 
Quadratic Equations involvinj^ two unknowns. The solution of 
these IS generally more clitTflnilt ; but there are certain cases of fre- 
^|uent occurrence, for which the following observations.will be useful, 

2 Elimination by Substitution. When one equation is 
linear and the other quadratic, iliul the value of one of the unknown 
quantities from the linear equ,ition in terms of the other and then 
substitute in the ([uadr.uu' equation. 'The rei^Ulting equation in very 
many cases will be a qiiatlratic, which may be solved by the ordinary 
rules. 

Ex. 1. Solve a: 4 -= 4 •••(Oj 2.rj/ —y2e=3.(2) 

Frtim (i) express ,r in terms of v ; thus 
-r - 4 — 2y. 

.Substitute this value of .r in (2) and we get 

2(4 —2 v) V—r-=3, or 5y-^ —8 v + 3 = o ; 

Hence, from (i) .r=2 or 

Ex. 2. Solve 2,r-yd-1 =0 . (i), 13.1'*-^ — 2y'^4-8r= 18.(2). 

From (i), we have y = 2.1'+i. 

Substituting this value of y in (2), we get 

13.r® - 2(2.r + I j- + 8a; =18, or 5.r- = 20 ; 
x'^=4 and x= ±2. 

Hence from (i) ^ = 5 or —3. 

Exercise I. 

Solve the following equations :— 

1. a; + 2^=6 1 2. 3^—2a;=i ) 

yi‘‘^ — xy = 20 j jX-~- 2 xy=^ J 

4. x'‘^+y^ — 2$ ) 5. 2ar + 3/=8 1 

3ic + 4y=24 j a‘*‘+.r^+y=7 J 


3 . 5a' + 2jy = 7 
7a;'' —8a'^=* 159 j 

6. 3.r+i=2-r+y 1 
2(x+J^) = 4x^-xy j 
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7. 

10 . 

12 . 

11 


;ir“ 2 ^=lo 1 8. x—y=‘Z | 

^®+y = 25 J is{x^-y^)=i6xy i 

TV(3-»^+5y) + J(4^-3y)=6^a ) 

3jra + 2^2=i79 J 

4 ^“ 5 /=* ) 

2x*-xy + 3y^ + 3x-/iy=A.7 J 

2x+3y=8 1 15. 5Jr + 2jr = i2 

9'T® —= 5 J 2 ;r^ + 3xy +y^ = 15 


9. x^ + ^y+y ^=45 1 
^+^=^9 J 

11 . xy = (x-IXy + j) \ 
x^y^-(x‘^+ 3X^-4) J 

13. 2X + 3y=i7 1 

3;jr2-4;y/ + 8y^=l83 j 
I (c. F A. 1888.) 


3. Equations which can be reduced to such linear 
equations as ac+f/ - a and jc — y — h. 

Then x and^ can tUl found by addition and subtraction. 

Ex. 1. .Solve +_j/= To...(i), .rj/= 24...(2) 

We have {x '-yf = {x -^-yT — 4xy = 100 — 96 = 4. 

,r—j|/='i2 1 Hence addition and subtraction, 

and jr+^=io j 2.r= 12 or 8 and 2^ = 8 or 12. 

/, a' = 6 or 4 andj=4 or 6. 

1 

Ex. 2 . Solve .r"'®4-^^ = 65...(1), a'+^= ii...f2) 

We have (.v —yX = ^{x^ 4-y^) — (.r ^-y)'^ = 130 — 121 = 9. 

/, x—y=±^ 1 Hence by addition and subtraction, 

andx+ys=ii ) 2.r= 14 or 8 and 2j=8 or 14. 

/, .T=»7 or 4 and j/ = 4 or 7. 

Ex. 3. Solve 3:r—2_y = 7...(i), :rj/ = 2o...(2) 

We have (3:r + 2j)“=»(3:r-2^)^ + 24^7 = 49 + 480= 529. 

3A: + 2y=+23 1 Hence by addition and subtraction, 

and 3^: —27= 7 j 6,r = 30 or - 16 and 47 = 16 or-30. 

, /. ;«r=5 or-2^ and7=4 or-7.^. 


Exercise II. 


Solve the following equations 


1. ;r*+7®=25 1 

x+y^ 1 j 

4. 2r+^<=3o I 

.r 7»*224 J 


2. 2(^-7)=ii 1 

;r7=2o J 

6. x^—y^= 16 1 

a:+7= 8 1 


3. .ar*+7®*=25 | 
47=12 J 

6. 0:2+72=85 'J 

;r 7=42 j 
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jt-jf = 4o J 

10 . 1 

A7=2 J 

13. x-j/=jo I 
;r*+>'* = i 78 j 


8 . 2 ;t +>' = 7 ) 

^J = 3 J 

11 . ^-2V = 2 \ 

Ay - 12 J 

14. x — y=io ) 

.rj = 39 J 


9. 2r + 3y = 23 \ 
xy = 20 j 

12 . x^+y^^a^ 1 

.r+7 = d J 

15. rj/ = a® 1 

x-y«^b J 


' 4. 'I’he solution of many other equations of a .more difficult 

nature can be ni.'ule to depend on the solution of such Examples as 
are in the previous Articles. 

Ex. 1 . .Solve .r^+9^^ = 34i.-.(i),-v+7* i^..(2) 

Dividing (i) by {2) we get +y- = 3i...(3) 

Squaring (2) a"+2121, 

Subtracting, - 3 -^ 7 =-90; xy = 3o . (4) 

Now, using (2) and (4) we get the required solutions, as in Art. 3. 
Thus x=^ Or 6 and^ = 6 or 5. 

Other’:vise thus :— 

Cubing (2), we have x+y+ 3.ry.c'+j>') = i33i...(3) 

Substituting (j) and (2) in (3), we have 

32:/ X 11 = I 331 - 34990 ; /. xy = 30.(4) 

Now, proceed as above. 

Ex. 2 . Solve .r^+yy“+9/*‘=65i...(i), j:‘‘‘-a7+y'' = 2i...(2) 

Dividing (i) by (2), we have + +y“ = 3i ) 

and — xy + j'-* = 21 J 

Hence by addition and subtraction, we have 

2(;»:^+y-)='52 and 249/*= to ; /, ,v®+y = 26 and xy—3. 

I 

Now, proceed as in Art. 3. 1 

Thus we get ;r~5 or i, and y=i or 5. 

Ex. 3 . Solve 4.^y/=96—2r’^y“...(j), .ar+ji/et6...(2). 

From (i), we get +4;r9/ + 4=s96 + 4'= 100. 

Taking the sq. root, j^ + 2= ± 10, 

/, ^9^= ± 10 —2-»8 or—t2...(3) 

Now, using (2) and (3), we get the required solutions. 

Thus, A«=4 or 2 and9/= 2 or 4. 
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£iX. 4 . Solve -r® + 3;ir +j)' = 73 — ixy .(i) 1 

j'® + 3y+x=44.(2) J 

Adding (i) and (2), we get 

{x+yf + 4{x+y)=:ii7 ; 

(.r4-^}“+4(A'+^) + 4= 117 +4= 121. 

Taking the sq. root, {x +jy) + 2 = -t 11 ; 

X + y = — 2 ± 11 -- 9 or — 13. 

'Taking the first value of x + y, we have x = g~y. 

\ 

Substituting the above in (2), we get 

j/2 ^2 y+g -y = 44, or + 2y +1 = 36. 

Taking the sq. root, jj' + i = ib ; 5/ = - i 4^6= 5 or - 7. 

Hence .r=4 or 16. 


5. The method of solving an equation will not be altered if 
instead of x and r', their reciprocals 1 .r and i/y occur throughout 
the equations. 'Thus, j. 


Bx. 1. Solve i+ ’ = ;.( 1 ), ~ + 1 = ;:...( 2 ) 

X y .V- y^ 


}.et^=A and then the equations become 

X y 

^+Z?=^..(3),and + = 

Now, using (3) and '4), we shall get 
.^ = 1 or ^ and ^ or .j. 

Hence — 3 = 2- 


Exercise III. 


Solve the following equations ;— 


1. .t-"+y=i33i 1 
x+y= n ' 

1 “ 

x+y= 12 ) 
;r^ 4-^ = 2196 J 

3 . 

A' 3 -.y = 973 1 

x-y= 7 j 

4. x 4 ry= 11 ^ 

x'^+y^=iooi j 

5 . 

x + y= 6 ' 
;i:® 4 -y =72 

i 

6 . 

x-y= 1 1 
jr*—y= 19 j 

7. y+y-1891 

4'.r^*= 180 j 

8. 

■r+y = 9 ] 
Vx+ ^y=3 j 

> 

9 . 

x^+xy^u'^ ) 
y^+xy^,b^ J 
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10. 

-r^+;r*j/2+jl'*=i33 ) 

11 . 

x^-y^ = 9 1 

12 . x+y= 2 a 


x^—xjy+y^= 7 / 

X- 

' + xy+y-‘ = 3 j 

.1^ + y^ = 2 a^ + 6 a 

13 . 

3+j/S_407 1 14 . 

X +>'+.l‘“+J/2= 18 1 

15. .r'‘‘+y-®= 13 1 


x+y= II J 


xy= 6 J 

2xy-x-y^ 7 J 

16 . 

X* +.'r2>/2 +^'‘ = 481 

7- .r 

* + +y* =* 931 

1 18 . .r’’-y=i24 


x^+xy+y^-- 37 


i"+.i.y+.)'''*=■- 49 

j x-y- 4 

1-3. 

I r I 1 J 


20. •'!= - 

X 9 

4.r 

- , x-y--^2. 

J' ^ ^ 

21 . 

6 {x+y) = sxy 1 

22. 

X 


23. .,+ 2=.l'‘A'i 

a- y^ 


I * I- 

T 

I 

•J 

y- 

xy = 20 

24. 

X J. V 

^ T b* 

25. .,+ .J =, 

l'* y 

■« * - L-1 

-’a- 9^ 


6 . Homogeneous Equations. When both the equations 
art of the same degree and lu)moyeneou.'> with respect to a and y, 
in all those terms of it uhicli involve r and put v^-Tvr, by means 
of which we may gcneially without difficulty obtain an etjuation 
involving 7/ only, which being determined, x and v may then be 
found. 


Ex. 1 . Solve x'^ + 3,r/ + 4;-■'' = 14.(i) 

3.1-2 4 - 4 -i '7 + 5 y‘‘=25.(2) 

Assume y = vx. 

Now substitute this value of y in both (i) and (2). 

■■■ (3)' 

■.. ■ •«^4 ^ 


From (i), we have x'\i + = 14.... 

„ (2) „ A-2(3+47/+5t/-) = 25.... 

li)ividing (3) by (4), = ^ 4 , 

Multiplying across and transposing, 

302/2+192/— 17=0, or (22/— i)(i52/+ i7)=o, 

.*. \ and /. }> = \x or-]lx 


} 
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Using the value = in(i), 

we have + 

\x^— 14 . /. X — ^2, 
Hence ± 1. 


Otheravise thus :— 


Using the value "kl^' iw (J)i 
we have -r“ + M 

J 5 


• <• 1 11* * 'K* ■**<» t 

• • 2 *2 ^ 4 > • • ^ 


2n\IU 


Hence J^'= ^ 


17 


2^/(ll) 


Dividing (i) by (2), 

Multiplying across, 25,v^ + 75-y'+ 100v“=42-v--1-56,1^ + 707^, 
.*. + * 9 -^y — 17-1" == o or 2j' — ,r . (1 5 r + 17.r) = o. 

27 = .r and 15 j c= - 17.1-, or .7 = ?. r or - ^ lx. 

'I'he work is now the same as given above. 


7. Some J/ovio^cneaus Equations may easily be solved by other 
artifices than those illustrated above. 


Elx. 1 . Solve .r* + 3a'_7 = 22...( I), .r^ +4/^ — 42...(2) < 

Adding (i) and (2), wc have .t'''^ + 4.ij' + 4y-^ —64. 

Taking the sq. root .r+ 2^= ±8...(3) ‘ 

(i) Taking the upper sign, a'= 8 —2/ ; yubsliluting this in (1), 
we have (8-2/j“+3(8-2^i7-22, or 64 - 8j/- 2/-^ = 22. 

/. y“ + 47-2i=o, or (7-3)(>' + 7 )^*-o. 

Hence .1=8-2^- 2 or 22. 

(ii) Taking the lower sign, ,r= -(8 + 27); substituting this in (i), 
we have (8 + 2_7 — 3(8 + 2jt'l7 = 22, or 64 + 8j/ - 2y^ = 22. 

y-47-21 =0, or (/-7J(y + 3)-=o- 
or-3. 

• Hence A= — (8 + 2_7J =-22 or-2. 

Thus, we have the four solutions :— 

’ .r= ±2 or ±22,_7= ±3 or +7. 


Exercise IV. 

Solve the following equations :— 


1. a?*+A 7==66 i 

2. A'*+^a = 34 1 

3 . 3x^+xy=68 1 

jr2-y'’'=ii J 

-xy=^ 10 J ■ 

4y^ + 3xy=i6o j 
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4. + 3-fj/=* 26 \ 5 . x^ — xy = 6 \ 6 . -yxy — ^o ) 

3^2 + 2-rj/=39 j Sxy + 4 v^ = i<) j - 52 j , 

7. 3a-3-3A'j+/•*--361 ) 8 . 3x^ - 4.rj'+y = 20 ) 

x^ —y^ + 'Ixy == 134 J 2x‘^ — 7= 4 j 

9. x^+xy = ¥iO ') 10 - x'^-xy—is | 11 . 7^-^- = 1 oy \ 

y:y-{■y^'= ^2 / y~ — z.ry — iC) j .r’^ + .rv— 20 j 


12 . y-+ 3.rv + 3V-= 19 ) 13 . .r-'+ 4 ^ 1^'= 133 I 14 . 4i^-.r/ = 2 


r-'+4,11'= 133 » 14 . 4i^-.r/ = 2 1 

4x‘^ + xy+y'= io j .i-y + ,y/-=57 J .i^+iry'®=i J 


16. 


5.i'2 + 2y- = 13 \ 16. 3-1'^ - W +5y‘^= 33 I 

;r“-.r)'+j/-= 3 j 41--xy= lo ) 


17. 2j:a + 

5.^ 

19. 4.r/-.r-=^i5 


39r 


3 -'’ 7 +20 ■) 

;y“ + 4r = 4i J 

.-.r ==..5 1 

-.VI' =150 J 


(c. V. A. 1892,. 
(C. K. A. 1890) 


18. 

20 . 


((.'. V. A 1878) 

\-- 4 xy =7 1 

\xy-4y'=S } 

.ij-5,r“ = 36 I 
., j,_ 3 y 2 =io 5 J 


8. An exptesbion is said to be symmetrical with respect to .r 
and V, when these cjiiantities aic similarly involved in it. I'hus 

-^2+,^'y'‘+J'^ 5 vj' + 7 -i' + 7 ^+I and ;^x* — s^^'^y — ^xy'^ + ^v'* 
are symtnclrioU with respect to x and^y. 

9. Symmetric Equations. When each of the (wo equations 
IS syjiimctrintl with lespect to x and r, put « + ?/ for x and u — i' for y. 

Ex. 1 . .Solve .i"+y = i8.ty...(r),a-+y= i2...(2) 

Put n + V for ,r, and i4 — v for y ; 

llicn (i) becomes {u4rv'f y{u — '7>f'==\%{u Arv){u-v\ 

or u" + 3«7/“ = 9(«“ — v^') .(3) 

and (2) becomes (« +7/)+ (.«/ — ?/) =12, whence'A'*= 6 . 

Puttin^f this for u in (3), we have 

216+187^" = 9(36 —7/®), whence 7/=+2. 

Hence .r = 7/ + 7/ = 6±2 = 8 or 4, and j/ = «-7/~6 + 2 = 4 or 8. 

Ex. 2 . Solve .r+_y=3...(i), ;c^+7'‘= J7...(2) 

Assume x = it4-v andya=« —7/ ; then from (i), we have 

a'+/=» 27 / = 3 and /. .(3) 

From (2) (« + 7 /)'* + ,^w - 7/)*= 17 or 2(«^ + 6//V“ + 7/^)= 17. 
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Substituting (3} in this and simplifying, we get 
i6z'^ + 2i6'z/“- 55 = 0, or (4^/-- i)(42/“+ 55) --o ; 

1 or - V, and ^ \ or ± i- ^/( - 55). 

Hence ,r = 5 -t i = 2 or i andi = i or 2 ; &c. 

10 . Some equa.ions though not symmeftical with respect to t 
andj may yet be solved by the preceding method. 

Ex. J. Solve-v-j/ = 2...( 1), .i-*+ji/‘* = 7o6...(2). 

Assume + and y — u~v ; then from (1), we have 

A'-j = 2 t /=2 and z/= I .(3) 

Krom ( 3 ) (« + r0^ + ,«-7/)‘ = 7o6, or 2 («‘‘ + tw-e/‘'^ + z>*) = 7o6. 
Substituting %> in this and duiding by 2, we have 
4-6/r ~353•= o, or {ir - xb) u + 22)-- o ; 

U-— 16 or-22 and w = 44 ori *^(-22). 

Hence .v= ± 4 + i — 5 or — 3 and i' ± 4 - 1 = 3 or — 5. 


Exercise V. 


Solve the following equations : 


1 . .V+/ = I 2 j 

.r' = 1 S.rj/ / 


2 . 


-t +i' = 6 
.r’ 4 -,i-''‘ = 1 


4 . A-y = A \ 

x''-y'^=i2A j 


5. V + J' -= 5 ( 

^" +y‘^ =s.ij' J 


3 . x+y= 12 ) 

+ y^ = 2ig6 j 

6. X + y = 8 ) 

.r 4 +y=, 3 i 2 j 


II. THREE UNKNOWNS. 

ll The method of solution adopicd in the following system of 
•equations is deserving of special notice. 

Ex. Solve•=«*■* {i), zx = P... 2), xy ==c^.,.{;^). 

* Multiplying together, = ; 

Taking the sq. root, xy.z= ±adr .(4) 

Dividing (4) by (i), we have .a: = ± ^. 

Similarly, “ + ~* and « = ± y . 

These results are very useful and should be committed to 
memory. Certain types of equations may be reduced to this system 
by suitable transformations, as the following examples will shew. 
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Ex. 1 . Solve ;f(j|/+:r) = 80, v s'+ :»') = 72, ;?(,r+j') — 5 <>- 

The equations may be written thus :— 

jr>/ + .fS' = 8 o,...(i), +.ry^72...(2), sx-\-ys=^ 6 ...{i) 

Adding and dividing by 2, we have 
ys ‘ i y = 104.(4) 

Subtracting (i), (2) and (3) separately from (4), we get 
_y:7=24 ; ^^' = 32 and .vv=-4<S. 

Hence, using the method of the pioceding example, 
we get x— ±8, ±f> and «= ±4. 


*' Ex. 2 . Solve (.1+ sj= 36.(1) ^ 

iy + s){y + x) -77 .(2) j- 

(^ + .1) V ^ j) = 88 .(3) J 

Putting u, 7 f and 7 l> foi r + s, ,74-.1 and ,r+j respectively, the 
equations become 

ira'—77 ami //7'--88. 

'rherefore u= ± 11, 7 >~ \ 8 and 7 t/— 4 7. 

Hence j/ + r:= -t 11, - + v- 4-8 and x+y= 4^7 .(4) 

Now adding and dividing by 2, we have 

.r+4' + :r= 4r 13 .(5J 

Subtracting (4) .separately from (5 , we have 
4 = i 2, )' = + 5 and :7— ±6. 

" Ex. 3 . Solve .i'v + 2(4'4-v) = 2o .(i) 4 

ir.r + 2(r'-|-r) = 24.(2) • 

yz + 2{y + a) = ;^S .(3) j 

Adding 4 to each of the given equations, we get 

{x + 2){y + 2 ) 24, 2)(-r + 2) = 28, (>' + 2)(j!r + 2)”42. 

Now, putting u, 7/ and 7 i- for 4 '+2, y + 2 and c + 2 respectively, 
the equations become 

«7/—24, 7 c/u = 2^ and V7e/^42. 

Therefore //== ±4, 7' — ±6 and 7 v =±7 
Hence 4' = 2 or -6, jg = 4or -8, ^r = 5or -9. 


Ex. 4 . Solve V(-''’^+/) = 4(^+")== V 

Here,-= 5\or —h =j^- 

’ xys! ys xz 


‘(7+ '6')- 












MATRICULATION ALGEBRA. 


5^2 
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" I 1 II 

Similarly, - + - ^ and — + — = v,. 
ys xy ^ xs xy 


Adding and dividing by 2, we have 


' + * + -=i 
yzzxxy 


. J _ 1 I 

• • yz 


I and - -=i. 
zx xy 

yz=\2^ zx = ^ and xy=^6. 


Hence x= ±2, y^ ±3 and z~ ±4. 

12 . Next, consider the following system of equations 
X ^y + z = yz + zx+ xy = xyz = c. 

We have (x-x){x-~y){x-z)=o, {identically) 

or x^ — (x +y + z)x^ + (yz + zx + xy)x — xyz =■ o. 
Now substituting in the above from the given equations 
x^ - ax"^ + lfx — c—o. 


This equation may be solved by resolving the left side into 
factors, as the following^ example will shew. 

Ex. Solve x+y+z= 9.(i) 'j 

•/ yz+^x+xy =26 .(2) - 

xyz =^24 .(3) J 

Proceeding as in the above Ai t., we get 
x^ — 9,r- 4 - 26 {■ — 24 - o 

or (jr-2)(.r-3)(.r-4' = o ; ,r = 2, 3, or 4. 

Now from the nature of the question, each letter .r, y, 5-may 
have any one of the three values, provided that the other two values 
are given to the other two letters ; 

/, jr = 2, 3 or 4 ; ^ = 4, 2 or 3 ; ^ = 3, 4 or 2. 


Exercise VI. 

iiolve the following equations : — 

1. x^yz =< 2 ’’, y^zx = z^xy =r''. 

o ^ q JL, _ y. — ^ 

y'^z^~ xH^~ -ry “ ^ yH^~ ~ Jy “ 

4 . 19, xz4-x4-z—2'i,^yz ^y+z=:2g. 

- 5, xy+io{x+y) = 2i^ yz + io(y4‘z)=^2, xz + io(x+z)^S 2 - 
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6 . xy + a{x + y) = xx + a{x + s) =^yz ■\-a{y-¥z) = 3<i®. 

• 7 . xyz = 2 x + 2 y + z=\(:^z + sy + 4 ^) = U^x-k-iSJ' + 5 ^'^- 

8- 5.r + 4.1'+ 3^ == 48 .ryj’ \ 9. sx-4y + 7x- o ' 

3;jr + 6 ^ + 52r = 46jry5' > 2x—y — 2z= o ■ 

A' + 2 j/ + 3 ^- = 1 8xyz J 3.r® -y^ 4 -£’* = 18 , 

10 . x(y+sr) = 6, y(z+x)= 12, z(x+y)-lo. 

11 . x+y-hx-xvz^6, yz ■tzx+xy=»ii. 

13 . A +y + z= ifx+ily+ f/z = -i, xyz= i. 

13 . x-hv + z=2^, yz + zr+xy= 170, xyz = 400. 

14 . xyz'^^(x 4 -y)= ^(y + z)= s(z+x). 

15. x(y -hz) -26, y z+x)= 5 o, z(x+y) = S^’ 

16 . x^+xy + xz =18, y^+xy +yz = 27, z^ + xz +yz =»36. 


III. PROBLEMS PRODUCING SIMULTANEOUS 
QUADRATIC EQUATIONS. 


13 . The following^ are illustrative examples. 

9 

Ex. t. Tlie sum of two numbers is 14 and the sum of their 
cubes IS. 854. Find the numbers. 

Let r and j/ denote the numbers. 

By the question, .r + v= 14 .(i), .r^+_y’‘ = 854.(2). 

Dividing (2) by (i), x^—xy+y'^^Ol. 

But x‘-‘~xy + y‘^ = (x+-y/-3xy ; /, 61 = 14 x 14 - 3AJ/, or a^*»45. 
Now, + 14 X 14-4x45= 16 ; 

x — y= ±4 \ Hence by addt. and subtr., we get 
and 4: +14) ^- = 9 or 5 and _;' = 5 or 9. 

Thus the numbers are 9 and 5. 


Ex. 2 . A dealer sold 60 bullocks and 80 sheep for ^j.io6o; 
but he sold 42 more sheep for /v’j.90 than he did bullocks for J?s.4$. 
^ind the price of each. . 

Let X be the price of a bullock in rupees, 

and y .a sheep . 


Now, for AV 90, he sells sheep, and for AV.45, bullock^ 

y 


By the question, 6 oa’ + 8o^= 1060.(i) 

.(2) 


90 45 

- 42 =— 
y X 




M.A. —38 








S 9 i 


t 
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P>om (i), 3r + 4i'=53 or ^^=^(53-4^). 

From (2), 30;r-I4rj/=i5j/.(3) 

' Substituting the value of x in (3), we have 

lof 53 - 4 y) --u-yiSj - iv) =«5 

which reduces to - 907/+ 1590 = 0 ; 

whence >' = 2 or W and /. .ar=i5 or &c. 

Hence the price of a sheep is AY2, and of a bullock is /v’j.15. 

,-*Ex. 3 . Find two numbers such, that their sum, product, and 
^Jj^erence of tlu-ii squares may be all equal. 

Let x+y and x—y be the two numbers. 

Then their sum = 2.r, their product 

and the difference of their squares —= 4.^9/. 

By the question, 2v = 4.ry.(i), 2.r = ,r-—9/^.(2). 

From (i) 9^ = .i ; and from (2) 2.1 =.i“ —; or 4.1'^-8.1 —1=0. 

.5r=l(2± Js:- 

„ Hence a' 4 - 9 '= 5(3^ x^5) and x—y—\{\-^tJ^) ate the numbers 
Required. 

Note. The above step in .assutninc; the numbers should be noticed, as 
it simphties much t^e solution of problems of this kind. 


Ex. 4 . In i^foing a quarter of a mile along a straight road the 
hind wheel of a bicycle turns 11 times more than the front wheel. 
Had the front wheel been 3 inches longer in circumference than it 
actually is, the hind wheel would have turned 16 times more than the 
front wheel Find the circumference of each wheel. 

Let X be the circumference of the front wheel in feet, 

and^'. hind wheel. 

Now, on the first supposition, the hind wheel makes -y-turns 
and tne front wheel turns, in going over of a mile or 1320 ft. 


,By the question, -11 = .(i). 


1 *^20 

On the second supposition, the front wheel makes turns in 


going over ^ of a mile. 

« 1320 . 1320 

By the question, - i6s» - — . 

y - 1^+4 


.(2) 
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Subtracting (2) from (i), we have 

1320 1320 I I _ I 

X A +l’ .r .r+l ”264* 

/. 4^2+,r-264 = 0, or (.r-8V4r + 33) = o. 

/, ^ = 8 or - V and /, j/ = 7[ or &c. 

Hence the circumferences are 8 ft. and 7^ ft. 

Exercise VII. 

1 . The product of two numbers is 63 and the difference of their 
S(HKires 31. P'ind the numbers. 

2 . The difference of two numl)ers is 4, and the difference of 
their cubes is 316. P'ind the numbers, 

3 'I'he sum of two numbers is 10 and the sum of their rubes is 
370. Find the numbers. 

4 . Find two numbers whose sum is 32 and the sum of whose 
squares is 544. 

5. A rectangular enclosure is half an acre in area, and its 
perimeter is 201 3'ards. Find the lengths of its sides. 

6. ’ A labourer undertakes to carry a load a certain tlistance, 
aj'reeing to take Sa. for each m.'iund moved one mile. He earns 
/v’r.40. 87. and the tlistance in miles exceeds the number of maunds 
carried by 405 Find tire Itrad and the distance. 

7. In a mixed number the integer is 98 times the fiaction. The 
numerator of the fraction being unity, and its denominator less by 7 
th.in the integer, find the mixed number. 

8 . A man being asked his age, answered, ‘If you multiply my 
two digits together, the number formed will be my age 22 years ago, 
and if you atld all the digits of the two ages you will have one-third 
of my present age’. How old is he ? 

9. d'he sum of two numbers is six times their difference,, and 
their product exceeds twice their sum by i r. Find the numbers. 

10 . A and B gained by trading 100. Half of A’s slock was 
less than B’s by /Us. too ; and A’s gain was i'V.ths of B’s stock. What 
did each put into the stock, and what are the respective shares of 
the gain ? 

11 . What fraction will he increased by when unity is added 
to both numerator and denominator, and dimini.shed by when 4 is 
subtracted from each of them ? 

1 ?. The sum of the three sides of a right-angled triangle is 12 
nches and their product is 60 cubic inches. Find the lengths of the 
sides. 
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' - 13 . If one year be added to the tenth part of the sum of the 
squares of the ages of two brothers, the total will be seven times .the 
difference between their ages ; and next ye^r the elder will be half as 
old again as the younger. What ate their ages ? (C. F. a. jfcSi). 

14 . The fore-wheel of a carriage makes 20 more tut ns than the 
hind-wheel in 600 yards ; but if the circumference of each were 
increased by 5 yards, then the fore-wheel would make only 15 turns 
more than the hind-wheel in 900 yards. Find the circumlerence of 
each wheel. 

15 . The 'figures which express the pounds and the pence in a 
certain sum of money will change places if £2. 195 9</. be added to 
it, and those which express the shillings and the pence would be 
interchanged by subtracting 2s. 9//. What alteration would be 
produced in the sum of money by interchanging the figures which 
express the pounds and shillings ? 


IV. GRAPHS OP ELLIPSES AND HYPERBOLAS. 

b h 

14. The graph of is an Ellipse and that of -X 

ct a 

is a Hyperbola. (See Note). 

GRAPHS OF ELLIPSES. 

'' Ex. 1. Draw the graph of 4 ^/(I44-9 a-’^). 

Letj(/ = i v'(i44-9'>^-)- 

For each value of there are two equal and opposite values of 
y. The values of x and^ may be tabulated thus : — 


X 0 

: ±2 

i3 i4 

y i ±3 

4. \ ' 5 + 

4 4 

* /fi 0 

4 


The curve is syinmetiical with respect 
to the axes of x and j, (as shewn in the 
annexed F'ig.)* 



Here, OA=4, OA'= -4, 
OB = 3 and 03 '= -3. 
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, '"'Bx. 2 . Draw the graph of 16 x^ + 9 - Q6jr -- 721 ^ 4 -1 44 •=« o’ 

The equation may be written thus ; i6(;tr“ 3)®+9(jj/ —4)*= 144. • 

The values of .r and jf can be easily tabulated 
and it can be easily seen that for real values of j^, 

X must lie between o and 6 and for real values of 
x^y must lie between o and 8. The curve touches 
both the axes of x and j/ Cas shewn in the annexed 

» Here, AA'=8 and BB't=6. 

It is an ellipse whose major axis is vertical 
and minor axis horizontal. 

Ex. 3 . Solve graphically + 3 _y 2 = 30...(t), I3...(2) 

The graph of (i) is an ellipse whose centre is the origin, semi¬ 
axis major \'(i5) Jin<l semi-axis minor ^(lo), the axis major being 
horizontal. The graph of (2) is a circle whose centre is the origin 
and radius *^(13). 

If the graphs be accurately drawn, it will be found (as in the 
Fig. bel’ow) that the values of x are ±3 and of y are ±2. 

Here, ON = 3, OM= -3, PN = QM = 2, P'N = Q'M ^ -2. 

The four points of intersection are P, P', Q and Q‘. 




N.B .—The unit of length here is equal to twice the length of a side 
of the square. 
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Exercise VIII. 


'■ 1 . Draw the graphs of 

(i) TT ^'’(36oo-2 5;r2). -(2) ^(64-3^:®). (3) f ^'(16 -.i'*). 

(4) fi >/'(i25-.r2). (5) 25.r‘-* + i44^a-5o.t--576/-2999=o, 

and determine graphically the limits between which x must lie in 
order that v may be real and 7 '/ce wna. 


2 . Solve graphically the following equations 
(i) 3 - 1 - 2 + 4 >-“ 

y. f4) 2 A- 4 - 3 ^=I 2 1 

3 -^'' + 4 y =43 i 
• f?) 2/ = 

2.r2 + 3 y 

( 10 ) .x2-r-2, 4.r2+y- = 2o. 


) ♦ (2) 16-12 + 25^ = 400') 

(3) -1-2 + 5^=120 1 

J ^ 2 +/= 25 J 

2-T* + y2=204 j 

( 5 )T= 3 -^ + 4 ) 

(6)j/=2jr + 3 > 

y = 25 - 2 .r 2 J 

+JJ/2 _ 5-J. -8^ — 0 j 


.r + 5 j (8) .r2+/-36 ) { 9 ) y=x^ ) 

3y2_ior=i9 j 31 - 2+4 r- 8 y = 96 j 2 x^ + 3 /^=^3S i 


(GRAPHS OF HVPKRBOLA.S. 


Ex. 1. Draw the graph of i{ ^,/(.r 2 -i 6 ). 
Let 16). 


For each value of .r, there are two equal and opposite values of 
y ; V can have no va ue between 4 and -4 for real values of v. The 
curve IS symmetrical with respect to the axes of ,r and j/. 

The values of x and j/ may be tabulated thus :— 



As X increases, y increases. When x is infinitely large, y is 
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infinitely large. The curve extends to infinity on both sides'of the 
OBcis of jF, (as shewn in tiie Fig. above.) 

It is a hyperbola whose transverse semi-axis is 4 and conjugate 
semi axis 3. 

Ex. 2 . Draw the graph of A®-y-*-6.r-f8j/=h. 


The ■equation may be written 
thus 

^ »->,i ml ■ 

The curve is a rectangul ar hy- 
perbol i whose centre is the point 
( 3 » 4 / ^ can have no value Ijet- 
ween 8 and -3 for real values of 
(as slijwn in the anne.xed Fig.) 



Ex. 3 . Solve graphically + -2y^=23....(2). 

The graph of (i) is a straight line and that of (2) is a hyperbola 
-of which the transverse axis is veriieal. 'i'o solve the two equations 




(tOO 


MATRICULATION ALGEBRA. 


graphrcally is to find practically the co-ordinates of the points of 
intersection of these two curves. The Fig. above gives the graphical 
solution. 

P and Q are the points of intersection. It will be found that 
the abscissa of P is i and of Q is - 7, and the ordinate of P is 5 and 
that of Q - II. 


Exercise IX. 

1 . Draw the graphs of 

» I 

(i) — " (2) (3) j/*-5;r®= 16. 

(4) —y* - 12jr +16y=o. ( 


8. Solve the following equations graphically;- 


K(0 


^(l) ^ = 2,r ^ 

^*-/=36 J 

‘.x^+y^= 57 ) 

a- 4 y =-52 J 


(2) 2y = x + s 
y-*-2;r*= 64 


.^ 4 ) 

3 ^ 


(5) y = 2x + s 1 
2y^ - ;^‘^ + 6x — o J 


) (3) .t^*+7®=4r 1 

j 2.r®-3y= 2 J 

jV+i = 2:ir > 

i,a- 3 .ra= i j 


2.r 

( 6 ) 


V. MISCELLANEOUS GRAPHS OP THE SECOND 

DEGREE. 

15 . The following are illustrative examples. 

Ex. 1 . Draw the graph of ——. 

Let^=j^; then j(;r + i) = I. 

•If the origin be transferred to the point (-1, o\ the equation 
becomes .r/= 1, which is a rectangular hyperbola, having the new 
axes for asymptotes. ' 

The values of x and y may be tabulated for the original equa¬ 
tion thus :— — 


x 

* 

00 

1 

— 4 

4 

1 

" Ty 

- r 

0 

I 

**> 

3 

4 

« • • 

y 

0 


B 

8 

00 

fl 

I 


J 

1 

1 

• • • 
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The annexed Fig. represents the 
graph. Here, the lines O'X and O Y' 
are the asymptotes, i.e. the straight lines 
which touch the curve at infinity. 
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Ex. 2 . Draw the graph of V^.r+ 

The equation may be written in the form 

(x + v~ = which shews that when .r=to, i ; 

and when^ = o, ;r= 1, i. The curve therefore touches both the axes 
at the points (i,o) and (0,1). It is a parabola, because the terms 
of the second degree form a perfect square. 

Hy tabulating the values of x andj', 

It will be found that the annexed Fig. re¬ 
presents the graph. 


Here, OA = i, OB = i. 'I'he line drawn 
through O bisecting the angle AOB is the 
axis of the parabola. 'I'he line AB is the 
latus rectum. 



Note. The student who know.s the properties of the parabola will 
easily understand these. The unit of length here i.s equ.al to iwiee the side 
of a .sijuarc. 


Exercise X. 


(T) 


1 . Draw the graphs of 

I 


X + 2 


is) - 


X^ + 2 


X+1 


( 2 ) - - . 

3- ^ 


fA\ ■* - * 

( 6 ) — . 

X-2 


( 3 ) 


T 

x + 2 


4-2 


( 4 ^ 


.r-4- 2 


(7) - 2xy +y^~ 6(x + v)+9 « o. 
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2.* Solve the following equations graphically :— 

(J) 1 (2) 1 

y{2x + i)<=i ) ~2xy+y^’-S{x+y) + j6^o ) 

( 3 ) + ^=i ( 4 ) 

(5) yjr- 2 )—I, ;r®+y = io. (6) i, 2;r® + 3J'®“5- 


1 3 . Trace graphically the changes in the sign and magnitude 

of the following expressions as x increases from minus to ^lus 
infinity■ 


(i) 2;r*-3:r+5. 
( 4 ) 


(2) 3 .*;-- 4 ;r 2 + io. 

. . 25ar2+20jr-86 
3 ox :-87 


4. Plot the graphs of 

(0 (2) ^ ' (3) ^ ' 




(3) ;ra/(;r-i). 

(6) (^- 2 X-y~ 4 ) 




I 


h. Draw the graphs of the circle 4-^=9 and of the straight 
lihes 3jr+4j/=i2, 3^^ 4 *4^=1 St and 3Jr+4j/<=i8 ; and shew that the 
circle meets the hrst in two real points, the third in no real points, 
and that it touches the second. 



ANSWERS 


Ex. I. (p. 1). 


1. 

(i) So. 

(2) 80. 

(3) 280. 

(4) 41. (5) 18. (6) 14. 


(7) 6. 

(8) 31 - '• 



2. 

(0 lo. 

(2) 44. 

( 3 ) 58- 

(4) 12. (5) 5. (6) 7. 


( 7 ) 33 * 

(8) 14. 


>■ 

3. 

’(0 4 . 

(2) 30 - 

(3) 2. 

(4) 4. ( 5 ) (6) 3. 


(7) 2. 

(8) 6. 

(9) 16. 


4. 

(I) -8. 

(2) I. 

(3) 

(4) - I. (5) -178. (6) 192. 

5. 

(I) i8. 

(2) 42. 

(3) 8. 

(4) 41. ( 5 ) -25- 


(6) 78. 

(7) 8. 

(8) 6. 

6. I. 




Ex. II. (pp. 6-7). 

1. 

(1) 2880. 


(2) 17496. 

(3) 4800. (4) 4032 


(5) 238-, 


(6) 41328. 

(7) 486. 

2. 

(1) 94 - 

(2) 89. 

(3) “64. 

(4) 16. (5) 1, C6) 7. 


( 7 ) 3 - 

(8) 38I. 

(9) 49 - 

(10) ii. 

3. 

264! 4 . 

3^. a (i) -73- 

(2) 16. (3) 5. (4) II^ 




Ex. III. (p. 8). 

1. 

(i) 9 - 

(2) 

I. 

(3) 4 - (4) 6 . ' (5) 12. 


(6) 40. 

(7) 24. 

(8) 6. (9) 2. 

2. 

(0 30. 

(2) 

1312. 

(3) 2040. (4) 17424 


(5) 225. 

(6) 397 * 

(7) 1120. (8) 750. 

3. 

(i) 9 - 

(2) 

11. 

(3) 20. 4. 4676. 

5 . 

(i) 46. 

(2) 24. 

(3) 7200. 



Ex. IV. (pp. 9-10). 

i. 

(i) 30 - 

(2) 80. 

(3) 600. (4) 9. C (5) 25. 


(6) II. 

( 7 ) 4 - 



2. 

(i) 21. 

(2) 22. 

(3) 7. 

(4) 13. (5) IS- (6) 4. 

a 

(0 35 - 

(2) 10. 

4. 6. 

5 . (1) 14. (2) 25. 



" Ex. V. (pp. 12-14). * 

1. 

9 ; 27 ; 81 

; 81 ; 6 ; 

0 ; I. 

2 . 12 ; o; 144 ; 30; 72. 

a 

486 ; 0 ; 2916. 


- 

4. 

(I) 61 . 

(2) 4 ^- 

(3) 20t^. (4) 6^. (5) 235 Vup« 

a 

88. 6.. 

128. 7 . 

(l) 230!- 

(2) 53t5- ( 3 ) (4). I42i|i 
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8. 

(i) 3 - 

(2) 6§ 

(3) 146- 

(4) 55 - 

( .5) 

( 6 ) 6 , 

t 

( 7 ) 5. 

(8) h . 

(9) I- 

(10) «■ 

(II) 2. 

(12) h 

9. 

(I) 8. 
(7) 2. 

(2) 3 - 
(8) 1. 

(3) 27. 

(4) 125. 

( 5 ) 64. 

(6) 3 ' 

10. 

(I) 8. 

(2) 120. 

(3) 4. 

(4) 384- 


11. 0 

12. 

0. 

13 . 0. 

14 . 3 exponent and 4 coefficient. 

15 . 0 


Ex. VI. (pp. 16 - 16 ). 

1 . x~y. 2 . ^- 5 . 3 . ^rz. 4 ;. ^ + 1 ; x-i. 

5. x—y. % 6 . a + k 7. (i) 16a. (ii) 192a. (iii) 64a. 

(iv) 4a. (v) 8a. 8. (i) 3^. (ii) 36^. 

9 . (i) dli2. (ii) d/^ 6 . 10. <2.1:. 11. .*•— 13. 12. 13-A. 

13 . 2x ; 12SX. 14 . 5/a; ioo/a> 15 . 192a-H12^. 

16 . xy ; ajy. 17 . xjy. 18 . (i) 3a. (ii) 4 ^- (iii) <J^x. 

19 . 144a. 20. ax + by. 21. (i) {x-\-y)l2. (2) 5^-^(.r-j/). 

(^) {6a^-x*)c^. {4) (n'^ + P)l(a + b-tf). is) b)\c - d). 

22 . 4^ ; ^bh ; ‘}ab ; ax^ ; 23 . The sum of ab and fu 

24 . a + a+a ; a.a.a. 25 . (i) 7 - (ii) 9- (iii) 

Ex. VII. (pp. 18 - 19 ). 

K 

1 . -12. 2 . -12; 12; 8. 3. -120. 4. (i) -15. (ii) 15. 

6. (i) 15 miles, (ii) —15 miles. 6. 4-45- 7 - 35 seers. 

8. 50 years ; 30 years. 9 . 9 inches. 10 . - 10. 

Ex. VIII. (p. 20 ). 

I . 9. 2 . -15. 3 . -7«. 4 . —2x, 5 . 5a-4c. 

6. 5a®-h4a^-i*. 7. f)a^ — 7a. 8. — Ii;r*-f6. 

Ex. IX. (pp. 21 - 22 ). 

1., - 8 ; - 58. 2. - 202 ; - 780. 3 . - 304. ^ 

4 . (i) - 31 - (2) -8. (3) --Si- 5 . -33. 6. (i) 24. (2) -II. 

7 . 6. 8. 2, o, 6, 2, 6. 9 . - lo, - 15, - 13, -8, II, ili, 286. 

12. XO 1640- (2) h (3^: -1560. 

Ex. X. (p. 23 ). 

1. ^ 4 a. 2 , 27.r. 3 . 23a^. 4 . 23a*^. 5 . -24.3; 

6 . - 35 <». 7. 3 a^. 8 . o. 9 . loa. 10 . -2ab 

II, loabc. 12 . 13 . ya^b*, 14 . i4ab\ 15 . o. 

16 . -7aH\ 17 . o. 18 . 4«;r. 19 . -3a*. 20 . o. 
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Ex. XI. (p. 24 ). 

« - 3^ + 5^+6/f- 7:r. 2. gx^y^ - + S^y " (ixy\ 

3 ad-5^‘^ + 4^*. 4 . 2./-3a^ +2a*’—5rt^ 

— 5 <*" + 2ga‘^b + — ya^b^ - -^ab^^ ~ 7b'\ 

Ex. XII. (pp. 25 26 ). 


1. 

i8.r + 15V. 


2. 

^ 0 

5a 4- 12b. 3. 0. 

4. a-^-b-^-c. 

5. 

-rt+ 15^ - 

84-. 

6 

I ^a + 3^ ■“ 6<‘ 4 " (>d. 

7. 6by-7cs. 

8. 

23a® — 2^ah 

+ I 

4^=*. 


9. i4.r-9j4‘ioar- 

-12. 

10. 

\4ab -cd- 




11. 5,r " 4- Sojr’j — 14.^^® 4 - 4y^- 

12. 

22X - ^xy + 3.r'' 

'y\ 


13. 2irt.r4-7«.r®. 


14. 

2jt‘ ® + 2y^- + 

•7 O'fi' 



15. 6rt.r» —43a®j:. 


16. 

— I 2<2®^® + 

i4(^<5t:<^. 


17. 6abc. 

18. 28jr*. 


• 


Ex. 

XIII. (pp. 26-27). 


1. 

-{a- b). 


2. 5(«- 


3. 9(.^'® 4 -/®) - -y^)- 

4. 

lia. 


5. \IV\ 


6. -txy. 

7. 

8. 

rt4'3. « 


9. x-i-hi 

I.t®. 

10. la^' +ab. 





Ez 

:. XIV. (p. 28). 


1. 

* 

5a. 

2. 

— 4ab. 

3 . 

i^ab. 4. 7xy. 

5. 20^. 

6. 

-7M 

7. 

4a. 

8. 

-2a- ^b. 9 . 

iSrt.i®. 

10. 

— 2a. 

11. 

~x. 

12. 

a — b. 13. 

2fl - 3 < 5 . 

14. 

2bcd—abc. 



15. 

3a® - 3^®. 16. 

a — b — c. 

17. 

yzx4ra. 



la 

^ax 4 - 2a. 19 . 

X —y — a — b. 

20. 

2b-c. 



21. 

- 3> 22. 

— 4 - 4b^ -H 2 c®. 

23. 

4.r®— 2a.ir — 

b. 


24. 

— 2b-c. 25. 

-r® 4 - 14X— 12. 


Ex. XV. (p. 29 ). 


1. a — ;^b + y. 2. 2 a^- 2 a — 4 . 3. •• 2 x^yxy 4- 

4- 4axgbjf + 2CS. 5. Sx^ — $x4rS’ 6. ■“ 2a^ + nb — 2b^. 

7* a*-3iJ'^+i9c^ - I. 2. x‘^’-’6x^y-\‘i\xy^-i2y^. 

9 . — 12 ^*®+ 1 + 10 . 2 a^’~iiaH+i 4 ab^ — 4 b'^ + 2 

11. 7a® — 3« + 4^^* - 7ab + 3 f* — 6^^ ; + 2^*+;r/. 

12. — - (ix'^y — + 6 — 34:® — — 2.1® — 9.1;^ + 4 j/®. 

13. 3Jf^ + i 3.ry —- 16jf;? ^ 13ys'; 24:® + 1 2xs - 52:“. , 

14. 3a*-«’'- i4a+14. 15. a—r— 3i:-2^+4<?. 

16. -5/^®-i9?* + 25/g’. 17. --Ip^q' . 18. xy-->rxy4-y^. 

19. -8;e- + 9.r® —3^®. 20. 3a* —4a’^-4^^'’4-2^*. 

2L 22. a® + fl*^ + 8a®d®-2. 

23. 5a+^-6t. 24. -2;r». 25. a+^+f. 
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Ex. XVI. (p. 30). 

1 . 2a{x-~^). 2. —2{a — l>){x—jy) + ?(x+y)b\ 

3. -2{a + dy+x{a^ + d^)+2x^{a + d). i. ~%abc-^\^aH-W- 

5 - + 6. d^a^b\a - 5 )- + “^*)* 


7 . 


^ -L. \ - 4 - 1 - 3 - 



8. 

i'-^d-^b^-abc + 

-V-A'*y^ 5'2 + l(a- b). 

9 . - 

a + b — c. 



Ex. XVII. (p. 32 ). 



1. 

5a - 4b. 

2 . X+4J'- 3 . 2x~j. 

4. 

U- 5 -^' 

6. 

-2a+iJb. 

6. 2a-2^ + 3^. 

7 . 

-2x + 5y-2z. 

8. 

-X- 6v. 

9. 4a —40-. 

10. 

4a® — 4a’'£'. 

11. 

0 00 

- 3 ^ - 3 ^“ 

12. 2a.r'* +2^0+ 2^:0^. 

13 . 


14 . 

■~c)b+ 14c. 

15 . 5a^ - JI a'-^b + P. 





Ex. XVIII. (p. 33 ). 



1. 

3 ^- 3 ^- 

2 . 2 a + sc. 3. 6a — sb. 

4 . 1 

6x — y. 

6. 


6 . 2a^ + 4^*. 7. 0. 

8. 

-yc-y 4 r 43 . 

9 . 

3a — 2b. 

10. b — c. 11. x+j' — z. 

12. 

a: 

13 . 

a. 

14 . - 4 c + 4 d. 16 . I la- 1 5^. 

16 . 

-x—y — m-n. 

17 . 

2a. 

18 . -S^ + S^- 19 . n+iob. 

20. ( 

^^x-SSV’ 

21. 

8a' — 4y — s. 

22 . 2X-J/ ; 0. 





Ex. XIX. (pp. 34 - 35 ). 



1. 

( 5 ^- 4 ^- 3 a) i 

1 -( 3 «- 5 ^+ 40 - 



2. 

(2 a4rb-~c) \ 

; -(a-~b + c-2). 



3 . 

{2a-\-sb’~4c — 

5 ); -(5- 2 a-3^+ 40 . 



4. 

(3^'-2.0+ ( 52 ' 

+a)+( 3^-20 ; ( 3 -i^- 2 ^ + 50 +(a + 3 

b — 2C). 

5 . 

{ 2 a-sb) + i 4 i^ 

- 2 d)-(c-s); ( 2 a - s^ + 4c) - (2 

:d+e- 

- 5 ). 

6. 

(«'■’ + 2a*) — (3a^ — 5a^) - (3a + i) ; (a'^ + 2a* - 3a' 

’) + ( 5 ' 

a=*-3a- i). 

7 . 

(4a^ + 5^®) - (3<r® + 2x^) - (3;/* - 22?^) ; (4^2 4.5^2 

- 3 ^^) 



- {2X^ + Sf^ - 2Z^). 




8. ‘ -(5«-2f)-(3t/+2sr)-(^-3;i:) ; -{Sa-2c + sa)-(2s+}f--y:)/ 

9 . -(3X^ + 2jy^)-{Sz'^ + a)+(2b-y); ~ ( 3 X'^ + 2j^*-f‘S^^) 

-{a-2b + sc). 

10 . {sx-{2y-sz)} + ^a-ir{sb-2c)}. 

11. {2^i-(3^-4<^)}-<2rt?+(^~5)J, 

12. {««+(2a* - 3«®) J + i 5«‘'* - (3« + Oh 

13. {4«®+(5^“- 3^®)} - |22:2 + (3y- 2^*)J. 

14. -{S^-{2c-Sff)\-{2z + (y-3x)}. 

15 . - ( 3 -'«^* + (2y + sz^)) - {a - { 2 b - sc)Y 

16. {a-b-\rc)^-'{b-cx d)x^-{c-\-(i-\-e)x. 



ANSWERS. 


XU. fl:r3 + (5^-2):r®-(£i-3^-4);f. 

18. -'3^*+(i3«'-"3)'^“-(3^-6).r. 

19. ~(4i?^-3)r’^-(3a<i' + 3 )Ar’ + ( 3 a- 2 (:”),r®. * 

20 . (rt® - '^h)x^ — (3^ - 6j.v“ + {^a - 2);r. 

.21. 2{ax-dy). 22. 2 (a + ^)-r". 23. ( 3 ^*-/-i);i:” + (<^- 2 ).v“-nr. 

24. 2 («;r + irj/) ; 2 <^(Ar+>'). 25. {a-{-p)x^ — {b-q)x^-ir-i)x. 


Ex. XX. (p. 39). 


1 . 

7. 

12 . 

17. 


- 6 . 
' 4^. 
3 - 
9 - 


(4) --40-5. 


2. 15. 3. -48. 

8 . -162. 9. -34. 
13. 67. 14. o. 

19. (i)- 6 . 
(5) 16. 


18. 2. 


4. 360. 
10. 1. 
16 . 13. 

(2) 

20. 


5. 216. 

11 . 98. 

16. “32. 
(3) -'72. 


6. “2i6. 


TT- 


Ex. XXI. (p. 40;. 


1 . 

6. 

9 . 

13. 

17. 

21 . 

25. 

29. 

33. 


1 . 

4. 

7 . 




2 %ab. 2. - 6rtr. 

\2a^x^. 6. — 

10. 26 .v'-y 

U<i <> 

. 'la-^cxy. 
18 . - 3 f)a^ 3 ^ 
22 . i6.rV. 

2 i6a“^“. 26 . -729a^‘-*. 

— 243^'’^^'6’’’. 30 . “ 

34 . 


3. I ^ab. 

7. ~ 12 ab^y^. 

11. abx^y*. 

15. — 7Hnx^. 

19. “ (yoa*l>-cx^y. 
23. 

27. 

31. ^\a*b\ 

35. boa^b^c^ 


4a^ + i2ab. 

— 2abx“ — bby^s. 
1 2x'yh + bxy^z^. 


Ex. XXII. (p. 41). 

2. ax^ -k-yixys. 

5. a^b^-ab^c\ 

8 . i$a‘^b'^iP + 2o<fic^d*. 


4. \oabcd. 

8. “ I 

12. “Jry. 

16. i 2 aH\ 
20. 2i6.r'y*. 
24. I44A'V- 

28. 

32. -«'«. 


3. 2 ^x+i^y. 

6 . “ yu^x - Gab. 


9. 

ga^b '■ — GaVf^ — 21 d'b. 


10 . 

4 a'^- 6 a'^b- 4 a^'b^. 

11 . 

x^-x^y + xy^. 


12 . 

“ d^x + n\P — ax^. 

13. 

— abx^+(i“bx'^ — fiPx. 


14. 

x'^y 4- 3 ~ “ -O'* 

15. 

— ^a*b - 1 2 d^b'^ + gdH^ + 16. 

— I '^a"b' + \oo?b^c^d. 

17. 


18. 

iGx^y^. 

19. 24 oxy'z^. 

20 . 

^ 2 a^Px^y'z. 

21 . 

1 2 PP - 34 bh-^ -t- 32 ^:^ 

22 . 

bx^-’-xy'^- J 2 y\ 

23. 

2 X-* — ^ax^ 

24. a““ 8 ^«. 

25. 

— 4 a* +1 Ga^b“ — 4 ab^ — 

Bb*. 


4 


Ex. XXIII. (pp. 43-44). 

1. x^ + 7 x- 7 S. 2 . x^ + Sx + iS- 3. x^ + 2 x—iy 

4. x^-~ 2 x—i$. 5. 2 «*-t- 3 a^ — 2 ^^. 8 . 2 od^ + 2 $ab+ 6 d\ 



fVl • 


MATRICULATION ALGEBRA. 


7 . • 2a* + 7d!^4-3^*. 8 . 2ac-bc-(3ad-\-ibd. 9. 6x^ + 

10 . 6d^b^ - ab^ — I2b*. 11 . x^+y^. 12 . x^ + 6x^-{-7x — 6. 

13. x^-6x^ + iix^ 6. 14. .r* - 16/. 15. 6 x* - 96. 

16. I Sx* - I ya^x^ + 4a*. 1 7. I o.r® — i gx^y +1 ^“y^ — 9/® 

18. Sir^-y. 19. a"+ 32 ^ 8 . 20. 

21. a* —4^'-*+I2(5ir + 9i:'-*. 22. a* + a® —2a^ + 3a-i ; a*-a^ —8a® + a+I. 

23. .a:* — 4a^.ir + 3a^ 24. 

25. 2.1'*^-9.jr'’ + 2i.r®“A'®-6.r + 3. 26. a® + 2a^^^ + ^®. 

27. Jr'* + 2 a;t’*’ + ^d-^x^ + 2 a’*.r + 8a*. 

28. 6 .ir® - 2)X^ •- 4x^ + jr® + 5 .r® - 6 .^: — 15 . 

29 . 2 7 a® + + 8 - 1 8a<5. 30. a® - ^®+ 3 a^i:. 

31. a®- 8 d®- 27 ^®-i 8 a<Jc. 32. 25 ;tr*+i 6 .r- 64 . 

33. 3a® - 8a*3 + 11 aH'^ - + 4ab^ - b\ 

34. 2 7 a® 4 - 8<5^®+ C' — 1 ^abc. 

35. 6a^- I7a*^ + 22a®^“ — 27 a''^^^ + 32a^^-2i3s. 

36. a"4-4a‘‘-3a®-20a‘^+i8. 37. a®“4ia-i20. 

38. a® 1. 39 . 4.r® - Sx^ + 8a'* - i oa® - 8.v‘^ - 5 ^- 4 . 

40. i+2.r®-7jr*-i6A-® 41. d^b^--ah'^ ^ +c^£p. 

42. a*-2a2d‘'^ + d* + 4«^^^-<^*- 43. i+x^-x^--x^. 

44. 4 ; o. 45 . - 138 ; - 60 . 46. o ; o. ^ 

Ex. XXIV. (p. 45). 

1 . x^ — {a + b)x4-ab. 2. x^ — {a-b)x — nb. 3. x^ + {a-b)x — ab^ 

4. x^ — (a + c)x‘‘^ + {ac + b)x-be x^- (a- — b4-c)x^ + (i{b + c)x - be. 

5. a® — amx — 2m^x^ + yunx"^ — n^x^ ; 

a® + a{m + 2n)x — \a{/n4-n) — 2mn}x^ — (m‘^4- 2«‘)a'® + mnx*. 

6. x^ + ia + b + e)x^ + (a<5 4- ac 4- be).r 4- abe ; x^ — (a® + b'^)x‘^ + d^b^. 

7 . {fu 4 - n)x* 4- (/«® 4" 2 mn 4- — i )x^ 4- {2m^n 4- 2/««® — m — 

4- (w + « — 2mn)x - i. 

8 . x^—p.^-^qx — id’-Ve^p — fiq. 

9. .1 - (a - I).r - (a - ^ 4-1 ).v® 4- (a 4-^ - e)x^ - (^ + c)x^ 4- cx>'. 

10. ax^ - (a 4- b)x^ 4 - (a 4 - ^ f c)x'^ ~(,b + e)x 4- e. 

11 . b-ap-Yq- 12 . ac-b^. 

13. a®A® — d\b -e + d )x^y - {abe - abd 4- aed)xy^ + hedy^. 

14. 4x^ 4- 6{w« — »)x'^ — {4?d^ 4 - gmn 4- + 6mn{//i - n\x 4- 4/« V. 

15. AT? — ( 2 a® 4* 2 ^® 4- a^)A'® 4- (a* 4- a'^ 4* a®^® 4 - ab^ 4- b^)x — d^b\a 4- b). 

Ex. XXV. (p. 46). 

1. ^aH\ 2. 3. -^ax\ 4. -^a®m 

5 . -}a*b^i*. 6 . 7 . - - s^^y* + 

8. 3a*jr 4- ^b^x - ^c'^x. 
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9. - ia*dx*y + ^aH^xY - ^ la^^xY + V*- 

11 . la^r, 12 - 9 ^nH\ 13 . - 

14 . 2a® - a*d - - ^'’. 15 . ivi:® + jTfX'y - 

16 . - /y*. 17 . + 2a^ + 

18 . ix*+y\ 19 . V'.v* + i. 

20 . I-ia^+ ta® - ka* + 

Ex. XXVI. (pp. 46 - 47 ). 

1 . ,/t*^-~a^x-a*x^ + ^i^x* + ax^‘-x''. 2 . 4 X* ^ 4 ax^ + a^x^ ~ a*. 

3 . x^ •—lox^ 4" 9- 4. A'' + (a + 3 + <^)-i ^ + (a<5 + at* + +a^^. 

5 . + 6. rt*—5a‘‘*^“+4d*. 7 . a^+a*d* + ^- 

8- a*+ioa” + 35a“ + 5oa + 24. 9 . :» *-5a‘fr^+4a*. 

10 - m*x*-+ 36 xY- x^—idy^. 

Ex. XXVII. (p. 48 ). 

1 , 6^’’— 2 5.r2 4-28 ji‘— 49. 2 , i2x^+x^-25. 3 . 2;f*-5 a''’*+.*'®- 

4. a:* —6;r^—i6A'-ni5. 6. 27 a^ + Sd^. 6. ;r’-8j/®. 

7. 4.f+ 3At’ - 23.r* + 25;r^ - 14;!: + 4 ; i6,v® - 32;r* + 35^'’ - 23^-2 + 9^-2. 

8. 5^:®- 1 ix^ + 2ix*-' I3;r’’4-i9-t‘*- i 2 .r 4 - 9 . 

‘ Ex. XXVIII. (p. 49 ). 

1 . x^ + 4xy + 4/“^. 2 . gx^-Cixy+y^. 3 . 25 a* + 3 oa/y 4 ' 9 ^®- 

4. 9a‘-*-3oa^ + 25^‘^ 5 . + 2^^^^* + ^*. 6- ■~2a‘b'^4rl>*. 

7. i 6 aVy 2 T 24a5 + 9. g 4,r* + 12.^2 + 9. 9 . 2 + 7oad 4 -49. 

10 . -(>abc{i 4 - 9 C^efi, 11. 4 ;r 2 4-4.1' 4 -1 • 12 . 9;jr'-* —24;r9/H-16>'^. 

13 4a^4-i2a^ + 9. 14 . 9+i2;r + 4r^ 15 . 4^’-I 2 jry 4 - 9 y* 

16 . a*-Ga^x+ 9 d^x^- 17 . b^x* — 2dcx^y + c^xY‘ 

18 . 4a^i^^ 4 - 2oabc 4- 25c®. 19 . i 4 - 4(rbc 4 - 4a'''^V*. 

20. i6a2^^-24a/5V4-9W. 21. 9801. 22. 7225. 

23 . 6084. 24 . 11025. 25 y^oo 8 oi 6 . 26 . 998001. 

27 . 1010025. 28 . 250300*09. 29 - 63*936016. 30 , 9994*0009. 

Ex. XXIX. (p. 50 ). 

1. a*-l-^’* 4 -^:*- 2 a^ 4 ' 2 ayr- 2 /y^. 2. j:* 4 - 6 .ir'* 4 -Ii:r2 4 ' 6 ;r 4 -i. 

3. 4Jt:*4-I2;r®-7.r--242f 4-16. 4 . i6jr^-i6.r®-36.t**4-20.r + 25. 

5. a“4-d® + i:®4-2a'’^'’ —2aV—2<J*tf®. 6. 4-2a''^-— 4a^”4*4^*. 

7 . 4 X* - 12,r* - yx^ 4 - 24.:r 4-16. 8. 4 4- 12;jr - 70*® -24.^* 4 * 164:*. 

9 . d^+b^+c* + d^ 4 - 2ab — 2ac - 2ad — 2bc — 2bd 4 - 2 cd. 

10 . a® — a® — \a^ — 4 - 2a® 4 - 2a 4 -1. 

11. i-64r4-i5Ji^*-'204r®4-lS4r*-6jr®4-.r®. 

12 . a® 4-^® 4* 4- ^ - 2a®3® - 2a®c® 4- 2a*rf® 4- 2^®^:* -- 2b^d^ *- 2^*iaP. 
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Ex. XXX. (p. 51 ). 

1 -^ a*-I. 2 . — 3 . a^—xK 4 . 4 a^—i. 

5 . - 6. gx^ — 2$. 7 . 9^2 — 25^® 8. a^-4gd*. 

9. 4p^-q^. 10 . 25jr®—i6.t®. 11 . a^-^gb^. 12 . 4<*®—.r*. 

13 . 16-a®. 14 . i 44 - 49 ;r®. 15 . 64-25.r*. 16 . «®- 49 ( 5 ®. 

17 . a*‘-b\ 18 . ;ir«-a8 19 . 20 . 9a®-d». 

21. p ^ x ^^ q \ 22. 23 . ;ir*-8r. 24 . ^*-625. 

25 . 81 — 1296^:*. 26 27 . .ar* — 4096. 28 . 8i;t-*—i6a*. 

29 - ^--256^:®. 30 . 999999. 31 . 9996. 32 . 39975. 

33 . 12075. V 34 . 3'9975- 35 . 249856. 36 - 399*9964.’ 

37. 89975. 38 . 14399- 39 . 39936. 40 . 8099999975. 

Ex. XXXI. (pp. 52 - 53 ). 

, 1 9a® - 4^® 4 -4^r - 2 . x'^ + 2x^ + x^-4. 

3 . a* — 4^® + 1 2bc - 9<r®. 4 . a* + 4b‘^. 

5. — 2a^x 4 ra\x'^ — x^^, 6. — (i^x'^-\-2ax^—x^. 

7 . .x* — a!* + 2a\x — a^x^. 8- r - 4«® 4-1 2ab — gb\ 

9. 4a® -f-12a^ -I- gb '^ -25. 10. a® — a * b ^ — + 4^*'. 

11. 4 a*-sa^^ 4 -b^. 12. .r* + 47*. 

13 . a® + 2ab 4 - b‘^ — c® ; a® -~b^ + 2nc -f- r® ; a® — b^ — zbc — c®. 

14 . — 2 ab 4 rb^ — ■ 4 -zab — b^ + \ — a® 4 -— 2^(; 4- 

15 . 4a® - 4 - 6bc - 9t ® ; - 4a® 4 -12rtc -J- ^® - 9c®. 

16 . 4rt® - ^® “ 6 bc — 9t:® ; - 4a® 4 - 4ab — b'^ 4 - gc^. 

17. a'^ 4 r 2 ac 4 rd^ — b^ — 2bd—d^\ d^-4-2ad-\-d^ — V^ — 2bc-c^\ 

b"^ •\‘ 2 bc-\-c^ —d^ — 2ad— d“ ; cd' — — zbc — zbd^zcd. 

18 - a® 4 - 2 ad- 4 - d^ — 4!)^ 4 -1 zbc — g(^ \ gc^ 4 - ttcd■4-d^— 0^-4- 4ab — 4^® ; 

a®4*6a6-4-9r®-4i^®4'4^^~<^® ; a;*-4rt^-l-4^® — i2^^4-6a(:4-9f® — 

19 . a** -- 6^®£®4-4^®^ - 4-4^^. 20. i 4-2;r®-7jr*—i6jr®. 

21. a^b'^ 4 -c^d^-a\^-b'^d^. 22. 

23 . a^x^+a*x*4-J■ 24 . x^+x^jy^ 25 . -r®—162.*"*^6561. 

Ex. XXXII. (p. 54 ). 

1. .r®-f4.ar4-3. 2. jr®-2.r-24. 3 . 101-4-24. 

4. a^b‘ — ab^6. 5. 4a®-r® — 8a/^.r-H 3^®. 6 . -f-3.r® — 4. 

7. -r* — 4;r®j/® 4* 39^*. 8. 2 5.r* -- ^ax — 6a®. 9. 15 -f- Sjt -I- xK 

10. a®^*- ioab*+ 21. 11. X* --r®v -6>'®. 12. 49.1:* + i4^y -3y®. 

13 . 9ar®4-300: — 2a®. 14 . i6a* —8a®—15. 15 . 21—Sj: — 40:®. 

16 . 10. 17 . -13. 18 . 5. 19 . j'-.s'. 20 . -10. 

21 . -65. 22 . -3.r. 23 . 3\X-*2). 

24 . ar*-20-®-2 5^* 4* 260:-f 120. 
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Ex. XXXIir. (p. 56). 

1. x^‘-\r(ix'^+nx-\-6. 2. .r®-”6Ar*+iT-T —6. 

3. 14^-24. 4 . i6a® + 8irt-126. 

6. x^ - 5^:* - 26jf +120. 6 . x^ + (>x'^ -yx- 60. 

7 . a” +i2(a!^*-363^ 8. i - 3 .*^ — 13 jr* +1 

9. x^ - - 2xy'^ + 24^ 10 . a® + 4a*- 1 od®. 

11. -3; -8. 12. 3/. 13. 19/“; -8/. 14. -28 

Ex. XXXIV. (p. 56). 


1 

I 2 .r^ 4 - I7.r+6. 

2. 6.r’*-23.r + 20. 

3. 

24.H - 29,r - 4. 

4. 

\6x^+()x — y. 

5. 14.v‘^ ‘-2gxy- i 5 . 

6. 

8 ,r^- 38 .r + 35 . 

7 . 

6x^- 19V +14. 

W 

1 

•-< 

1 

oc 

06 

9. 

6;!'® - i3.i‘-8. 

10. 

2 Bx“ + xy - 4 ^y^. 

11. I2X‘^-X—20. 

12. 

T4-r®-29,r+12. 

13. 

I4.r‘^ - 29.r- 15. 

14. 26,i'‘-*-4r,t+3. 

15. 

5 + 9,r — 2 x'‘^, 

16. 

24 ^-*- 50;r + 25. 

17 . 12,i“-7.a'-12. 

18. 

12X^ — 2^X+ 12. 

19. 

1 

p 

1 

41. 21. 3^. 22. -II. 

23. 

-13. 24. u. 


Ex. XXXV. (p. 57). 


1 . x'^~()x'^-{-2’jx — 27. 2. 8rt” + 6ort‘‘*+15oa+125. 

3 . 8+i2a,i' + 6a-.jr^4-a^v''. 4. a®+l2a*(^^ + 48 «“^'‘+ 64 /^®. 

5. .t“ - 6 xy^ + 1 2.x '^v*' — 87®. 6 . 8.r* - 36-r* +S 4 X- 27. 

7. 27 ««+ 54 a"/^ + 36a“/52+8/A 8 . + 54a^b*-27b'^. 


9. 

.v=’ + 27 . 

10 . 

«(f‘ 27<?^ 

11 . 

I -A-d'lP'. 

12 . 


13. 

Sa'' 4-P 

14. 

- I. 

15. 

64 a^- 125 /;^ 



16. 

yiga^ + Bx^. 


17. 

- 2 yy-'. 


18. 

2 i 6 a^-^^. 

19. 

a® — b^. 


20 .V® 

- 64 . 






Ex. XXXVI. (pp 

. 69-60). 



1 . 

- 3 ab. 

2 . 

- 2 aV>. 

3. 

2 qr. 

4. 

— Babxz. 

5. 

3 a^byz. 

6 . 

— 2 abc~z. 

7, 

- yp'Uyr. 

8 . 

— gabe^. 

9. 

-be-. 

10 . 

3xy*\ 

11 . 

- 33 bx. 

12 . 

- 2 . 

13 : 

— Babe. 

14 

8.r. 

16. 

- 5a2. 

16. 

- 4 ab\ 

17. 

-BaH\ 

18. 

-Ba-b'^c\ 

19. 

xyz^. 

20 . 

-1 ybx. 

21 . 

Zd^bh. 



22 . 

— yc^dy. 




Ex. XXXVII. (p. 60). 


1. X -y. 2 . — a + ^. 3. — 3a — 4b. 4 . 9a - 3^' 

5 . la-Tab^. 6. -x^+x^-x. 7. ;^xy - 2xz + 

8 . -a^b^ + 7abc^-’4c*. 9. a^x^-~ :iax + 3by-b“V^- 

10 . *- 4 m‘^n + 3w® — 2 mn^ + »• 11., i $a^b ^- Sa^b^ + 3a®^-a-2^. 

12 . ‘-ta^b^i-AabW-Bbc^a. 
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1 3. . ; - 6 /®^ - 9 ^® + -^pq - q^. 

14. — 4 4 - ^x'^y* - 2 x^y^ + xy^ + 6 . 

15. — 4 <a® + 2 a^V- 3 ^®c®+i. ^ 16. ycy^!^ 4 - 4 - 6x^s^ — 2 x*y^. 


Ex. XXXVIII. (pp. 62-63). 


1 . 

5. 

9 . 

12 . 

16. 

18. 

21 . 

24. 

27. 

30. 

33. 

35. 

37. 

40. 

43. 

46. 

48. 

50. 

52. 

53. 


X +■ 5 . 

2ab — 3 ^®. 

4 ^- 3 ^ 10 . 

i 6 rt'*- 4 a‘ 45 ® 4 -^*. 
7ii - M. 
3 <'«® 4 - 2 rt 4 -l. 

4- 2ab - 3 ^®. 

x^~x'^-x— I. 
-JfS- 


2 . '^a-2b. 
6 - .^ 4 - 6 . 
2 « 4 ' 3 ^. 


3. 

7. .jr- 8 . 

11. 16 ^® - 2 o«^ 4 -2 5 ^® 


4. 3 x + 2 y. 

8 . 2 a 4-7^. 


13. ^ib - 11 . 

16. a’‘®4-2a^4-2^®. 

19. .r"-A'®4-i. 

22. a* 4 - 2 a® 4 - 3 a® 4- 4 a 4- 5 . 
25. 2 .r® 4- 3>* - I. 


f£ t 


28. 


Jir^- 4 ar 4 - 4 a^ 


,r® -2x^-3x-' 4.31. a®4- b^. 


14. .a ® 4-12 
17 . x^+xy+y 
20 . 2 ;»rV 4 ' 2 .rj-|- 1 . 
23. I9.»:®4-I5.f 4 - 9 . 

26. ar®-7,ar4'5. 

29 -2a^ + 8a^-5/A 
32. x^ + 2xy + 3y^. 


rn^ — 2jn + 3. 


34. I “ 2 x 4- 3^® - 4 ar® + 5 Jf ^ 


a* — 2a^b + 3a^P-^2ab^+b*. 36. .f* 4 -2.r'* 4 -3-i’® + 2.r 4 -1. 

a®-2a®42a-I. 38. ^x^-6x + (y. 39. a®4-2a®^ + 3a^®4-4(^®. 

4 a®-f-i 4 a+ 9 . 41 . 3 a + 2 b^c. 42 . 3 .r'*- 4 .r 4 - 5 . 

2a® 4- 5a,r® - 2x^, 44 . 4^1:® — 3ax 4 -a®. 45 . a® — S^ib + 6^®. 

“ I “ 3 f y - I S^’iy®. 47. .r'* 4 3x\y 4 8;f- 8/*! 

3 r® 4 2,f® - 4.t- - I o. 49. 7.V® - 7.ry 4 5j'®. 

.r® - ;r - 19. 51. .1'^ - .r‘' 4 .r* - jir® 4 .r - i. 

— a“ V 4 a^A'® — a*A'® 4 a®Ar^ — a^AT* 4 a.v® — .r^. 

AT* 4.ar®j/ 4 a:® 9'® 4A‘y® 4^'*. 


Ex. XXXIX. (pp. 64-65). 

1. a4^4c. 2. a — b — c. 3. x^~px^‘q. 

4. ax^ -\-bx --c. fi. a + b-c-d. 6. a 42 ^ — 

7 . 3a42<54f. 8. a®4^®4^®4ai^-af4^^^. 

9 . + —ab-\-ac^rbc. 10. i — A-42/4Ar®42Aj/ 44 ^. 

11.' I-Ar-2_j/4 AT®- 2 a;v 4 4 y®. 12. AT® 44 j''^492'®4 2aj- 3A'2r46y^. 

13. A®4y4^®4i. 14. a-b-c. 

15. x+a. 16. — 3ab{a — b) — b^. 17. at® 4 a®-( a: 4a). 

18. s^+yz + zx+xy. 19. A®-Arj4jy®4Ar4j'41. 

20. Ar®44y®-V9.S’®46/s'43-rj3' —2Ary. 21. a4 2^4 3<r. 22. a 4^. 

Ex. XIi. (pp. 65-66). 


1 . -laAT. 2 . ~Ubx. 3. 

5« Txsb. 6 . \xy'^m 7. \<ib — 

9. 3 abc - c 4 ; \a^c - f 4 \c!^b\^. 


4. — I ^aAT. 

8 . -a 43 ^+-V<^. 
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10 . 

13. 

16. 

19. 

22 . 

25. 


1 . 

3. 

5. 

7. 


1 . 

4. 

7. 

10 . 


1 . 

3. 

6 . 

10 . 

12 . 

14. 

16. 

18. 


1 . 

7. 

a 


1 . 

a 

a 


J/** -‘\ab 
20^ — ay - 

a^ + la + l 

- l;XJ' + ^y. 
Sa-ib + jf. 


11. 7ax+j, ■ 12. 3 ^^®-jry+1^2. 

14. ^\x‘‘‘ + i'Qxy-t 15. ia‘‘-^,ab + -^b\ 

17. a-^b. 18. i.r» + U7+V- 

20. a^-^a^b + ^b^ 21. ^® + i}.v + S. 

23. 2;f®-;}.r + 6. 24. ■t-i^+9- 


Ex. XLI. (p. 67). 


a — ax + ax“ — ax^. 

I - 5 .r+ 15 . 1 - 2-4 5 A-" 
l+2X-^^X- + 4X\ 

— I —a-¥ 2 a^ + 4 a*. 


2. I+ 5.r+I5J^r*+45Jr^ 

4. I + 2rt - 8 / - 16 a*. 

6. I - (a + b)x + {a + b)bx^ - (a + b)b^x^. 
8. — ap^4-aq — r. 


Ex. XLII. (p. 69). 

4x'^ - 7 . 2. a® - 3 rt + 9 . 3 . or® - 30 : + 3 . 

.r-3. 6. 9a:®-3v+i. 6. V"-x'^ 4 -x-l. 

3.r2 +2;i' —4. 8. x“ — x. 9 . 3a —2^. 

12x^ - 1 ;!'■' + IOA ® + 39.r + 8. 

Ex. Xlilll. (p. 70). 

a-x. 2. a^ 4 -a^x 4 -a\x^ 4 ax^ 4 -x^. 

— a*A'4- aV® — a®.ir" + ax* — x^ 4. 3^" 4 -1. 5. 5 .^ — J. 

2 X- 3 . 7. I-2Ji: + 4:i'®. 8. 9^'® 4 . 34 ;4-1. 9 . I — 2;r4-4a®-8a^. 

x'^ 4- 3 x'y 4- 9.1:;^® + 2 7j/®. 11. a*- 2a^b 4- 4^®^® - 8a/^ 4-163*. 

Y:i» — x^‘'^y^+x'‘‘y*~x'y‘ + x\y^—y^^. 13. ^a^-^ab + b^. 

— x^y'^z 4- xyz^ — z''. 1 5. 4;^® — . 

a* + 2 a\r + 4 crx^ 4- 8a.v® 4-16.r*. 17. 32 — 16a 4- 8a® — 4a® 4- 2a* — a**, 

a®-7a 4* 49. 19. a + b-c. 20. x^ 4 -xy-xz+y^- 2 yz 4 -z'^- 

Bevision Papers 1. 

Paper I. 

15. 2 . 44- A'. 3 . qa-qb. 4. 2a. 6. 14 ; i ; -3 ; 3 ; 19. 

{ax - by) - {cz 4 - bx) 4 - {cy 4 - az); {ax -by- cz) - {bx -cy- az). 

42x'^ + 2i 6 xy 4- 30y\ 9. a^ 4 -ab-ac~ be. 10. 4 x‘*. 

Paper 11. 

I25ii. 2 . 2;r®-a’*-2a®4-2a4-7. 6. 8a®’4-273®-t®4-i8a3r. 

6ar®-2a:®-8ar- 16. 7. x-6. a 22 ; 9 ; o ; -6 ; -3 ; 4. 

-35;r+18^ + 172^. 10. x^-x^y^-x^y^4-y^- 
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Paper III. 

1 .* 2 . + 3 - 12^^ 4 . 94- ' ^ 

5 . -06 - •3;r + -2^'“ ~x^ \ *031. 6 . 2(y +/2+5.2 -zx- xy). 

7. x ^- a ^. 8. ;r'\ 9. x ^ + ${ a - i ) x -6. 10 . 3a-miles. 

Paper IV. 

. 1- Sv'^iSS)- 2, Sx‘^+6rj + 2j^^. Z. a^d^^b^d->^bc~d. 

4 . x‘'+ yir + and H rnn 3a^ 5 . 2or^ — 5ax. 

6 . 3 rt^ 4 - 4 «'- 2 . 7. i+3a + 4a^+2a\ 8. + 4ab + sb'^. , 

10. a + 3b + 2t^. 

Paper V. 

1 . 2700. 2 . + 3 . a^-a^b + 3d-c-4ab^ 

- 9 a<:^ +• J 2<'ibc + 24^-6' + 4Sbc^ 4 -4^' - 2’]c^ ; d“ - 4/^^ +1 2bc - 9f*. 

4 . A'® — 2{a 4‘b + c)x^ + 2{ob 4- nr)x. 

5. X* - 2qx ' - 2( /'■* -- q^)x'^ 4- ( f' 4- p'^q 4. pq'^ - q^)x - f)^q^ : 

x' — ipdrq )x 4 - q'^- 6- x'^ — {40^ 4 - c)b'^)x^ 4- 3ba^b^. 

7. 2 ab + 3ac + (ibc, 8 . i6{x*— x^y-+y^) — ^{x^*r_y^)a^ + aK 

9. 3 <?‘'*-a 4 - 2 . 

Paper VI. 

1. ^3:. 2. (ioa 4 ' 9 ^ 4 - 9 <; )(<* + t 4 -/^)= 10A2 4 -i 9 a^ +i 9 Ai: + 9 d^ 4 - 

I 4 - gc\ 3 . jx^ - 1 7ax - 12(^. 4 . xr - ax — b. 

5 . 2y®. 6. .r® + 3A'^-i6r-48 ; 6a' + 24. 7 . 7^24- 5474'y'®. 

. 8. x^+y^ and x*—y* are divisible by x +y ; x^—y'^ and 

x^—y^ are divisible by x—y. 9- A‘**4-;r*4-1. 

Paper VII. 

!■ I. 2 . (i) iQ>d^b‘^+i2abc+gc^. (ii) ga^b'^~6abc-¥ 

3 . (i) <J*4'a^ —20. (ii) 14375. (iii) 996004. 

4 . - I i6,r^ 4-1789.r“ - 10460A® 4 -2502a‘^ - 5382A® 4-4633.^^ 

-7o8.ir+ 1189. 

5. 3 d^ ^ab4-b^. 6. i6aa®. 7. 2 x^' — x^y — ^x^y^ — ^^-x'^y^d-y^. 

8 . — \xy +‘§y^, 9. 62.r®4*23Aj-4j'®. 10 . x+y+s+xyz. 

* Paper VIII. 

1 . 4* 2 . 3^^-i2^^-96f:®~3<7^4-4a-I2i54-5r. 3 . 3v/3. 

•' 4 . (i) ;ir*-2 5. * (H) gA-*- 45 .r+ 56 . (iii) 12^2-47^4-45. 

. 5 . x^^--xPy^+y^^. Z. 2x^4-x-i ; x+i. 7 . a^x^-biy + c^s. 

8. S^' 9 - 2A2-2(a4-^)A+rt^. 10. 3 miles. 
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Paper IX. 

1. |. 2. (i) 9a*—I2rt^r4-I2a^r'‘-2O(**A''’“20rtwr^-25;t^^ • 

(ii) — zax^ — 2aV + 6ii",t'’ - + 2a^x'^ + zei^x — a*. 

3 . x^ — 2ax — a^+i, (.)(i^-\-6ac-\-^bc—'^ab — bb-. 

5. 2 + 4.v + 8y'^4-i6;tr* + 32.r*. 6- 3(ti--hb’+^‘)-2(bc + ra + ab); 59. 

7 . x^ —2 ax^ — 1 6 a^ r* + 32 a^a ^ - 12 8rt“. 

3. 2 x* - +x-{- 2 . 9 -»■* - x^y +x^y“ - xy^ + yK 10. 6a“ + 2. 

Paper X. 

1. 128. 2. — 2;i'~3or + 53-. 3. —6oa^x^j'^; - 4 a^x^y. 

4. 4- be- + ^— 2. 5. 3 x‘^ — 7 x + 9. 6. + 2<a:^4- b'^ — ac—bc + 

8. a*~ 3a"b+6a'^b^ — 3ab^ + b* 9. x'‘-4-[7i-{‘3)ux-{-3a'^. 10. 2;« ; 2«. 

Ex. XLIV. (p. 78). 

1. .r(.r4-3tf). 2. a\a^-b), 3. .r®(.r‘'' + 5). 4. x^x'^—^a), 

5. S^‘K^~3y)‘ 6. a{a-zb). 7. 7(3“ 5-f!* 8- -2rt(a-3). 

9. 3.i'''‘( I 4-3-^'- 4.1'*). 10. 4a{a-4b-\‘(>). 11. 8y(.r4-2£’). 

12. —6rt/>4-7c*‘‘'). 13. 6 xyx(x + 2 y - 3 x^y‘'). 

14. 7.r^/^£r(63'^ + 7-V)/,c'— 9-1 15. 7xy(2r^ — xjy+ Sj'^). 

16. Sab(a''' 4- ^a^b — 2ab‘^ 4- 3 ( 7 ^). 17. 6xy^7(6x — Ss"). 

18. I o^^/^V(7 — 6 abe + 

Ex. XLV. (p. 79). 

1. {a 4r b){^ci o'), 2. {(i —b'){<i-\‘c)- 3. (<?4* ^)(r 4"<^J^). 

4. {ac — 2 b]{ab4-c), 5. (a4-^)f.J^4-^). 6- {a-^-b)'x- c). 

7. {ac-3d){ac-7rb). 8. {a'^4-b'^){c-^ d). 9. (.r» 4-2)(2;t - 3). 

10. (ii.r® + 7)(-'>^-5)- 11- iSf^-3i^){Ab-7(i)- 12. 2(3a + 2t-)(2a-3^). 

13. (3^*-4rt^X5‘^ + 34 14. (.r''^4-i)(j*4-i). 15. (.r» + 4)(;i-4-5). 

16. (x-y)(x+y-S)- 17. sr{6x — s)( 3 y^ - 2 x). 18. {xy •• 3s}{a+be). 

19. (a4-2)(fl-r-3^v). 20. 2 {a - c){a+ 3 b). 

Ex. XLVI. (p. 80). 

1. (jr4-6)2. 2. («-4)*. 3. (-r4-7)‘'*. 4. (2«-i)**. 

5. (2;i'4-Sj)''*. 6. (2j«:4-i)'. 7. {3«-5^')“* 8. (a®+ 7)“. 

9. (3a=‘4-^®)®. 10. ^2{4a/;-^®)2. 11. b^iza^-ybe)^. 

12. iyabc-Tri)'^. 13. (2xy + Sx*)‘^‘ 14. (a®-10)®. 

15. i^a-^b)^. 16. (3a'-2b + 3cy\ 17. (2x-y + s)^. 

18. (ax-by-\- 2 c)'^. 19. (.r*'® 4-2.r - 2)®. 20. (2a + 3 b+x+ 2 y)^. 

21. I. 22. 4* 23. 0025. 24. 0951. 25. 4. 
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Ex. XLVIL (p. 81). 


l« (i 4'2;i:)(l-2 a:). 2. (/* + 3.r)(a-3Ar). 3. (3w + 2«)(3W-2«> 

4. (5;r + 4)(5Ar-4). S. (Ar + 3)(A:-3). 6. (l+Ar'-*)(i+Ar)(l- at) 

7. («+I3)(i?-13). 8. (ab+\){ab-l). 9. i^ab){^-ab). 

10 . ( 3 ^^ + 4 )')( 3 -'»^“ 4 y)- 11- {gx + S)(gr-S). 12. (6+jr^)(6-.0- 


13. + —5). 14. {a^b + 

M- (3'^ + zy)(3^“7j)- 

*18. (l ia+I2^)(l - 12^). 

20. ia'^ + b^){a^ - b‘-^). 

22 . ( 5 +«")( 5 -*-«®)- 

24. (a^<^ + 3c*)(a^b*>-3c*). 

26. .r“j'®(4.f + sy)^'^ - sy)- 
28. 2 ab^ c{a + 2 c){a - 2 c). 

30. a^a-^rZh^ta-ib-^). 


32. 

7 x\x4-3a){x- 

- 3«)- 

34. 

il(i 4-3^?)(i - 

3a)- 

36. 

141 <i^b''{a^b'^ 4r 

2 ){a^‘b^ — 2). 

38. 

7 {a^ 4-7b^)[a* 

~7b^). 

40. 

1840. 

41. 54000. 

44. 

149400. 

45. 573- 

48. 

14352. 

49. 29496. 


o){a^b-io). 15. iya-^-gb {^a-gb). 
17 . (a+17^)(«-17^)- 
19 . {\2ab-\-i\c^){i2ab-\ic*). 
21. + 2)(<*-2). 

23 (7.r“+i)(7Ar®-i). 

26. (5rt.r + 2j}')($ax - 2y). 

27- x_y(n)' + X “ )(c/jK - x '^). 

29 x’'{^x-\-a){^x-a). 

31. (9.r'' + 8)(9.ta-8). 

33 . 3(a'®+ io)(a:‘’ — 10 ). 

35. 3-'^y + 4)(>KV ~ 4)- 

37. 5r:(i 1^4-I2^)(i i(*-12(5). 

39. 17(1+ 2 ab)( I -t 2 nb). 

42. 250000 . 43. 15600 . 

46. 11800 . 47 . 4998000 . 

50. 45584. 


Ex. XLVIII. (p. 82). 

1. {a~b + c){a — b-c). 2. (a + b — c){a-b4-c). 3. (a + 3b)(a — b). 

4. («®+//“•+(T® + ){«"+ 5. (a + bjia-b4-4)/ 

6. (a + b4r2){a-b), 7. (A-4-2_;' + 4a)(A-+j-4a). 

8. (5Ar+a4-(5)(5.v-fl-(5). 9. (c+a-b){c-a + b). 

10. ( 4 Ar- 5 )( 2 a: +i). 11. Sab. 12. {a4r^4x4x4-y). 

13. 7 (x^ +y){x-J/). 14. {x'^ + 4^y +y^ )(.r® - 4 Ar;^ +j|/®). 

16. 2ab^i. 16. +2ab + 2b'*)[a^ -2(tb + 2b^). 

17. (7x-~y)(7y-x). 18. 3(a + b4r2C+2d){a + b-2c-2d). 

19. {3X + 2jy + 2a)(x+4y). 20. (a + b — 2c)ia - b 4-2c). 

21 . (a'-b+c){a —b —c). 22 . (c+a — b)(£-a + b). 

23. (2rt®+3rt-i)(2a»-3a + i). 2L (x+4z)(x - 3y -4ir)^ 

26. {3a-2b+^x+_y){3a-2b-4X‘~y). 26. {a4rb + c){a + b-c). 

27 . ia+b’-c+d){a-b4-£+d). 28. (a:’*+. r+i)(Ar’'- a;- i). 

29. (a — b 4“ c 4r d){ab — c—ii), 30. {a’4‘b4'£){£t‘“b4rc)> 

31. 32. (5+«-^)(5-fl+^). 

33. (2ir®+ i)(5-4a:). 34. (a + ^)®(a-6)®. 

35. (3i* + ^-4rf-j)(3a-^+4<^-l). 
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Ex^ XLIX. (p, 83). 

1. (2rt+^ + ^)®, 3. {x'* +x- ly. 3. ( 2 .r’* - 3 .r — 4 )^. 4. {x'*+ 2 x- 2 y^. 
5. + 6. (^■■‘+ 3vr4-^)*. 7. (.v®-5r + 7)*. S. {ct-&-c+i^y*. 


1. (A + i)(;r+ 5 ). 

4. ix~s){x-$). 

7. (.f- 2 )Cr + 3)- 
10 . U + 5 )U'” 3 )- 

13. (.r + 3 )(,r + 4 ). 

16. (.r-3)r,r + 4)- 
19. (5 + 7)U+9)- 
22. {.r-3a)(A--13a). 

25. {xy + 3z){xy + 112 :). 

28. ( 6 +:i')(i I-.t). 

31. {a”-9)(<'^^ + 5)- 
34. U;j/-ii)Xv + i 4 ). 
37. (sV-0(5''»7-0- 
40. {x - 6ci){x - 
43. (.r-i)( 43 .r+i). 

45, (x — 7a){'r + 2d). 

47. a{a- 3x){a + 2x). 
49. p\»n->rl)[nt-\2y 


Ex. L. (pp. 84-85). 

2. (jr 4 - 4 )(.r-|- 5 ). 

5. (.r-f-i)(r + 7 ). 

8. ijr-f 2)(,ir-3). 

11. (.r-|-8)(.r- I). 

14. (.r- 2 X-r-- 7 ). 

17. (f-. r)(r- 2 .v). 

20 . (.r-I i)(jr- 12 ). 

23. (rt"-H2//^)(^’‘H-7^")- 

26. (a6 — iJc)(rid — 

29. (-f-l-iX-v-s). 

32. (ji'- 9 )(.r-f 8 ). 

35. (;c + 3 ) X- 16 ). 

38 (i8.r+_y)(3.t'-^). 

41. ix-iiv){x-i^y). 

44. (I 
46. 

48. 


3. (jFr+i);.v~6). 
6. (x- 1 )ix - 9). 
9. (;ir-3)(.i-+i). 
12 . {x+i)(x-g). 


lb.»(x + 2)(x-7). 

18 (.r-H I i)(.v-Jo).. 
21. (,r-iO;(.r — 20 ). 
24. (,^s>3)(.f-4). 
27 . (7-f r),6-.r). 

30. (.r-l-i3y){j'-2>/). 
33. {a6 4 -1 )(ud “ 4). 

36. i). 

39 . (r 4 - 2 cr)f.r- 5 ^), 

42 ( 13.1 - ij( 2 ;i'-f-i). 
.r); [ - 6x). 
a‘^{x — a){x — 2a). 

+Sd‘^)in^ -7d’*). 


50. {x - yHp){x + Sftp). 


1 (2;»: + 3)(2^+0- 

4. ( 3 .tf-i)( 4 .r-r). 

7. (4^-i)U + 3)- 

10. (3,tr-l-4)(2;f-1). 

13 . (4.r+i)(3;i:-I 
16. a/f(;^a^2d)(a + ^}. 

18. 3 ;'^( 3 ^ + 2 /)(.v-j^). 

20 . x^i2f> - 32r)( -h x). 

22 . (7+^f!)(4“5«)- 
25. ( 3 .v-f 4 )( 3 .r- 2 ). 

28. ( 3 -.«•)( I-f- 8 . 1 '). 


Ex. El. (p. 86). 


2. (4.ir + i)(;ir + 3). 
5 . 2(.r-f 2){4jr-f-3). 
8 . ( 2 .r- 3 )( 2 .r+i). 
11 . ( 4 .*:-fi)( 3 .r- 2 ). 
14. (3-^'- 5)(^+• n. 


3. (;i'- 2 )( 3 .r- 7 ). 

6. (<«-f-3;(2«4-1;. 

9 . (3;i‘-2)(,t-4-2). 

12 . 2 ( 6 .t-i)(,r-i). 

15 . (4a* - x^)(yi^ +x^). 
17 . xy2x+y)(x + 2y). 

19 . a*(3a.t - iX2^i.r 4-1). 

21 (4-a;)(2 4 -5^). 

23 . (7:r-4)(2.r-3), 24 (f 3 ^^ + 2 )(-»^ + 3)- 

26 . (2.r-7X2.f4-9). 27. (2a-i){a+s). 

29 . izx + s){x6). 30 . v^>.^ 4 -i)(3;r-2). 


Ex. Eli. (p. 87). 

1. (3ar4-2)(;r4-4)- 2. (3^4-2)(;tr-4). 3. (7^ + 3)(2^-5)- 

4. ( 2 .*- 3 rt)( 2 :r-rt). 5. { 7 x^ 3 yXx+y). 6 . ( 2 .tr-l)(jr 4 - 3 ). 
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7. 

10 . 

IZ 


1 . 

3. 

5. 

7. 

9. 


11 . 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29. 

30. 

31. 


1 . 


1 . 

3. 

5. 

f - 

9. 

11 . 

12 . 

13. 

14. 


8 . 9- U-Sx)i7+x)- ‘ 

11 . {i3x-SJ'){7^ + ^7y)- 
13. (i 5 rt® + i 7 ^*)(i 4 fl®- 9 i»). 

(pp. 87-88). 


( 5 .r + 2 )(j»r+ 3 ). 

(^ + 2a)i2x-yz), 
(ii.r+i3/)(9-*^- iij). 

Ex. LIII. 

(.r 4-- xj/ +y^). 

(i +.r)(f - .r+.r*). 

(. 1*2 +y){x^ - x^y yy\ 

(a-2)ia^ + 2a + 4 )^ 

{ad + j)ia^d'^-nf>+i). 

{(i -h - 4 a/? -f 16 ^*). 

I It — 4^)(a-^ -f 4^6 -H 1 GP). 

(i + 3 ^* + 9 '’'*)- 

(6<;z - lf)i 36(1^^ + Gab -f b“). 
(,r*-l- 4 )(.ir* - 4x^ + i6}. 

(7t7- i)(49«‘-* + 7 ^t+r). 

2(a + 4)(P ~ 4a 16). 

a + 3x){a'^ - 3 '^ + 9 
x\y{a + 3 y){a^ - 3<ty + gv'')- 


2 . {x -y)(x^ + xy -f j'^). 

4. (i-.r)(i+.r+:r^). 

6 . {x- -y){x* -f- xy + y). 

8 . (2r-+-i)(4ar®-2.r+i). 

10. (ab~ i ){irb'^ + + 1). 

12. (3rt -f I )(9«“ - 3rt -f T), 

14. (,r''+i)(.v«-.r2 + i). 

16. ( 2 a-> 3^)'4a‘^+6£i^+ 9 ^®). 

18 ( 9 .V + 2 a )(8 — 18 a.x' -f 4 a^). 

20 . (i-H 9 a)(i- 9 a-h 8 ia*). 

22 . ( 4 .r - 5 ;^)( 1 6 x^ + 2 oxy +2 5 j/®). 
24. (5a^ - 4 - 8.r)(2 5a^ - 40a®.!- + 64.^*). 

26. 3(3-^)(9 + 3 « + «®)- 
28. ( 2 .r® - 4 -/®)( 4 .r® - 2 xy'^+y*). 


(4 - a -f i^)( 16 - 4 - 4a - 4<> - 4 - a® - 2a^ + P). 

(6 +4a — 5 i^)( 36 —24a-4-30^-1- i 6 a® - 40a^-4-25^®'). 

■^(■^~3)(-^®+3'^ + 9)- 32.- (7a-4-9(^)(io3a®-4-i8oad + 8i3*). 


Ex. LIV. (p. 88 ). 

(r + 2)^ 2 . (a4-2-r)^ 3 . (2A -3)^ 4 . (5a-2)*. 

(.t'-5)®. 6 . (.ia-l^)^ 7 ( 4 r- 3 )*. 8. (a-6)“. 

Ex. LV. (p. 89). 

{x^ + 3 xy - 2y‘‘)(;tr® - 3 xy^ 2 yy 2 . (a^ -f a -4-1 )(a® - a + i). 

(3rt'^-4-4a + 5)(3«'^-4a+5). 4 . (.r" + 2;r - 4)(,r® - 2.3r - 4). 

(a* + 4a^ - by P' -4'ib- by 6. {x'^ + 3-t>' {x^ — 3xy + j®). 

{3P + 2xy + 7yy3^'^’- ^xy'^7y'^)‘ 8 . [x'^+x-2){x^-x-2), 

{4x'^ + 21: -f I ){ 4 .r' - 2;ir +1). 10. (4a* + 6a.v -4- 9 A'®)( 4 a* - 6a;r+ 9 ;r®). 

{a'^ -4- 2 ab + 2 b'ya^ — 2 ab -4- 2 by 
{7a^+\3ab4ri i^®)(7y — I3a^+11^®). 

(3^^ + 3.*9' + Sy)i3^^ '-3^y + 5y^). 

( 5 a®- 4 - 7 ad-t- 4 £>®)( 5 a»- 7 a^- 4 - 4 d®). 16. (.r®-t- 2 .r + 2 )(;r®- 2 Ar + 2 ). 

Ex. liVI. (p. 90). 

{X + 2 ){X - 2 ){X^ + 2 X-i- 4 )(X^ - 2 X + 4). 

(jf + 2)(.»r - 2)(A'a + 4)(;«r* + 16 ). 



ANSWERS. ’ 


XVII 


J ■ (i+ay)(i-3j)(i+ar+9/®)(i“3>'+9j'^)- 

4. ii+2a){i-2a)(i+4a^). 

5. ix + aXx — a){x'^ -hax-^- a^){x^ - ax + cC^){x'^ + a'‘‘){x*‘ - a'^x'^' + a*). 

6- {x + a){x — a){x^ + a^)(x* + «a!*)(;r® + rt®). 

7. (ax + ij^){ax — l>y)(a^x’^ + 

8. + i)(;r2-.r+i)(r^-;r“+i). 

9. (.r* +xy +j)'®)(x® — xy ■¥y'^)(x^ -^x'y^ +J'% 

10- (a + d)(a'^ -~a6 + 6^)(a — d){a'^ + ad + d'^)- 

11! (x + i)(x'^ - ;r + 1 )(.r - I+ .r + i). 

12. So{a + d)(a —d)(a'^+3'^). 

13. (a + d + c)l a + d — c)(a — d + c){d + c — a). 

14 {a-\r2b~ 2c){,a — 2^4- 2c) I a^ — ?>d(' + 4^* + 4C^)- 

Ex. liVII. (pp. 91 92). 

1. 4(.r+T)(;r -1). 2. yi^d'^c'^ia'^ - (idc+^ad). 3. ad£:{a+c)^* 

4. x'^{x d)^. 6. (ad'^•\-c^'i(ad'^ — c^)(a^b'^4rC^). 

6- x'^(x + ii)\x-a)^. 7. ut~d){d~ c>. 8. (« + 7)(a“3). 

9. (zad'^-scf- 10. 3{x-v)(x-6y). 11. 2(«+5)(a-5). 

12. 5rtiai^ + 4t)(a/5-3 13. {2ab--3c (2ad~c). 14. 3 { 2 +x){ 2 —x). 

1. ( 2;t: -{-y - z) ■ 4-1^® -2Xy 4- 2 xz +/“ - 2 ys + .?**). 

16. {a-)rd-y){a^-^2ad-\-d^-\-^ac-\-sdc-\-2Sc^). 

17- (a + (5 +1 ';(+ 2 ad + d’^ — ac - he + 

18. 2 x(x^ + 3 y'^)- 19. 2y(3X^4-y'^h 20. 3(1+a-3)(i —a+^), 

21. (ax+ \)(dv+ 1). 22. I7(.r+i)(^ + 2). 23. 13(3^+0(3^-i)- 

24. 2(5rt +1 K25<72-5a+i). 25. a + d+r)(a'^ + 2ad+'d^-‘a^d+i). 

26. {a^ + ad-d^){a‘~ad-d‘^), 27. 4'^^<''’^ + 3)(7-^-5)- 

28. (3 + a + d){ 3 ~a-d). 29. (3:c-i)(2.^-3). 30. (<a + i5)(a-9). 

31. {ya+ iid)( 7 a — lid). 32. (<2 +i)(^ +i)(iz—i)(^~ i). 

33. S(7a + 6d-c](c-a). 34. {3a + 4^+c)(Sc-a). 

35. (x-y)(x^-sxy + 7y^)- 36. (x+ 7 )(iix- 2 ). 37. (7.^+S.>'X3^-'4y)- 

38. (.f® + 2xy + 4y^){x^ - 2xy 4- 4y^ ) (x^ — 4X^y^ 4-1 6y*). 

39. y(x - 3y)(x - I2y). 40. (3^4-5^)(3^-5j)(9-^^ + 25y)* 

41. ( 2 x + 2 y-a-d)(x+y-3^)- 42. (5;r4-i3)(6;r-ij). 

43. (7x-6)(6x-i7). 44. (21^-5)(3.:r4-7). 

45. (.t:»4-4^4-l6)(jr^-4^4-i6). 46. (3^4-4K3^“4)(^'-4)(.*^ + 3). 

47- 5fl(i3«*®4-iBa34-12^*). 48. ad(a-d). 

49. 2(x-y)(^-x). 50. 

51. 2(jr4-j')(44r-^). 52. 4J^(x+y). 53. (a+d)(a^+ad+d^). 

54. (.a^4-i)(4r4-2)(.r-2)(;r-3). 55. a‘^(d+a)(d--a). 

56- :i:(6;r4-i)(3jr-2). 57. l6;r(i-.r). 58. .r(i’-2j«:)(3-2Ar). 

*59. 7(jr4-i)(;r-1). 60. d(a-s)(^^+5^+^5)- 


M.A.—B 
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61. (a^ + d^+c^)ix^+y^‘^s^). 

62* {x^ + 2 a^){x- - 2 a“)(;f* + 2 ax + 2 d^){x^ — 2 ax + 2 a®). 

63. {a-\rb — 2tC){a-\-b — y~i\ 64. 2{i+a){i+c){a-c). 

65. 2{a + d + c+d){a~d). 66 . {a^ + ax+x^){d‘-ax+x^)(a* — a^x^+jt^). 

67. {x -^-y +S' + tt){s ^-u — x- y)(x —y + c — u){x ^ y - z + u). 

68 . (.•r® + 2 .r + 3)(;*:®-2;ir + 3). 69. {x^+/>xy-y^)(x'^-pxy-y^). 

70. {xyaYix — ay. 71. (7^ + 8j)(49j^® - 56 ;rj + 64 y®). 

72. (S -r)(i 2 +.r). 73. (.r + 7)U' + 6). 74. (;i: + 2 )(j: + 6)(;f® + 8.i:4'io). 

75. (.r+ 7 )(jf- 6 ). 76. (;r + 6 a)(.r-iia). 77. i2x+y){2x-y){^x^+y‘^). 
78. ( 3 ;r + 2 )(;i:*- 4 ). 79. ( 2 A- + 3 )( 3 .r- 2 ). 80. (5^+i)( 2 .v-5). 

81. ( 13 ;r - 11 )( 3 ;ir + 2 ). 82. 2 ( 2 a + 3){4d^ + ab + b^). 83. ( 6 —a-)(;ir — 4 ). 
84. {.ar +i)®(jir-i). {a + 2d-c--id){a-2d + c-$d). 

Ex. IiVIII. (pp. 94-95). 

1 . o. 2. x^-i(y^. 3. .r®-i. 4. (a+/5+^')(a--^-fc). 

6 . {x'^-xy-^y^)'^. 6 . ix*-a'^x^+a'^)ix^ + ax + a^). 7. x+y. 

8 . {a*+x^){a^+x^){a-x). 9. (jr-f>/)® + 2 (;r+j)i? + 4 sr®. 

10 . X* -f- 5 .r®y +y\ 11 . (ax + by + csf - (ax ybyy cz)(cx — by-\- az) 

-{-(cx-by + az)’^. 12. x^ -ax + a^. 13. a^-b*. 

14. 7 rt® +i 3 ^® + 2 if® 4 -l 9 a^-j- 24 a£--f 3336 -. 15. + 5 ;^- 14 . 

16. - 52 J»:(.r — 7 ). , 17. .*'(;r®-f 22 )(i i;i:- 10 ). 19. 2x^ -xy — ^t}^. 

20. 21. (3x^+y^)(x^ + sy^). 22. 4(j>'-^)®. 

25. a^+2a^ + 2ab^+b\ 26. 64.*^(9;»:2- 1 ). 

27. 7 (a'--i 3 ). 28. 7x*-iox + 3. 

Ex. LX. (pp. 101-102). 


1. 

’ 4 - 

2. 4. 

3. -4- 

4. 3 . 

5. 

“ 4 . 

6. 

-7- 

7. 

0. 

8. 6. 

9 . - 20. 

10. 15- 

11. 

—18. 

12. 

3- 

13. 

0. 

14. 2h 

15. K- 

16. 8. 

17. 

6 . 

18. 

2. 

19. 

16, 

20. -10. 

21. 0. 

22. — 

23. 

2^. 

24. 

6. 

25. 

1,^ 

26. -3. 

27. 5- 

28. 2. 

29. 

2t. 

30. 

ty 1 
2?, 

31. 

- 2 |. 

32. -*03. 

33. -4. 

34. 01. 

35. 

5 - 



. 

Ex. 

LX I. (pp. 

104-105). 





1. 

5 - 

2. 2. 

a 3* 

4. |. 

5. 

1 

“ 4* 

6. 

7. 

7 . 

8. 

8. 9. 

9 . 3 * 

10. 2. 

11. 

1. 

12. 

4- 

la 

2. 

14. 5. 

15.2. 

16. 4. 

17. 

28. 

la 

4 - 

19. 

-25. 

20. 3j' 

21. 0. 

22. 7. 

23. 

- 4 - 

24. 

1 

B- 

25. 

6. 

26. 3 . 

27. -10. 

28. 10. 

29. 

I. 

30. 

2 . 

31. 

4 - 

32. 7- 

33. — 2. 

CO 

35. 

2. 

36. 

2 y. 

37. 

- 5 - 

38. 3 ’ 

39. s?’ 

40. 3 . 







ANSWEJRS. * xix 


Ex. LXII. (p. 106). 


1 . 

d^a 
m-‘It’ 

2 . "i*. 

5 

3. 

3 

4. 

a 

5. 

2 

" 3* 

6 . 

a 

2 * 

t * 

n 

o~~ 

9. 

1 

« 

10 . 

lab 

d+b 


Ex. LXIII. (pp. 107-109). 


1. 

8. 

2. 4 . 

3. 12 . 

4. 42 . 5. 12 . 

6 . 12 . 

7. 

12 . 

8 . 5 . 

9 . 7- 

10. 4 - 11. 5 . 

12 . 1 • 

13. 

7- 

14. 104 . 15. 42 . 

16. 6 . 17. 5 . ‘ 

18. - 5 . 

19. 

12 . 

20 . 2 . 

21 . mV. 

22 . 3 . 23 . 7 . 

24. - 8 . 

25. 

4- 

26. 7 . 

27. 1 

28. -15^ 29. 3 - 

30. 1 

31. 

5- 

32. — 7 . 33. 12 . 

34. 7 . 35. II. 

36. II. 

37. 

8 . 

38. 5 - 

39. 7 . 

40. 1 . 41. 13 . 

42. 5 . 

43. 

2 . 

44. 10 . 

45. - 5 . 

46. 6 . 47. - 2 ?S. 

48. 1 . 



* 

Ex. LXIV. (pp. 110-111). 


1 

18 . 

2 . 56 . 3. 8 . 

4. 4 . 5. 2 . 

6 . 18 . 

7. 

8 .* 

8 . - 

9. 9 - 

10 . 6 . 11 . 4 . 

12 . 10 . 

13. 

7- 

14. 10 

i. 15. 24 

16. 19 . 17. -a. 

18. b — a. 

19. 

a — 

m. 20 . 2 (a + c,). 






Ex. LXV. (pp. 111-112). 


1 . 

3- 

2. I. 

3 . 60 . 

4. ~\l. 6 . 1 - 95 . 

6 . 2 . 

7. 

5- 

8 . 8 . 

9. 10 . 

10. 7 . 11 . 4 . 

12 . 5 . 




Ex. LXVI. (pp. 112-113). 


1 . 

I. 

2 . 215 . 

3 . -291 

4. 4 ' 667 . 5. 5 ' 42 . 

6 . ~ 8 . 

7. 

47- 

8 . r 8 y. 

9 . 1 - 86 . 

10 . 307 . 11 . 3 - 10 . 

12. -I. 

t 



Ex. LXVII. (pp. 113-115). 


1 . 

3- 

2. 5* 

3. 6 . 

L -h 5.}.^ 

6 . il 

7. 

14 . 

8 . 5 . 

9. 12 . 

10. 3 . 11- 2 . 

12. 2 \. 

la 

P' 

5 ^. 14. a 

4 -k. 15. 

„( 25 a-i 8 #). 16. . 

17. 

5- 

18. ?. 

19. ^< 1 . 

20. 7. 21. 4 22. 5. 

23. 5 . 

24. 

34- 

26. 4l. 

26. 71* 

27 . 4 ’ 28. 29 . 4 * 

30. 2 . 

31. 

9- 

32. No root. 

33. 7 . 34 . i 3 ’ 86 . 

36. -I. 

36. 

2 . 

37. 8 . 

38. 11 . 

39. si 40. 1 

41. 10 . 

42. 


14 a 

43. 9 - 

44. 5 . 45. 10 . 


n 





XX 


MATRICULATION AT.GEBRA. 


Ex. LXVIII. (pp. 117 - 121 ). 

1 . ' x+^. 2 . g+x. 3 . x-i6. L i6-’X. 5 . x-i$. 

6. 20 -X. 7 - «/6. 8. 3 S!^- 9 . 2ox. 10 . x-y. 

11 . X-2S. 12 . .r-i2. 13 . x-f. 14 . x+g. 15 . 75— 

16 . 8o/,y. 17 . sy/x. 18 .r/g pie. 19 . 15-y. 20 . y/9 ; 16::Ig. 

21 . S-r. 22 . a^. 23 . ?«*. 24 . yjxRs. 25 . a-4-2(5. 

26 . .r+5 years; y- 10 years. 27 . 28 . ;r/(; miles ; g/.rhrs. 

29. ^i'/^ miles. 30 . YoY* 31 . I4Y. 32 . Ar/12 as ; igiylx. 

33 ! 12Y/5. . 34 . 64. 35 . 140-;!'. 36 - 7 . 37 . shillings. 

38 . 5-5^ + 2j/; 2*o(5.t*-l-2yj. ^9 29'. 40 . 2xy2y. 41 . yb. 

42 . Y/_y. 43.miles ; .r hours. 44 . 15/4^. 

45 . AT, ,r + I, .r + 2. 46 . .v-2, .v-i,-r. 47 . x, x + 1, x + 2, x + ^. 

48 . .Y —2, .r~ I, .r, r 4 - 1 , .r-l -2 49 . .y, y-H i, .y 4 - 2 . 50 . 2 y + i. 

51 . 2-Y - 2. 52 . 2-r — 2, 2.Y, 2Y -f 2. 53 . 2.^0(l + 1 lb+r. 

54 . « — 2Y years ; ^r-2Y — y years. 55 . 2.r— i6. 56 . 2 $xjy. 

57 . ^x/y hours. 58 . + hours. 59 - miles. .. 

60 . Y^sq. ft. 61 . xy. 63 .Yy + 2^.7-t-2 )/:r sq. ft. 63 . xyJS- 
64 . x—y::. 65 . .Yy+s-. 66. {x — s)lv. 67 . J6.Y-13I. 

68. 392/Y days ; 392/Yy days. 69 . 88.V/3. 70 . in{y — x)+x. 

71 . Y=i2jy + 5. 72 . 2x-y=7n. 73 . 20^ + 3 —y-3. 

74 . Y-50—_y. 75 . •^(,Y- 7 ) = .^,(2Y + 3). 76 . (-Y-0-<-^ + 

77. 240rt + 30(5 + i2c-—Y. 78 ab — gx. 79 xy = ^{a-b). 

80 . 2Y +10 =^. 81 . .y — 4Y = 20. 83 . .r ■\-yy = a. 

83 . Y—(:Jy+j/- 4 - 6 oo) = ( 2 . 84 . 3 a//ioo. 85 . y^=i6^. 

Ex. LXIX. (pp. 125 ). 

1 - 35.13- 2. 9. 3 . 513.466. 4 . 31.18. 5 . 12. 

6. 71, 17. 7. 76, 24. 8. 18. 9. A A'j.84, B A’j.42, C Aj.14. 

10 . 120. 11 . 90, 60. 12 . 16 . 13 . Rs.3. 8 a. 

14 . 37,30,20. 15 . 15. 16 20. 17 . 795- 18 . 55- 

19 . 20, 15. 20 . 5,6. 21 . 88. 22 . J?s. 100. 23 . 15. 

24 . 41. 25 . A AL85, B /?L35. 26 . A 28, B 14. 

27 . 29, 17. 28 . 2. 29. ;^2. 6s. 8rf. 30 . 168, 72. 

31 . A.v.Aj.360, 7?.y.i2o, ^^.[60. 32 . ;^52, £2. 12J. 

33. A Aj.400, B AL500, C A’j.ioo. 34 . A Aj.30, B 

35 . Rs.8333. 5a. 4/., jRs.1666. joa. 8/. 36 . 77. 

37 . /?J.45o, A’j.570, Aj.630, Aj.650. 38 . 9 years. 

39 . 20 years. 40 . 14, ii. 41 . 22, 8. 42 . 58,42. 

43 . 24 feet. 44 . £ 2 . 15J'. 45 . ii. 46 . 8f hours. 

47. 8 . 48 . Aj.189. 49 . A Rs.3. B Rs.5, C Rs.y. 
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50 . A ^j.630, B Rs. 810. 51 . 96, 70. 52 . 15, 5. 

*53. 98? miles from R, io| hrs. 54 . 5. 65 . 22,7, 12 gals. 

56 . 1000. 57. I hr. 20 min, from B’s starting, 6 ^ miles. • 

58 . 25 fts, 59 . 9 h.c., 4 fl. 60 . 20 in., 16 in, 

61 . 36 years ; 18 years. 62 . A AV.30, B A’j.20, C A’j.i6. 

63 . 52, 53, 54. 64 . A 4A miles, B 3 miles an hour. 

65 . B 30, C 15, D 10. 66. 36 miles, 67 - 44 1 miles. 

68. 128. 69 . 80. 70. 14 7i. .',t. 72 . AV. 550,^^.450. 

73 . 480 74 . 60, 12. 75 . 44i‘*<-> days. 

Ex. LXX. (pp. 136 - 137 ). 

1 . 10^ miles. 2 . 25 ft. 3. 3 miles an hour nearly. 4 . 4 ft. 

5. 32 ft. 6 - 4'5 ft. 7. 1077 ft. 8 . 28 ft. 9. 9‘2mile5. 

10 . 3‘4 miles. 11. 4 5 miles. 12 . 39’2 ft. 13 . 6'55 ft. 

14 . 36 ft. 15. 23 3 miles. 16 . 62 5 ft, nearly. 17 . 2‘4 miles. 

18 . (I) 8*64. (2) i6-2. '(3) .5-98. 19 . (I) 2-5. (2) 3-6. (3) 5-4. 

20. 29 miles. 21. 5 in. nearly. 22. 42 4 miles. 

23. 1 mile ; 18 08 miles. 24 . 9'6 miles. 25 . 3'9 tiiiles. 


Ex. LXXI. (p. 139). 


1. 

4 a^b^. 

2 . 9^^^®. 

3 . iCm*d°c^ 

4. 25 jr*_y". 

5. 

()X* 
ifry^ ' 

R 9^“ 

i 6 t*' 

m ' 2 

49 '^®* 

0« A. *A * 

2 Sa\v^ 

9. 


10 . - 8 aW. 

11 . - 27 a"b^c^'^. 

12 . -i 25 ^*W 

13. 

8 a'« 

aW ‘ 

-ty 

14 - - - - 

' 64v^3^ ■ 

Xv* n 

27 a® 


17. 

256 ^ 1 ® ' 

.,, 1(1 t,if> 5 , 2 c 

18. - “ 

32 

.19. - 

243 rt*" 

--18 

20 . 

j - 

21 . 

-x^<y<\ 

22 . 

23. 64 a%^h^. 

24. - 128 a}*. 



Ex. LXXII. (p. 141). 


1. 

j^-i' 6 x'‘‘+ 12X + 8 . 

2 . .a:*- 8 .i:’’ + 24 Jr*- 

32 .r + 16 , 

3. 

jr® + 15 V* 

+ 90 J:® + 270 X^ + 405 ^: + 243 . 


4. 

I + lo.r + 40 x‘^ + 8 o.r‘’ + 8 o.r^ 4- 32 .r®. 



5. 64a •' — 192^" + 240«'«*- 160a® + 6oa^ -J 2 U+ 1 - 

6. 8i;r^+io8.r®-l- 54 ar®+I 2 ;r + 1 . 7- i6x* — S'^ax^-lr 24 a^x^-Sa\v+a* 

8- 243.ar® + 81 oax* + i oSoa^x^ + ’j 2 od^x^ + 24 oa*x + 32^®. 

9 . 4096^® - 18432a®d + 34560^^^2 - 3456 o£i®^ + 

I9440fl^^^— 5832«<5® + 729^, 

10. a^x^ - + I s^*^*jy* — 2oa®.r®j/“ +1 Sei 

11 . a*x* + 4a’.r® + 6a®,r“ + 4ajr'^+ 
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12 . — '&oa*d^ + SonW — 4oaH^ +1 oa6^ -d^^. 

13 . — 30^6 + 3«V+ 3ad^ — 6adc + 3ac^ — — 3bc^ + (?. 

14 . • fl® — 3aH — 3 a^c + yib^ + 6abc + 3ac^ — — ^b^c — jbc^ — t®. 

15 . 1—3X + 6x^ - 7x^+6x* — 3x^' + Jtr®. 

16 . I + 3 *■+ 6x'^ + yx^ + 6x* + 3x^ + x^. 

17 - <*® + 3a^bx + 3(i{b^ + a{;)x^ + {6ac + b^)bx^ + 3{ac + b^)cx* + 3bcx^ + (^x^. 

18 . I — ().r + 1 ^x"^' — 2ox^ + I ^x^ - 6x^ + A ®. 

19. T “ 6 .^+2 U'^ - 44 ,r^ 4 - 63^-'* - 54^* + 27x^. 

20. a® - (ia^b + 3«‘^r + 1 2ab^ — 1 2abc + 3 ^ 6 ® - 8(^® + 12^V -- 6bc^- + ^®. 

21 ., I - 3 ;i' + 5 .r® - 3.r® - t®. 22 . i + cjx + 33.r‘^ + 6$x ^ + 66j»:^ + 36.V'’ + 8.r® 

23 . 2(4 + 2 $x^ +1 6x*). 24 . r + 3^^ + 6x‘^ + yx^ + 6x^ + 3x^'^ + x^^. 

25. 2(36:1: + 17i.r” +144:r®). 26 . i + 3^'® + 3^'®+.r®. 

Ex. LXXIII. (p. 142 ). 

1 . I “ 4^:1: + + 4rt^r® + a!^x*. 2 . 4^?'* — 4 (' 7 ® - yn^' + 4^ + 4. 

3. rt* — ^c^b + I oci^b- — 1 2ab'^ + 9^*. 4 . I — 2X + 2,x^ — 4.^1'® + 3.1'* — 2:i'®+ 

5 . jr® ~ 4jr® + lox * - 4.*® - yx '^ + 2+r + 16. 

6 . I+4.r —2:»r'''-4:r® + 25.r*-2+r®+ i6a“' 

7. I + 6 .r +1 5 :r® + 2 o.r ® +1 ^x* + 6 x^ +• a®. 

8. I + 12.r + 6or® + 1 6ox^ + 24o:r^ + 192:1:'’ + 64:1:®. ‘ 

9. - Sa^x + 28f?®,r® — 56a^^'® + yoa^x'^ — + 28a^,^'® — Zax"^ +.^'®. 

10. a® — 4a®/; + Sa*b‘^ — I oa^b'^ + 8a'b* - 4ab-' + b^. 

11 . 1 ~ 4r +1 ojf® - 16r® + I gx* - 1 5 .r® + 1 o.r® - 4,r^ + x^. 

12. rt® — 4 a^x + 6 a'^x' ~ 8a‘^x‘^ + 11 a*x* — ® + 6 a'x*^ — 4ax'^ + x^. 

13. I + 8 :r + 28,+'^ + 56 .r® + yox* + 56.r®+28.r® + 8 ,v^+:r®. 

14 . 46. 16 . -44. 

Ex. liXXIV. (p. 143 ). 


1 . 

i 5.rj'*.c®. 

2. ±lJa^b‘'‘. 

3 . 

± i2aV/V'*. 

4 . 

± 2a^®r®. 

6. 

±7x'^jl/''z. 

6 . ± loaV^®^:®. 

7 . 

+ 3a^b‘^c‘. 

8 . 

■1 +i:V. 

9 . 

^ 3axY 
s- 

“‘S- 

11 . 

5 -^y 

4ali^ 

12. 

ya^'b^c* 
* 4.ry 

13 . 

2xY- 

14 . - sa^b. 

15 . 

2X^. 

16 . 

— 4a® 

17 . 

3 .r® 

18 . ^. 

Sa^ 

19 . 

6ab(^ 

yx' 

20. 

4 a®<^ 

21 . 

±axy^. 

' 22. ±aV®. 

23 . 

2a®. 

24 . 

- xY- 

26 . 

2XJ'" 

26 ± 

4 x^ 

27 . 

3aH 

28 . 

2ab^ 

' ^ • 

29 . 


30 . 

c 
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Ex. LXXV. (pp. 145 - 146 ). 

\. 2. 5a 3. S^^ + 3-^J'- 4. yab-a^. 

' 6. 5 a 2 <^r + r*. 7 . i+ix + ^x^. 8. sx^ + 2 x-^ 2 - 

4. 10. 3a + 2fi + c. 11. x^ — 4xjy + /iv^. 

+ 2b‘^. 13 . x^ - 2x'^ + 3X - 4. 14 . x^-^4x — i. 

25 *?^ 16 . 2.r= + 2rt.r+ 4^‘‘*. 17 . i - 2,r + 3^:“ - 4;r* 



d. 

19. x^ — 2x‘‘‘y + 2xy^ —y. 


21. 2.r’‘-3.r‘^ + .r-4. 

J-8. 

23 . -•{y + z)x -ys. 

fcj>\ 

25 . 2-3<i-d^ + 2a^. 


fp-\rqx- 

»■*■* + (Jf' ft- ")x + y'^''+ 

* Ex. LXXVI. (pp. 147 - 148 ). 


1 . 

X 3 n 2X 

+ - . 2 . — + 


3 5".. 3^ 


1 

2X _ 3 


3 ^ 

X 

3 b 5 a 


n 

3 4‘ 

5 . 

3 ^^-l-Ky+xy^- 

6. 

I - - 2 .r-_y* 


7. .!;«:* 

- }ax+ Id 

8 . 

x'-^ - l'+ \ . 
x^ 

9 . 

I 

3 - 1 ' - 4 + 

2X 


10 . x + ' 

'y 

2 + ^ . 

X 

11 . 

X a 

I + . 

12 . 

x^ a 

- 2X + . 


13. - 

_ AX _3y 


a X 

2 3 


i>' 

Sz 4 - ' 

14. 

x'“^ y~ 

- '> +~ - . 

y 

15. 

I —X. 

16. 

a — 2 

17. 2 a 

18. 

1 - .t'-f y. 

19. 

x- 2 . 20 . 

a — 

b. 21 . 1 

-X- Ix"- 

22 . 

yj r* ;»-o 


23. 


b _ 

P 

2 a j6(t^ 

a — 

2 a 8a^ 

16 a'' ' 

24. 

I fiX • 









Ex. LXXVII. (p. 149 ). 


6. 

8 . 

11 . 


X -2. 

X 

x^ + \yz-s\ 
a ~6 + c—d. 


2 . 2-C-I-- 
2 


n <t b 

3. -. + — 1. 

0 a 


1 


4 - 

y X 2 

7 . ab-ac-\-bc. 


6 . x‘^ - 2 X+ I. 

9 . + c'^ — d'‘‘. 10. ax -hby + cz. 

12 . + 13 . 2>d^~ab-¥^b\ 


14 . a^y{2b-c)a + c^. 


i5.i;+<-(-+n+i. 
y \v yf 


r 

Ex. liXXVIII (p. 151 ). 

1 . ;r-l-2_;'. 2 . a -3. 3 . x + 4. 4 . 2 a- 3b. 6. a + ^b. 

6. 2.sr- 7y. 7 . in — 4».r. 8. - 5'^.f• 9 . a^+2a+i. 

10 . .r''^-4;r-f 2. 11 . .;i-®-i-2,r + 3. 12 . d^-ab + b'^. 13 . 2x^4-4xy~:3y^. 
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14. 16. .r + ^i + ^. 16. 17. a® + -„ + 2. 

^0 a or • 

18t a — h-\-c. 19. I -2A'+ 3jr®-4 ;f20. l—x^> 

21. x’^-y'K 7,% b{ayb^c\ 23 i+2;»r. 24. ;r-2«. 

Ex. LXXIX. (p. 153). 

1. 2. x^y^. 3. ^x^. 4. 2ab‘^. 5. 4y^x^. 6. Sa'^b^. 

7. ^a^bc^. 8. 4rt.r®. 9. 2a. 10. cP-b^d^. 11. ^oPbc. 

12. 5(2®. 13. 5.r®2’®. 14. 15. iixy'^s^, * 

Ex. LXXX. (pp. 153-154). 

1. 2t^y. 2. ax. 3. a. 4. a. 5. a{2 — hY 6. a — b. 

• 7. a+x. 8. 22r®(a4-r)®. 9. x'^a+x)'^. 10. ab{a-b)^. 

11. 2(x-i). 12. x\xyi). 13. 2 (x+a). 14. X. 

15. x-s- 16. v + 5y. 17. a+x. 18. A{x^+y% 19. a\x + i). 

20. 3(a.r + 2). 21. a+4. 22. x+y. 23. x~y. 24. a-3. 

25. a—i. 26. a + b — c. , 

Ex. LXXXI. (pp. 157-159). 

1 . “3A'-2. 2 . 2,1+3. 3 . 3-V + 5. 4 . 22r + 3.’- 

5. 32:-2. 6. 3.*'-2. 7. 8.v®+I4;c-15. 8. 42^-5. 

9. 2{x^+2x+t). 10. y —2. 11. x — 2a. 12. x + s- 

13. x-i. 14. x-2. 15. x-y. 16- 2^ + 3. 

17. x + 2, 18. 3(2^+ 3). 19- x‘^+jp. 20. a{a + b). 

21. ^* — 3. 22. .1^ + 3. 23. -r —8. 24. x — a. 

25. x+4. 26. .1^ + 5. 27. ;f-i. 28. x-^.- 

29. x — 2. 30. jx-s- 31. x^+2x — ^. 32. 

33. x‘^- 2 xy+y^. 34. jt-® + 4r+4. 35. 5;r^-r. 36. x-' 4 a. 

37. 2.T + 5. 38. 2{x^+nx-~2a''). 39. 3.V-11. 40. ,r 2 - 2 .r+i. 

41. x^-x+i. 42. 2.i:® + 3,r —2. 43 .v —4. 44. 2.*:—i. 

45. x^^za. 46. x^-^x + i. 47. 2.1^—;j'. 48. x{x^+‘^x + ii)! 

49. x^-sx+ 4 . 50. x + ^. 51. 2 x'^-x- 2 . 52. x^~- 4 x + 3 . 

53. 4cP - yib + h^. 54. aP - sx^ +1 3,1 -- 14 . 55. 2 . 1 :® - 3. 

56. ;r—I. 57 ytP-2xy+y^. 5 S- x{2x^ + 2xy-)P). 

59. x^-‘2xy + ^y^. 60. x^ — 2ax+a^. 61. a'®+ 2.^ + 3. 

62. :r»-+r+i. , 63. x^+x + 41. 64. a = 6; x-2. 

65. y=*S- 

Ex. LXXXII. (p. 159). 

1. ;r* —2.ar + 5. 2. .r® + i. 3. 5:r*—i. 4. x+4. 

'5. x — 2. 6. 4.r+i. 7. x — i, 8. x^+x — ^ 
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Ex. LXXXIII. (p. 164). 

tfl "'v 

1. ' 2. 3. 2^a”b\x'^y^. 4. 2oa^x^j'^je!^^ 

5. aW. 6. i2a2^V. 7. Oa'd^cx^. 8. 

9. loa^b^. 10. iSoote^r^. 11. 12. looia’^b'^c^x*. 

Ex. LXXXIV. (p. 165). 

1. axy{x—y). 2. n{lr-^d^). 3. 6(a®-^®). 4. I2a{d^-i). 

5. 6. (.r-3)(jr + 4)^.r-5). 7. (.r +1 )(.r + 3)(.r - 4). 

8. 9. I20xy(x^ 10. - d“). 

11. 36xy(x^-y}. 12. (A"2-25)(y“-36). 13. ab(a^ - b^)(a^ - 4P). 

14. (x —3)(x—3)(v — 7). 15. (rt^+i)(rt + 4). 16. xy(j/^ — x^). 

17. (a^-x*)(a^~4x^). 18. (.r“-9)(-^'' + 3^ + 9). 

19 . 72 c^b\c? ~b^){d?‘-I?). 20. 72 {d^ — b'^){d'-b'^'). 21. 30 jr\A'^ - i)*. 

22. 2 x(x- 2 )^(x + 2 )(x^ + 2 ). 23. (.t'«-rtC)(^2+a2). 24. (a:*- i)(.r“~ i). 

25. (3X+ i)i 2 x - i){x+ 2 ). 26. (a + b)ia-b'f(a + S^)(^ + ^^)‘ 

27. -9'*. 28. {1+2x4 4.r“)( \ 4 2x- 4.r2)( i - 4 r*). 

29. (gjr^ - r )(.r2 - 3)‘^(9.r* - i). 30. (.r - i )'(.*■+ i). 

31. x*—i6a*. 32. {x-n){x-b){x4‘3a + b). 

Ex. LXXXV. (pp. 167 168). 

1. (x^ + i){4^-J){3^-1)’ 2. (,r+iX2r + 3)V+4)(^+5)- 

3. {d^ — 4b'^)(d^ — P). 4. (x — a^ix —3a){3x— yd). 

5. {x4-2){2x- i)(3.t-- ^){4x^-3x4-1). 

6. (.1-® 43 x 4 2 ){ 3 x^ + Sj: - 3)(2;r® - 3 X 4 i). 

7. - 4){x^ + X - 2}(jr® - jr + i). 8. (.f - i )(x - 2 ){x — 3){x - 4). 

9. {x^ - I ){x‘^ 47x^41 6). 10. (.V - 8)'X.*' + 9)(9.^'* - 100). 

11. {x^ 4 3x - 4)(-^‘ + 4)(-i-' - ZYo'X 4 4). 

12. {x - I ){x 4 4)(.r - S){-r + 3)('-^+ 6) 

13. {x^4x-3)‘\x^-x43){x^-x^3). 14. x^42x^ — 3, 

16. a^ — 2a^42a-i. 

t 

Ex, LXXXVI. (pp, 170-171). 

1. 2. 2. 30. 3. 53. 4. -6. 5. “343^. 6. -2. 

7. -4. 8. -2. 9. 35. 10. 23. 11, 144. 12. -6. 

19. 23. 20. 4. 21. 14 or -13. 25. b4c4l~o- 

27. {^4gY{p4f4i) = a. 

REVISION PAPERS II. 

Paper I. 

1 . (_ya-.4)2. 2. (i) {2x4gy){4x^-iSxy4Biy‘). 

• (ii) {x^-6x4iS){x^46x4i&). (iii) (7^-9y)(8;r+.iiy). 
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MATRICULATION ALGEBRA. 
« 


3 . 

7 . 

9 . 

1 . 

5 . 

8 . 

I 

1 

4. 
8 . 

1 . 

6 . 
8 . 

10 . 

1 . 

4 . 

6. 

6 . 


1 . 


“ ?>abc, 5. 2(x + 4). 6 . - 9 (^" + 19 ^— 5 ). 

(i) A'=2. (li) ^ = 8. 10. 24. 


Paper II. 


(bx+a)(x^ -x+ i). 

^oafi'n — b)x + 

(i) .r = 7. (ii) jr = 4. 
(3,r-2)(2;»r-3). 


2 . jr* + 5 (« - b^x^ + (6a^ — 2 $ab + 6 b^)r^ — 

3 . x^ — 2X + 2. 4 . 3 a‘^-ab + sb^‘ 

6. 7 . —+ 

10. 1800. 


, Paper III. 

.1-^ —,1-2 — 1. 2. fi) (2,1-2- 0(2^“+l)(2r2+2X+l)(2,r2-2,r+l). 

(ii) ,r(;r + 2)2. (iii) (,r-2)(2,r—i)(2;ir“-5.^'^-5)■ 3 . 2A'2 + 2;r + 3. 

x^ — a^. 5. 7 . 3 A '2 —2(ce + ^).!f+ + 

4 (^i + ^) 2 :r 2 . 9 . (i) ,t.-= 5 . (li) = ’ ^ 4720 . 


Paper IV. 


\ 2 abc. 2. \-\-{a-\-b)x \-^a{a—\)-\-b(b—i) + 2 nb\x^ + 
l{a(a- j){a~ 2 ) + b{b-~ i)ld- 2 ) + 2 fib{a + b- 2 ))x '^; • 

jt{a + b){a + b- 1 ). 3- 5 r. 4. (i) (-r^ + 3 ;rj/-y)(.r“- 3 A 7 -y). 

(ii) (rtf — b 4rC4r b c — 4 " b cfb){b c(i~ tz)- 

abc{a + b + c){b + c —n){c + a — b){a +b —c). 6. iCia*. 

(i) 4A'24-i 6 jr+II, ( 11 ) .t’'+,i' + 2 - . 9 . A' = 2. 

(a + ^)/}miles ; ---hours. 

a + p 


Paper V. 


x^ + X'^j/ + xy^ ; y — jr. 


2. 8a^ 


3 . -r - I ; I. 


{2X + ay + z){2x - 3_y - s){2x 4 - ar - x). 

(i) (2.r + 3 /)( 2 ,r- 3 y- 3 ). (ii) (x2 4 - 3 ,ry-|- 4 j 2 )(,r 2 - 3 ;ry + 4y2). 

(iii) (;»:2+2-r-3)(.a'2 —2,r-3). (iv) (8.r-1)^(1-a)(i-Hrt + rt^). 


(i) ax^ + 2bx-c. (ii) ^ + 
(:n)x-n 4 ^. 8 . 4 - 


3 ^_ 5 . 

€1 Z.'>* Z * 

or 0‘ D a 


10. 234. 


Paper VI. 

(x^+y^y = {x^-jy^)^ + {2xy)^. (a) 162 + 30’. 2. (i) (,r — 1 i)(a-+ 17), 

(ii) (:r+i)(.r + 2)(,r-i)(.r-2). (iii) {{a-cf + b{a + c)){a-c){a + b + c). 
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3. 
61' 

7 . 

1 . 

4. 

5. 

9 . 

1 . 

4 . 

5. 
9. 

1 . 

6 . 
11 . 
15. 
19. 
23. 
2$. 
.32. 


-(^-3)(^-4X2^-O*"*- 4. {a-]ri)x^ + {a^ + i)x + a^ ; I94ii. 

(i) a^ + $ad-^d^. (ii) a{x^ +1) + d{x'^+x). 6- Ox + S- 

Xax-^-byf-^-^ay-bxf. * 8- x^-'^xyZ. 9 . ;«r=i 5 . 10 . 42 . • 


Paper VII. 

119/’+47^*4-937 + 69. 2 . a^-abylf^. 3 . 2.t'* + 5.r-3. 

(i) tixy2b-\‘^^. (ii) {a+b)'^ + y{ayb)yc^, 

(i) .r* + ^-’-2. (ii) 2 + 3x-.r^ 6. (i) (3^~ 5)(4^ + 7)- 

(ii) (2.r — 3)(4Ar+9). (iii) (9^^* + 1 2 fj :/5 + 8 ^*)(9a* — 12rt^ + 8^*). 
(iv) {X — a)^{x + 2a). 7 . (.v+9')^* + .c*. 8. o. 

x = -c. 10 . 60 , 


Paper VIII. 

O. 2 . 3-^-i ; h 3. (1) x^-^xy^. (li) “'^+ ^^+ 

G. c. M. = .r + 3 ; L. C. M. = (3.r''+8j;*+3,r-2)(6.*r^ + 

7x^ -27.r*+ I7.r- 3) 

2.r*-.t*-3. 6. 36’I ft. 7. rt'‘ —4a*^i: + 7^V*. 

(i) x=^i. (ii) x^ -23. 10 . I. 


Ex. LXXXVII. (pp. 181-182). 


_ 3 __ 

Sab‘^c ■ 
yc^x'^' 

11 a'b^y^ * 
a* — ^ab 
2b[ay2b)' 

3 ^y-sy^ 

- yy 

X^ + rt* 

a — b 
a + b‘ 

a+ b 
~a-b ' 
cxyd 
axyb' 


2 . 


7 . 


ybcd' 

ayy 

a 

12 . 

16. 


3. 


8 . 


I IXS* 

ya^'y^ 


a 

,2 


^ - 3.r 
y{x- 2 y) 

c 

idf 


* yd^b'^yb'^ 
” a* + i&* ■ 


9 . 

13. 

17. 

21, 


6 <2*ar 

ly 

in 

3(w-2/) 

2 mn 


m + n 
cyy 
fy 2 x' 
x^ — bx 
xyb 


6. 

. 10 . 

14. 

18. 

» 

22 . 


24. 


xyb 


29. 


33. 


x-c 
yi — 2x 

5 « + i^ 
•*"-5 

2.r+3 ■ 


26. 


30 . 


34. 


ayb-c 
a~b — c 
'2.a-yc 
2ayyx' 

«®- 3 « +9 


26. 


x— J 


4 ^>_! 

ya. 

yx 

Sa 

yibc 

aybyc' 

x-j 

a 

.t*+ I 

.x^yx^yi 

X-l 


27. 


xyi ' xy 2 
2 ayh — c 


31. 

35. 


2a — b — c 
X- 1 
xyi ■ 
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3^-2y a^b-c-il + on 

I .*!>\/ I \ • Oi» I . »• Oo« y ^ • « 3 w* , , 


{2X^+J/^){x + 2y) 


a — b + c—d 


^‘“3« 


X+Jf+I’ 


Ex. LXXXVIII. (p. 183). 


x + 4 2 7^-^jK 

x‘^ — 2x + j‘ ’ 5.1'“ — yty + 2j/“ 

5a^(a+.r) ^ x'^-ax + ^i^ 

x{a'^ + ax + x^)' ■ ,r“ — 

_ g 3.r“j^i- 

4tf ■-’.r^ +«2«.i'“ - I ■ ’ 4.1“ + 2;ir 4-1 ‘ 

jr - 5 2;»r“ + 3a;ir + 7^“ 


, :r2+.r-2 
:tr='‘ + 5A-+V 
« .r“+ 4 ;r + 4 
;»r2+;»: + l ' 

> (x-if 


x+s 


x'^ — 6ax + 2a^ 


14. 3(^~-7^^^ -f 2 a-“ + 3-v-5 

2(,r“ + 7£i,r + i2«“j ‘ ’ /■'^~5 


x^+x- 12 

A*- 12 


1- 3.1^ + • 

5. a-2X + 


IQ _.r 

■»W» , • ah n t> . r» • 

:r + 4 dE^-2rt“-hi2^z-18 

Ex. LXXXIX. (p. 184). 


2 X^ — + 24r — 3 

12 .?- 2 :± 3 .' 13 . £^' 

51-2 ,r +1 

18. ^!±5f±Ji. 

A'-7 

-rt rt“-2«“4-d:4-4 


2 . 2 a+ 


o ^ 29 

3 . d!-. 4. 3jr — 6 4- -— 

a .r4.4 


d!+.r 


6. 2X + 6+ . 

^•-3 


7. 2 rt- 3 r + 


5a - .t 


8. i2.r + 34- 

11 . 

3 .<' 

, - rt*' + 2X^ 
a-\-2x 


4x— I 


n 2X-1 X-2 

9 . ,r—1- .y- - . 10 ..ar + 3- 

x^-x+i x^. — 3x + 4 


,v“ — 2.r“ — ^x 


.r-— io;r + 3o 


a4-b' 


x-2 




x^-\-xy-{-y^ 

x + a 


x^ -y ^ 

x^ — xy +j/“ 


Ex. XC. (p. 186). 

^ bcx^ acy^ abs ^ bcx^^ 4by^^ 

At f “■ ' • w ^ ^ “f • 

abc 1 2abc 

o 4 i£ 1 4 o 3 “. r“j/, 48^“^^/“, 5oa“ .trj/“ 

I5rt.ir* ' 6oc^b^ 

g 4- 2ax 4- «■*, <*“ — 2ax 4- x^ ^ — 2bXy 20a — ^b, 2ax'^ — bx^ 

5 . . 6. , 

d^x^ - b‘^x\ a^y^ 4- S^y^ « - 8d.r*, xy > a — Xy a-{-Xy 2a 

' a«-> * **• “ 6 (a“-^“) ' AaHa^-x*) *• 


7 . 
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10.* 


A^ + x^ -.r - I, ax(x + I 3 a(x ”-x ^ -x + t), 4fi(x- i)Ss (.y‘‘^'- i ) 

» (x'^ ~ I)® 

Ex. XCI. (pp. 188-189). 


1 . 

5. 

i 

9. 

12 . 

16. 

20 . 

24. 

28. 

33. 

37. 



2. 

3 . 


•4*5<5.rr-H9i^O' 

4 

12 


I 2 r 

0 


12 

■Lt-Z 

30 X ' 

6 . 

— 2 

" 8 : 1:2 — • 

7. 

71 a - 51 ^ 

50 a 

- 25 a- 20 ^ 

O- 

12 


25.1* — 20^ 
12 

2(a+'^)/>' 
ab 


"4a ~ a*> “ ■ 


13. 


3 a- - ab+2b~ 


a-b' 

x-y 

X 

a^(^+x) 

zd' 


17. 


i\a - b)b 
2cr — zab-V zb'^ 
a-^-b'^ 


14. 


a^ — ’ 


15. 


d^ + b'^ 

a^^'b^' 


21 . 


a- - ioa-|-2i 


25. 

a\x - a} 


18. 
22 . 
26. 


19. 


a" - AT* 


zx 

x+y 


29. o. 30. 


zab 

zox 

I -zsx'^' 

Sx-z 

X{X- l)V + 2) 
a 


— ab + 
d^-d- 
a + bx 


23 


c-Vdx 

27. 


.v%r2-i)' 


31. 


4ci‘--d^ 


32. 


x{x‘ -l) 

X — 3.r^ + $x^ 

Z^x- “■ a”-!?/ "■ + ■ {x~l){x + 2 ){x + s) 


34. 


a-l-^r 
b +ax' 


35. 


2 ji'‘ + 4x‘{v^ — zy* 


x'^ -y- 


36. 


Ex. XOII. (pp. 191-193). 


1 

5. o. 


i6.r®— 5-r —13 
(3.r-h2)® 


o 

■ .t-s-y 


6 


6 . o. 


10. 3a-5<J. 11. 


7 . 


2 a’ 


.r 


(,v-h 4 )(.^“- 9 )' 
b 


(,r - 24 *)’* ‘ 


8 


T*-X* ■ 


12 . 


zya^-\-d^' 

yi 

y* 


4 x'^y—x'^y'^-y^ 


X* — 


4. 

9. 

13. 


,y‘'^ 4 - 2 a--H 4 

x{x^ -h I) 

.r'‘- 49 ‘ 
8 (a -f-O) 
a«-i6 • 


14. 


I -f 2;ir-t-3;r-' 


16. 


i 6 .r 


'4(1-.;r*) ■ *''■ 

18. 4^ 19. o. 20. 


16. 


4 / 2 * 


d^—l 


22 . - 


4 


(;ir-i)(;r- 3 )(;r- 5 ) 


. 23. 


x^-i * 
y* -~ax 
y^—a^' 


21 . 

24. 


„ .r' — ax — 13 a^ 

17.-., - -2 

x^ — ax - 12 a 

I 

(jr-i)(;ir-2)i;r-3)’ 
X^+ 2 X^+ 2 X- I 
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Oft •’■’‘+^1 on ^(^“+0 Ql . Oft + „ 2a 

29- 30. 31.1. 32.-,-^^. 33. 3t 2. 


x{x^-iy 




d^-b^' a^b 

I 


35 __ q/s *_ qiy I 

[a- x)[pc — b) ■ x+jy'^ ‘ (;i — i)(;tr — 2 )(;r- 3 )' 

00 2(a + xl I 2a^ 

a^ + ax+x'^' ' a*-x*' x^-i' {a-x){a^ + 

*42. --^^'l±-ift. 43. - 44 r 4.^ 1 4^ 


r+,V*+j8- 


. 47 . 


« + A 4 


(^ + t--«)(<: + «-<J)(fi + ^-c)' 


44. j. 
48. 


{a — x){a^ + x^i, 

45. 1 . 46. I. 


49 - 

x^ + S-'^ + i 


48 __ 

50 _ _ 3 ^ _ 

{ 2 a~s^f)(a- 4 b)' 


Ex. XCIII. (pp. 194-196). 


y j^bc 
XJfZ ’ 

11 .. 

^2 + 4 /^“ 

15. “t'*- 
a + 5 


2. f. 3.2|^^, 

5 ^ 2 Sbj/ 

O--rr-. 


x'^ + V^' 


4 . 9«^. 5 . . 6. 

^ I2b^ '' f,{a-xy 

^ 2ax\x-'y) u^ + b^ 


13. x'^+a\ 
17. •’■-. 

x-s X -y 

Ex. XCIV. (pp. 195-196). 


a 

a —ft 


14. - ” 

«-3 

18 'l(^' + 3 «) 
n{x + 2ay 


1 . 

40 J 

2 . 3‘"’. 

3. 

d[ytb‘^ 

4. I. 

g a(a® 


49-■ 

4A> 


\a-by 



6 . 

^(a + d). 

„ A- 6 

7. — . 

8 . 

2xy^ 

9. . 

10 . 


•^-3 


3 ■ 

.rj 

2b 

12 . 

a+^-r 

a-^+ ir' 

•-4 

CO 


X“ 

14. 

X 

-b ' 

15. ^ 

A- 


Ex. XOV. (p. 197). 


a* — x* 


x-i „ (a^- b'^)b 
^2 * *• ,a 


3. 

A' 

1 3^^(a-b) ^ 

b 

T 

^tr^^+y 

9. I. 10. 

a 


(a-by" '.■ 

3 « .,- r -4 

2b ^-h4 

A'® — aA -J- a*"* 
jr® + aA-i-a‘^ ‘ 


rtlf (ajf — I) 


a — b 


. 11 . 




6 . 
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XXXI 


le. 

13. 

<1 > 
x^+i+ ... 

14. 


4r I. 


15. 


y 


x-4 









y 

.r^ 

• 

16. 

x-^ -f-1 . 


17. 

y.> + 

b- 

-1. 

18. 

a 

I. 

19. 




x^ 







b 



V 

yf 

20. 

x'^+x^jy — xy^ 

AT J 

.7 

't + 
r-' 











Ex. 

xcvr. 

(pp. 199-200) 

1. 




1. 

4-3f 

2. 

3-1-' 


3. 

6 

2.X' 

4. 

i8.i‘ 

+ M 

. 5. 

(iX 

~ " • 


lO 


15-2 

X 


2X4 ^ 


2 

1 * 


3-1'-1 

6. 

27-4X 

7. 

1 2X - 

40^ 

8. 

iO 

- I3r 

• 

9. 

X - 

1. 

10. 

2o-3jr 


2{4x - 9) 


JJ - 



6 





2;i' - 25 

11. 

J4 — 20X . 

12. 

I 4-fi 


13. 

r 

14. I. 

15. 

b- 


16. 

u^4x^' 

• 

9(a'+i)~ 


I 



X 





2(IX 

17. 

y. 18. 

a 

-4 

19. 

6-1-7.1- 


20. 

4 

. 21 

v( 1 +x+x^) 

a 

-5 


3- 

3.r“ 

-\rx^ 


3x 



I 4-X‘ 

22. 

.r. 23. 

i. 


24. 

4 



25. 

4'^* . 



/ 




3« 




a' - 

-XT 




Ex. XCVII. (pp. 201-202). 


x^ + a^' ‘ 2^x ' ' (.1 - I ){2X — i) ‘ ‘ ad{n-df 


» {a + d-i-cf a „ I Q r: 

zdo 2m-n-A 1 - .x + x^y^ + y* 


9. 

a2. 


10. \ 

11. 


12. 

i"”-'-.. 13. 

•i , 

2 • 





a ' 


X^ 

- /-Z' X 

^+y 



14. 

Ax- 

- 7 )( 3 '«^- 5 ) 

15. 

1 

5 ((Z-f.r) 

{2a —xl^ ■ 










Ex. 

XCVIII. (p. 

208). 




•.,1. 

I ; 

3 - 

2. 

19 ; 18. 

3. 

I ; I 

• 

4 . 5; 2. , 

5. 

I ; 

— I. 

6. 

I ; 

2. 

7. 

6 ; 7- 

8. 

8 ; 2. 

9. 7 ; 17- 

10. 

5; 

6. 

11. 

14 

; 15 

12. 

i; 4 - 

13. 

2 ; i, 


14. 12 ; 3. 

15. 

s; 

I. 

16. 

2 ; 

j- 

17. 

7 ; 5 - 

18. 

3 i; : 

2^. 

19. 4 ; -f 

20. 

2 ; 

— 1. 

21. 

2; 

I. 

22. 

13 i 9i 

23. 

3; 6 , 


24. ; 2i. 

25. 

4 ; 

5 - 

26. 

I ; 

7 - 

27. 

3 ; 2. 

28. 

7 ; IO- 









Ex. XCIX. 

(PP- 

209 - 211 ). 




, 1. 

IO 

; 24, 


2 . ^ - 

11 

4* 

3. 2; 

3 - 

4 . 7 ; 2. 

5 . 

7 ; 

9- 

6. 

5 ; 

2. 


7 S . .’i 

/• 14^ 1 T* 

8. 18 

i 4 ^- > 35 ’ 
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10 . 

6 ; 8 . 

11 . 

8 ; 5 . 

12 . 

17; II. 

13. 

40 

; 60 . 14. 6 ; 

■4- 

15. 

5; 9- 

16. 

3 ; 2 . 

17. 

3 ; 2. . 

18. 

5 ; 

5 - 19. 12 

; h. 

20 *. 

II ; 7 . 

21 . 

- 2 ; - i. 

22 . 

7 ; 8. 

23. 

7.; 

9 . 24. *02 ; 

2 ’ 9 . 

25. 

IO ; 8. 

26. 

8 ; - 15 . 

27. 

- 2 - 5 ; - 

3’S 


28. 1-95 ; * 

675 . 




Ex. C. 

(PP 

. 212-213) 

• 




1 . 

3 ; 6. 

2 . - 

-I ; -^• 

3. 

a . _ .H 

TT j IS- 


4. 

15; 18 . 


5. 

4 ; JO. 

6 . 2 

:; 3- 

7. 

3; 4- 


8 

i ; h 9. j 

; i' 

10 . 

; - 2 ^ 

11 . 3 

1 ; 2 . 

12 . 

7 ; 4 . 


13. 

5 i *1- 

- 

14 . 

-2 ; s. 

15. 5 

; 2 . 

16 

7; 3- 


17. 

5 j j. 


18. 

10 ; 15 . ‘ 

19. 144 ; 216 . 

20 . 

14 ; 9- 


21 . 

6 ; 9 . 





Ex. Cl. 

(PP 

. 213-215) 

• 




1 . 

- b ; a+b 


2 . ~- 

^ . 

» 1 

b-(P 

j • 


3. 

I ; 0 . 





1 - 

ab 

I - ab 





4. 

be ^ ac 
a -t- d ’ a-\-b' 

^ bc^-bic 
abj^ —a^b ’ 

ac^ —a^c 
ap~aby 


6 . 

e(c — b) _ «:(^- 
a(a — bj ’ b{b- 

■a) 

-a)’ 

7 . 

cq-md 
nq — 7np ’ 

mp — 

Q ^ 

0. a 

nq 

; b. 

p. ac-^rbd 

bc — ad 
d“ + b’^ ’ 


10 . 

ac{dn-\-bm) _ bd\cn~a7n) 
ad+bc ’ ad+bc 

• 

bc'^ 

11 . 

’ a 

aU 

!®4^2 • 



ab[a + b) ab{a~b) ,, ^ mp — nq mp — nq 

+b^ ap aq 


Y' a^+fi 2 ; a^ + d^ ■ -- 

\2abm m{"]b—'j<i\{a — h') 

“(M-T ’ IT-y h 

19 . ^ ; T- 20. a + b ; a 

22 ?!±£!ziiLV ?-- 

2a ’ 

2g m® — «® w® — ?i 

aw — ’ bm — c 

„„ akc{bc - ab - ac) 

Pc^-c^a^-^^b’^ ■ 

29 .‘ (a + < 5)2 ; (a-^)*. 


a(b — a) ' b(a — b) ’ 


qr b’^-\-c^ — a® + r® - a® 

jp — qt' g'^—p'i' ■ bin — an — cn' bn + cm— am’ 

^ ; T- 20. a + ^ ; a 21. ^^ (a” ^ 

^® + ^r®~a® a® + t®-^® z r.4 a^n-bn an-bm 


w® - «® w® - «® 


23 . 24 . 

26 . J 

a b 


am — bn ' bm — an' ' a’ b 

akc{bc — ab — ac) abc 'ab + be — ac) 
Pc^-c'^a?-:^^P ’ bh'^-a'^P-ah^' 


a 7 n — bn an — bm 


2a^b 2a —h, 


b-\‘C — a — d c d— a — b 


^[bc-ad) ’ 2 {pc-ad) ' 

Ex. CII. (pp. 216 - 218 ). 

3 ; 2 ; I. 2 . I ; 2 ; 3. 3 . 4 ; 5 ; 6. 4 . 10 ; 20 ; 5. 

7 ; IO; 9. 6. 5 ; 6 ; 7. 7 . 6 ; ii ; 6. 8. -28 ; lo ; 9. 




ANSWERS. 


9 . 

13 . 

17 . 


21 . 

25 . 


5 . 

8 . 

11 . 

13. 

16 . 

18 . 

20 . 

22 . 

26 .‘ 

SO. 

33 . 

35 . 

38 . 

41 . 

43. 

46 . 

49 . 


4 . 

6 . 

7 . 

8 . 
9 . 

11 . 


0 ; 7 ; 8. 10. 4 ; - 5 ; 6 ; 11. - 5 ; 6 ; - 2. 12. r ; 2 ; 3. 

I ; - 2 ;3. 14 . 2 ; - 3 ; 4. 15 . 12 ; 12 ; 12. 16 . I ; i 

6 ; 6 ; 6. 18 . a; b\ c. 19 . \(a + d + 2c) ; \{u + 26 + c); 

be ca ab 


(2(1 +b + L-). 


20 


Ui — b)ia-c) ’ (b-c]\,b — a) * lr — (i){c-b)’ 


.5 


22 . 3 5 3 ; 3 - 


I • ^ • — I 2 

7’“5’ 

2 hp(}r _ 2 ('pip‘ 

(P + >')(] - P>' ’ {p+7)^-p(l ' 
abc ; bc + ca + ab ; a + b + c. 


23 . 


2tiptjr 


{ fJ + r ) p -(/ r ’ 

24. 5 ; 7 . - 3 - 


Ex. CIII. (pp. 222 - 226 ). 


72 aikI 52. 2 . 65 and 35. 3 . A*.s.4. eSri. and AV.6, 4 . i\. 

2J and 40. 6. M- 7. A’.v. 925 and A’.?.500. 

A A’.v.5oij, B A’.f,400 and C A’.s'.2oo. 9 - A*.v.4oo. 10 . i. 

A 5f. and B 3V. 12 . 17 yds. and 13 yds. 

640, 720 and 8.;o. 14 . 108 s(j. ft. 15 . to, 8 and 6. 

84 frM' and 63 ,i}.ia'nsi. 17 . AA’.2. 8/r and Nr.i. 8f^. 

A 49 yoar-.. and B 21 years. 19 . A 20 yrs. and B 64 yrs. 

24, 12 and 4 years. 21. 30, 50 and 70, 20. 01 9 o, 20 and 40, 50. 
75. 23 . 48. 24 3. 25 . 10 yards and 7 yards 

150 ina,‘i,40cs and 80 ap[)les. 27 . 23 28 91. 29 . 63. 

54 . 31 . 4 ',, 3-,' and 24 . 32 . 12 jieisons ; 5 .V. 

4(.) lbs. tea and 90 lbs coffee. 34 A'j‘. 9 ; no [)asscniiers. 

253. 36 . 64f>. 37. 2and 7.^ miles per lioin. 

i7tloiins; 7 lialf-('rowns. 39 . 40 . 222. 

72 apples : 60 pears. 42 . 12 men ; 12 women. 

12 men ; 10 women. 44 . 3? 45 . A Ab 70 ; B A’t ijo. 

7. 47 . 15 miles ; 2 miles per bour. 48 - 3mdes per hour, 8.!miles 

65. 50 . 15 mdes per hour ; 90 miles. 

Ex. CIV. (pp 232 - 233 ). 


T''e Kig. is a rectangle, of which one side—15 units and the 
other =18 units ; area =270 sq. units. 5 . 48. 

(0 (3, o). (2) ( 8 , 5 ). ( 3 ) (- 4 , -5). (4) (-4, 4). 

(t) to. (2) 17 . ( 3 ) 25. ( 4 ) 8 5. 

(i) 22. (2) 17 - ( 3 ) 34 - ( 4 ) 17 - ( 5 ) 25. (6) 37. 

74-6. 10 . The Fig. is a rectangle,of which one side=i5 units 

and the other =28 units ; area = 420 sq units. 

(1) 375 sq. units. (2) 286 sq. units. 

( 3 ) 96 sq. units. ( 4 ) 52 sq. units. 


M. A.—C 
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MATRICULATION ALGKliRA. 


13 . (i) 2'3" ; 4'2" ; g'66 sq. in (2) 4-2" ; 2" , 8 4 sq. in. 

14 . (5, 8). 16 . 226 sq. units. 17 . (i) 102. (2) 52. 

18 , 2 and 5 ; — 2 and 6. 

Ex. CV. (p. 238 ). 

3 . 3‘2 sq. in. 4 . A straight line (I'l paiallcl to the j' axis, 

(li) parallel to the .v-axis. 6. I'S sq. in. 

Ex. CVI. (p. 241 ). 

1 . (i) iq)' = 9-r+i5. (2)^--26-2x. (3) )/ = ?. (4) .V + At'== 18 

(5) 2j> = 3 jf' 4 -i 2 . ( 6 ) )' = 2.r~5. (7) = 7-2.r. rS) r+I3j4-46^=0. 

2 . x + v=2. 3. ,y--- 3 v + 4 - 4 . (3, 2;, (-2, -2\-.8, 6). 

6. 4‘24 ; “ 7 - 6. -583 ; 4-5.3. 7 . (o, 2;, (-4, -4V (2, 5), (4, 8). 

8 . y + 5 = 2.r. 9./=•-- 4 i' + 7 i 7 = -T- 1 -», 4 J'"^-1 + 13- 

10. (i) 4 4- (2) 2-4. 

Ex. evil. (pp. 243 - 244 ). 

1 . ( i ) x ^ 2 ; jy = i . {2)x=8; _v = 6 . (3) .t = - 3 ; ;/ = 4. 

(4) ;r-=4 ;j' = o. (5) .r=3 , j-- -2. (6) 1 -- -2-25 ; r = 3-5. 

(7) = ; J'= 5 - (8) .t=9 ; ^=12. (q) .i-=2-8 ; ^'==3-2. 

(10) ,r = 6 ; 11. (ii) .1 =8 ; y = 3. (12) i--"7 ; _v = 8. 

(13) A-=ii ; j=i. (14) T--5 ; r-=2. (15) i :--.2 : 7 = 3. 

2 . .r=i,7 = 6. 3 . (-2, i) ; (1,-2) ; (2, 3) 

5 . (-3, 2) ; (4, 1) ; (3. 4 )- 6. fi=5. 

Ex. CVIII. (pp. 261 - 266 ). 

1. 55 Ihs. ; 84 lbs. ; I4‘8 kilogianimcs ; 17'3 k'l log rain tries. 

3 . 3 y 3 in- ; 9 i’f> cms. ; j = o- 393 '''- 

3. 12-57, 34’57, 62-86111. ; 15, 10 in. 4 . (1) 76 ; (v) 53. 

6. 6o°C. 6. £3; ;£i4- IOJ-. 7 . 52''-i. 9 . 2 2 in.; 12-450015. 

10. 87, 78. 67, 51, 46, 42, 39, 38, 36, 17 - 

12 . /Cs.icjcj ; A'jr.410 ; 7^^574. 14 . ^'1. 15.V. Jr/. 7iearly \ 

615 copies to the nearest 5. 16 . 58, 38, 29 ; y = i'i.r — ()0, 

16 . 2-60, 5-63, 4-16, 577. 17 . A\s-. 46. 8a. 

18 . gs. 6r/. 19 . 167''; 5^ 20 . ;^35o ; 4250 copies. 

21 . I A. M. ; 17 and 14 miles. 22 . lo S miles. 23 . '28 yds. 

24 . 30 miles ; 12 miles. 26 . 70 miles ; 2] and 2 hrs. 

26 . 3 P- M. 27. In 10 secs, from A’s start, 33-3 yds. from the 

starting point. 28 . (i) 16-4 min. after 4. (li) 5-5 and 27-3 

min. after 4. 29 . 9 secs. 30 . 22 miles ; 48 min. 

31 . 6-5 miles. 32 . -3 of a mile per hour. 
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33. (i) 27'3 min. after 5. (ii) lo c; anti 43’6 min. after 5. 

(Ill) 6 o’clock. 34.’ I : 2. 36. hrs. fi'oni A’.v start; 

hrs. and I2i lir^. from A'^ start. 36- 4 miles. 37. 5,' milfes. 
38. B ir4secb., C lo’jsecs. 39. 48 Ihs, 40. (1) A’j.So. (ii) /i’j,'.24o. 


Ex. CIX. (p. 271). 


2 . •\-a^b'^b. 


1 . A "+ 

3. cib ' a'- -\rci^b^ ab'^. 4. a b“ -I- ab'^ a‘b'‘^-\-ab' 

6. (1) (I '-I-2/-’'^ +3^‘^ + 4«(5'^ + 

()i) + p- 1 -'‘\+ /"i" 

<i b^ «■' a ^0 at) ^ 

6. ( 1 ) (i'b- - + 3a''b'^ + s<ib +4ir‘7> + 2rt-VA 

(lO ‘ + -‘^ + 5 + -^ + “ 

7. (1) ^z"^-V-^-l-4c/ + + 

1421 

3^-V/V-‘^ ^“6“*^ 3bca' 


8- M) habc ''-{- ' ia '' b '-+ '\a ^^ b '■\- 3a~‘^c 


(ii) 


+ 


'la'^b'^c' 3a~b~'^L' 


o 1 «> 

^ -r ^ 






9. + 2 Va ^ + 3 + 4 


10. 

Ha 

+ 

+ 






Hb- 

2 v'f 

3 

A 

4V^2 




11. 


ac 

b- 

abc^ 1 

1;=' 


'2- ;„»+. 

J a 
- - + 

Vb^^ 

y^- 

1 

Yb-'’ 

13. 

r 

a‘‘b- 

+ 2 

,. . 3^^'' 

+ 7— Ti 

he- 


3 

14. 

Vd- 

ay^-2 + 

^Ifa- 
Ub' ' 

b'^ 

Ja ' 





Ex. 

OX. 

(pp. 272-273). 


« 


1. 

1 

1 • 


2. .\. 

3. 

8. 

4. -’. 5. 

125. 

6 . 

3b h. 

7. 

kx^y 

»> 

8. i7- 

9. 

1 

10. ab'^K 11. 

■ 

12. 

. j 

a 

13. 

d-b. 


14. 2r"‘*7^ 15. 


. 16, x^h, 17. 

I. 

18. 

a^b*^c. 

19. 

ar-»". 


20. .v". 

21. 

^2<ibc 

22. ia>-b^Y^. 


23. 

x-^'\ 


1 



y Ji \ Jli+li 

IA\ P+tt 



* 

24. 

1 

«> 


25. 

u) 

• 

ia) • 

27. 


28. I 


XP +fl 


V(7/ 
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29. J. 


( a \ 

. 31. 256 . 32. ^ 

Ex. CXI. (pp. 275-277). 


33. i. 


1 . 

4 . 

6. 

7. 

11 . 

!3. 

15. 

16. 
18. 
20 . 

23. 

24. 

25. 

27 . 

28. 


i'l.ls ‘1^14 

: . ...... . 2 2, a — b‘*. 3 . - x'j'’' — j' 


X--2XJ'- 

42 . 1 " — i 8 r'M'’* - + 6v — 4x -f 49 .v'’ y * + 14 . 19 '. 


1 .< 

+ j6.i 


6 . .V- - 4 r + ''u O'-' + 9 ;-’’. 

u" — () 4 b''.t. 8. x‘'‘+y~— 3 x~j'-r:K 9. x — y. 10. - i 


‘ -i . ■> -j i _ ' 

n" —a'+2a^ — 2 — a +n~‘'. 12. x + x*y .i'‘v i — 


•* - - 
8.1"* + 4.1'-V- 4- 2x \r +y ^. 


14. .v'^+.i '-V' * +v~'^. 


] 1 


a' - ~2ti~'^h"^ \(^(i ~ b'^ —32/^’. 


.r“ -+- 2 X- + 3 ^’ 4 - 2r*' + I. 
1 y s 

,1 — 4 -rt'*.t''* — < 1 . 


1 ’ -I 1 i 
17 . .i'‘‘ 4 --r^ r'‘ I I' - 


I 1 

1 v‘! 


1 :i 


4 I 


19 . .1'“* V * 

Ill 11 


.1 ' 4 4-6 «'’.v ■’4 -tf' 21. 4a — 2a^b •’+ 2f?“t ‘ 4-/>"^-l- 


b r'‘ 4 - 6"* 


22 . X 'j' ' +.r '•y ■’ +.r'^ 9 '=* +.1 ■ 


a ' + b’’ y - 2 b'‘ c'-' 4 - 2 a'C'' — 2 a''b‘. 

I t> 1 .1 _ j .1 

— 4^4 loa"’~ j 6 fr* 4 19 —ifvi ■•4io^« '*-4fr^4/i ^ 


1 _ 


ab ''43f^'‘^ ' 4-3''^ ‘‘^4^* ^ h"'. 26. ./r.i 'V ' —2x+ '^yx 'y" 

.'. ]!, I, 1 l -2 'A 1 .' 

- Ga-'b" + 2i<r‘b‘> — 44ab- 463^ 'b ’ — 54rt**^'' +27b. 


>, -1 


•j - 


(i) ,r” — 4 A * j'- +Gx"y ' — 4x ' j' 49 '^ 


j 


(ii) X •' — 5.1 'V" 4 10-1 * J'" - iox~y - 4 5 .r ^y"’ —y - . 
29. (i) a~b ~ — 4 ab ^46 —4^ ^b + a “b~. 


V) - 


5 1 


(ii^ cy-b - Sa^b>' - ^oa^-b'^~ - loa'^^b^-4-Sa'‘'^b'^ - a'‘'^bK 


30. 

32. 

35. 


(1) rt*'— 4^ '46 — 4^1 '* 4 </ . 

!■* '» u -'i -jr. .s I 

(ii) a - - 5rt- 4 loa- - loa - 4 5a - - a - . 31. ^x'^ - ^x- - 

a '^x‘^—x"'~a-'. 33. i-!^^/A'4.r. 34. ab~^4 -1 4-ab-^. 

4- 3 -Ga'^4-ga 36. V£i:4 V’(2^)4 2 ^/(2^‘). 
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•37. 

1 

+ 

' . 38. 

.1 j i 

1 ' - (. V + v) - '\y ‘. 



t 

39. 

■1 

3.r- + 3.ir 

- ' -4 

■1 _ /'>r ? 

40. .1- V--2X - V 

-4.V 

} , j 

(, y (, • 


41. 

aKv^- 

1 i 

I +«“.r -. 

42- xv~^—x~-y^\ 

43. 

> 

21 - 

.t 

-3v’. 

44. 


+ i). 45. 

-v - 4 ^'(, 1 - + 1 ). 

46. 


1" — ii'' 

47. 

ci"'* + .r^''. 

48. «■*"* -u 



49. 

K ,i 
a-’ + p- 


Ex. CXII. (pp. 280 281). 

1 1 1 I » 1 I 


1. 

64*. 


2. 8i\ 3. 


j". 4. 1,!)'. 

5. (,))*. 6. 8'. 

7. 

4 ' 

^5': 1-5 


8. 

; (’ 

q 1 ', 

'0* ; (A'i ) . 

10. 

; ( 

1 

H 


11. U(^'‘^ + ' 

2at>-]r 

+ 3a/7> + 4- 

12 

(,lJ ; 


6r 

13. 

/ ) 0 1 > n r »’ r 
• ' HI / 

14. (I a'-)' ; (<ry''. 

15. 

(;:r 

1 


■1 '■ 

16. 

J02S,. 17. 

18. n/(i."-). , 

19. 


2C 

». V 

'1. 21. 

V(32o). 22. 

^(S4)- 23. ^(256). 

24, 

^(2048). 


25. 

'^3. 

26. 

27. 

y i\. 28. a./(4'0- 

29. 

VCyS^/'-.i 

)■ 

30. ^ 

31. 

+ 1 


33. 



34. 

\ 

! 1 

/ • 

35. ./(6a\v). 

« V c;i-' 

37. 

VCD 


38. A 

JiS.ry). : 

39. ^ 

/(Ar-.“'. 40.' 

:: •’'VC-::! 

42. 

yc;: 

1 

43. 

3 V 5- 

44. 

Sx/s- 45. 

36v/3. 46.3^5- 

47 

18 ^ . 


48. 

v/6. 

49. 

^(12). 50. 

y(54). 51. 6. 

62. 

4^/2. 


53. 

8 ^2. 

54. 

6'V(48). 55. 

.-;>/'2. 56. <J2. 

57. 

'iV2. 


58 



59. ■; y.'TSo). 

’'eo. V(375). 

61. 

ciV> ^[ao). 

62. 

Sfia/r]. 

63. ! JU2). 

64. \ s 6 . 

65. 

V 2. 


66. 

h ^6. 


67. i ^4. 

68. '^(125), Vfi2i). 

69. 

1^(2401), 

^^(72 

:9). 


70. 'y«,'V5- 

71. 4V'7. 

72. 

3^3- 


73. 

v^5* 


74. :\V(27). 

.75. 3 ^S- 

76. 

3(4i)‘'^- 


78. 

1-341640. 

• • 

79. ‘816496., 

80. 1 •133893... 





Ex. < 

DXIII. :p 282). 


1. 

J2. 


2. 3 

Js- 

3. 

J3- 4. 

9^9. 5. V>/2. 

6. 

(2rt E _ 
3C 

-avC5) 

I- '3 

^ 24v'3- 8. 

120 9. 36, 
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10. 5 - ^^6. 11. 6 v'3 + 3 v'(3o). 12. J 3 + 3 - V6. 

13-. 2 + ^/6. 14. 2161 ^ 6 . 15. 28812/(72). 16. 16. 

17. .r« + 2,t"-8.r2-6jr- 1 . 18. 5 v^( 2 r). 19. i\ 20. ^,^( 36000 ). 

21. li J2+ ^/3+ ^/s). 22. 1 v/65^-ie/(32) + iV(i2o). 

23. x +y + 2 +f) + 4. 

Ex. CXIV. (pp 284-285). 


1 . 

4. 

8. 

11 . 

16. 

20 . 

23. 

28. 


1 . 

4. 

7. 

12 . 

16. 

19. 


oV(58 + 8v'7). 2. A(234-8v/5). 3. 1(3-6). 

1(2 J2 - v'3)- 5. s/5 + I- G. ^s- 7. 4 + n/2. 

i\)(4 + yzS7. 9. J-(7 + 3\^)- 10. ., 1,^(297-1-85 v'21). 

n(7v/r4-r3)- 12. 23-3137. 13. 2. 14. 1-1992. 15. r3i97- 

5. 17. ih(9'^t 5 - Ti \/^>)- 18- *+v'2+;s'3- 19- 16/(15). 

2 s/3. 21. . 22. . 

4xvf(r“-i). 24. 2 .V'. 25../“ 26. ' ... 

^ O I — 

?,(2 + J2 + J6), 29. ,U 2 J3 - 3 ;. 30. I 

Ex. CXV. (pp. 287-288). 


+ + 2. 4(<f^ + l>'^). 3. + 

- (/^ - 4 r)(^ - a)(rt -/^). 5. 4(d''e'^ + c^fi'^+ 6 . 2(a'’-fc.-i). 

24 rt/i^. 8. Iooof:^ 9. nfic. 10- i. 11. 4iz(rt'i4-3^‘'' + 3<."). 

Cadr. 13, o. 14. 2 {/i + d + cf + 2 (ifir. li), 4 (rt.t'-f<^r-I-r:). 
a^~d^ + S+ Gad. 17. .rS - 8 ^'’ - 27 - 1 8 .vv. ’ 18-0. 

(d - c)(c - a)(a - d). 20. (1 - ahi-){ i-d^- d'^ - f^ + 2ad(f). 21. 8.1 ^ 


Ex. CXVr. (p. 289). 


1 . (i) 74 . (ii) 109 . (iii) 97 . 

3. (i) 13. (ii) 13 - (iii) 36- 

5. (3a + 2d'f. 6 . {a — 4d'f. 

8 . (x^‘ + 5A' + yY - (2.1 + 2)'-^, 

10. (.r'-^-l-12a.r-31 rt2)2-(4.t7-J. 


2 . (i) 141 . (li) 41 . (iii) 112 . 

4. (i) 246 . (ii) 6 . (iii) 335 . 

7. (x^ + Sx 4 5)^-1®. 

9 . ( 4 .V® — 2 .r — 1 )^ — (2x^ — 3 . 1 ' + 4 )^. 


Ex. OXVIT. (p. 290). 

1 - (i) 280 . (ii) ' 1188 . (iii) 610 2 . (i) — 10 . (li) 259 . (iii) - 972 . 

3 . 364 . 4. 198 . 5 . (i) 9 - (ii) - 25 . 6. (i) 73- (iO - 7209 . 

7. 4-'*^^- 8. (ayd4rC^Y 


Ex. CXVIII. (p. 292). 

1 . (a'- 4 )(.r - 8 ). 2. (.r 4 - 8 )(.v - 5 ). 3. (.r-i)(.ar- 102 ). 

4. (-r-f 3 )(.r + 7 ). 5. (x- 3 )(x-<)). 6 . ( 6 .r-ii)(.r + 2 ). 
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,7. ( 3 .r- 7 )( 7 .r + i 2 ). 8 . ( 25 ;f + 43 )f.r- 2 ). 9. (S.i'- 9 ){ 2 r + i). 

10. (7-1^-+ 5)- U- + 12. ( 2 i.r- 5 )( 3 .r + 7 ). . 

13. { 2 X + %y)(x 14. (.r-i 9 a)(.i + 10 ^ 7 ). 15. {i\x<)y){2X ~ 2,y). 

16. ( 8^1 — f^xYyi + 8 .r). 17. {2( f + y) — (« 4 - /')}{(.'i + r) — ^(n + (^)J. 

18. { 2 x^ + 3y'^){2x-^-V-). ' 19. ( 3 r*-‘ + )/2)(2y-‘-V"). 

20. (xy^ - I7)(rr + 16 ). 21. (.r+ jn){x- Ja). 

22. (.r + av/2y.r-rt^^2). 23. i,t^ + fidy /3 + ^>^){a^-nds /3 + 6 ^-). 

24. ( J 3 Yr + a V?>Y t - a V 3 ). 

Ex. CXIX. (p. 293). 

1 . {u — ff + c){a^ + yc-yht — ot x-ab). 

2. {a~'b — c){(r f //“ +i'^y (cb — be 4 ca). 

3. (. 1 : -y 4 » Yx" 4 xy 4_y" - r 4 r 4 t ) . 

4 . (x +y 4 1 )(.r' - r v 4.r^ - .r - r 4 1 ). 

5 . (. r — V 4 3 . 7 ) ^ 4 4 v'^' 4') 7" 4 2x j ■ 4 <") 1 7 - 3.r:r). 

6 ( 2 a - 3 b - i 41 4 4 ('Ktb — 3 b). 

7 . {a-h ' 2 ){d^ 4 b ^44 4 ah - 2 ii 4 2 b). 

8 . (2'i’4<^ - 0(4'+ /'‘'^4 r - 4<^4 2rt). ' 

9. (a y 2 b y 44 //“ f 9 O - 2 ub - ^bc - 3 ca\ 

10 . ('2.\-4r)(i'-v)''- 11 - ('.r4 2V-3;')(-^'^4 4y‘’ 49-'‘'-2.t;y ■^-6J/.T43^'.0• 

12 . ( 2 .r- 4 ') 7v-4-8r)'44 i'")- 

13- {a — ^b + 3 Y(r^ 2 ^b‘^ 49 - 3rt4 5«/'4 I5<^). 

14. ^i“42jr-4)''0-2.r‘’48i“48.r4l6). 

15. 2 (r - b){ 4 b" 4 0“ — 3 ab - 3 (ie 4 be). 

Ex. CXX. (pp. 295-296;. 

1. (1 +y)(x - r/f -V) 2. {a'^ + a-‘^){a~^y-(PY'i~'^^ 

3 . (// 4 ^ — d){b y e — (b). 4. (t*4d40(^*‘'4"^'^i4'^f9. 

5 . (i 4 0(<^ + f0'(^r4/0- 6. {i — b){a-c)ia + b). 7. (^40'(^'”^*)(^ ~ ^). 

8. {bA- 3 (Y.V + ffY<i + b). 9 . {a + b + t:)(bc y iti + ab). 

10 . (y+.‘y){e: + x)lxy-y). 11. (a + 

12. {a + b + e}(be + ea + ab). 13. (a + b + r)(a^ ■yb’ + ih. 

14 (b + c-a)(e + a~bYa + b- e). 15. 3(2rt4^4(X''i + *-'^ + 0(^* + ^ + 20. 

16. {a b-y l)' ii y b — t'Ya — h c)s^b y c ~ <x). 

Ex. CXXI. (pp. 297-298). . 

X -{b — c){c-aYci~b). 2. (/; —-^). 

3 . -{b-cY\i'-(b){a-b]{a-]rb-\-c). 4. {b — e)(c — ii){ii—b){ayb-\-c). • 

5. -{h- c)(c-aY<i - b)(bc-\-ca-\-ab). 

6. — 4 1 X''" 4- aY^a 4 bY\b — c){e — a){a — b). 

7. -{b — e){i — a){a - bj'bc 4 ca 4 ab). 

8. — (b — cXc ~ a]{a — 6 )(a^ + b''^ + e^ + be + ca + ab). 
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9. -{b- c\c - n)(a - b){b‘^£:- + + a^b'^ + abc{<i + /; + c)\, 

10 . ~{b~ i-){c - a){a - b) i + b'^ + 1 - + bii- ra + ah). 

11* ~ + r)(r+ + h)){fi — c)(c — u){a — /;) 

12. (<5 + r)(f ■^a)((i'\‘b)(b — c'){c — (i){a — b). 

13. {b - ry,c~ a){a - + P + a^b + r) + b-(r + a) + P(a + b) + a/a } 

U. -(b~ c)(c - a){a - b){a^ + + c" + bc{b + c) + cn[c + a) + ab{a + b) 

-{-abc). 

15. {b - (:){c - <r)(/z — b)[ii 4 - ^ + r). 

16- fb- c)\i: — a){a — b){bc + ui + <ib). 

17. — r)(<' - a){a - b){n^ + P + p - be - ra - ab). 

18. -{b-eyc-a){,r-b). 19. -ib-c)U-a)'a-b). 

20 ~{b — c){('— a){a — b)jx b + c-\-2))’ 21. —{b — c)\C~a'{a — b). 

22. {b ~ l)[c — a){a — b). 23. — --t)(r - rt)(« —/»)('^ + <5-f ('). 

24. -^{b-~c)ic-a)[<i-b)x-. 25. - 2 {b-i){c~a){a-b){a->rb + c). 


Ex. OXXII (p. 300). 


1. (.r4-i)"^A--3)',r-8) 

'3. (.r-i)\.i+ 4 )( 3 r-i). 

5. (a-- i)%i-4)(4.v+i). 

7. -2)(i+3). 

9. 2b c){2<ibT^c). 

11- (2rt + 2/^4-r)(^i-6/> + 4/‘). 
13- {a-b- (■){ 2 a + 3 Z' + c). 

15 . { 2 a + b-^c){ 2 n-^^b + y). 
17 . i.P + 2 x ■\- 2 ){.P ~yx^- 2 ). 
19. (.r^ + I )(.r + I )'\.x - 2 r - I). 

21 . (.t-^i+iA'.v^-yy^ + l). 

23. (3.r^ - 2.1 - 3j(4A- +.1- - 4). 


2 {x-i)yx + 4){x-i)). 

4. (.t'-H 1 )^( 3 .!"- 0 - 1 '' +S). 

6. (.r + i)“fr + 2 !(2.v - 3;. 

8 . (.1 + I ){.x — I ){x- — a X' + b) 

10 . (2(1 + 2b + e)\a + lb + ic). 

12 . {a — b-\-2i){a — 2b-2t). 

14 (a~yb + y'){a~2,b). 

16 . (.r- + 4«' + I )(t- - 31' + I). 

18 (.i‘+-6 i'+iV 

20. + + 

22. (.V - I)(r + 1 

24 (x - ff)(I" 4- rt-i 4- - (i.x 4- a-). 


Ex. CXXIIL (pp. 302-303). 


1. (.r - I )(x^ 4- -r 4- 4 ). 2. (a- - 2 4- 4- 2 J. 3. (.f - i )-(1 4-‘'2 

4. ( r - 2 )(.r - 3 )(.r 4 - 5 ) 5- (t - i )( 1 “ + 3 r 4- 3 ). 

6 . (.r-f i)(,i 4 - 2 )(,v- 3 ). 7. (.r- 8)-(2 4't;). 8. (.v 4 - 4 )(.r- 6 )-. 


(. 1 -4fj) (.v-* 4- 2ax + ^ip). 

11. (3-1' - 11 )(.v^ - 2 r - I). 

13. (.r-i)(.ir~2)(.r-3)(r-4). 

15. (.v4-i)(.r-4)(A-^-3.r4-ij. 

17. (.V 4-1 )( x 4 - 2 )( 2 ' - 9/(.i' - 10). 

19. (.i'“ “ 3.r - 6 ){x‘^ - 3-1 - 16). 

21 . (2,t® — 3A 4-6)(2,t- 3.V - 8). 

23 . (x + 2 a-b — c')(.x + 2b — a-c). 


10. (-V-i)(^4-3)(2.r4-5). 

12 (2.V 4- S}(2,P - .V 4- 4 }. 

14 . (.r4-3)(.i--4){-i“-^'4-Ti). 

' 16. (x 4- 2 )(.r 4- 4)(-^■ - 4 )+ 1 o) 
18. (.i‘’4-3.i'-5)('^'‘-'-5'‘-'+S)> 
20. (.i-“4-7.v + 5)U' + 7>-+i7). 
22. f22.2~4.v-3)(2.v--fxr4*3). 
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j ^ (rt-33-2)((r+ cy'“+ + 

25. (<i- 4 X^“ + 5 ft + 2 i)., 26. (n-.f“)(i+/r)(!+«)()+/^Xi-^0'f ■“^)- 

* 27. (« + - ^ + 0(«^ + c-•')■ 28. {(id + «r- // + - di' + d + c'). 

29. {dx — u){cx‘^ +/>x — (i)- 30 (I ■"+ .r +1 ~0‘ 

Miscellaneous Factors. (Harder). 

1. (,v+ 1 )(.‘- 1 /(-»■+0 2 1 )- 

3. (4^i + /' + cy/' + 4<^ + f )• 

'4. (.1 + 1)(1 - 1 )(.v 4 -1 - xj' + r)(x - I - -ij' - v). 

5. {x-v){x-j' -l). 6 ft;4-/>4-f)(.«4-/'-O{^+i'-''0(‘■-^) 

7. {d'+ /)^+/r + n-\rd;. 8. (.r - y 4-1 )(^'+^' 1 '~ ' A 

9. {d-i){c-(c){a-d). 

10 . {a + d + L+<iM + ^'d~i ■\-fi)!ii-d + i - </). 

11. (i +^0(i + -dd \-/cc). 

12. 13. (..+ iX« - 1)^.1-- J) (.)■- + -' + j.,). 

14. (x - 3 )(.i' - 4)'. 1 + 5 ;• li>- ■ 7^- 5 )■ 

16. (.1-,! I)(.^ - 1 )u -H 3)^1- f 5'i. 17. (I + 1 j(^ 1 - - r 3). 

18. Jf + c){r-\-,t){n + />). 19. y:i>r -d}{n- 2 d /x( + d). 

20. 3(// 4- i id 4 -+ d/ 21. (I - I) \.L- - 2J. 22. (.r - J }ix 4- 2 )l,i- - 3 )“. 
23. -{l, ^t){c-dj'(i-\ d + c'j. 24. {a + d + ( - i'r(a + d + i.-h2). 
1* 25. (^?4-2;(r{4-3.'(''" + 7'H-i4)- 

Ex eXXIV. (pp. o09-313}. 


50. ( 1 ) /n/ -?■ ( 2 ) Pi/ y. (]) p' ~ 3 ^A; -/ ;■ '4) (/' - a 

Ex eXXV. (pp. 314 315). 


1 . 

( 1 4 d 

t- - { u - dp ’ 


a, 7"=+.;i’ 
5 

+ 3.''’ 

^ - 1 )f.i - r 4- 1 ) 

(f* 4- iXi - 1 ; 

4. 

.i*4-5^"r+/- 

5. 

r-v-::' 

4J'4 4- 

. 6 . I. 7. - 

1 8 . 3 . 

g 

{ir + di^ + ?i'(ii 1 - 

■ /') 4- 

10 . 

'I'lft 1 

, , . 11. <r 


M* 

t.a4-^^ '''^ - 4- 0; 4- 

1 1 

d .i + dx) 


12 . 

(■'tA'VA 13 1 

\ad- I / 

-{-tide. 14. 

31 - (ji + d) 
x^ [fi + d)x +(id 

15. 

d-c 

» 

16? 

a4-/^4'^ 

2 

1 . 

18. d. 19. 

u^+d‘' + ,- 
dc 4" id 4* iid 

20 . . 

d-d 


Ex. 

exxvi. 

fpp. 320-323). 


1 . 

4X\2X 
2 . ---i-: 

. 1 +i) 3 

- 1 ’ .r" 

-r*4-i , 

. 4. a. 

+ .t*+i 

5 4. 6 . 0 , 
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7. 

1 

12 . 

15. 

19. 

2 i 

31. 

38. 

42. 

44. 

1 . 

7. 

11 . 

1 . 

6. 

2 . 
6 . 
' 7. 

1. 


o. 8 . 


Q 

V* o 

.1 ^ 


•I - (.» + a r)( I + ^.i) ’ 

13. 2(ac + dt/){a/^+h-). 14. t. 


11. I*. 


A*. I. 

4 A .AM ..... ^ 

16-^8. 

o. 20. I. 21, a^ + b'^-\-c^. 22. o; o, i ; a-\-b-\-r', 

a^ + b'^ + c'^^-br^-ca+ab. 23. ' . 24. -r - - . . 

nhi: x{y — a){x — b) 

o. 20 o. 27. o. 28. I. 29. 1 . 30 i. 

4- 32. r. 33. - 3 . 34. o. 35. o. 36 .i'-*. 37. i. 

( _ 

on At\ r ' rl / 


nbi. 39 . .r. 

(- r",”' 

{x-it){A -b)[x-c) 

<i b t: 

[b + r){c->f.'i){(t-y-b) ■ 


40. d. 


(,r4-/'o{f + /n( f + c )' 
+ I 

(x + ti)(v-\ 4•^') ' 


45, j[>q. 


2. I. 3. 


Ex. CXXVII. (pp- 324-325) 

O 4 (t2 4.2)(T + 1*) 


a-^b 


6 . 1 - 


(i-\- b-\-c. 12. T. 


{a + r - v'/.c^-b^) ' 

13. /‘. 14. .'..r. 


2. o. 3 . 


Ex. CXXVIII. (p. 327). 

, ( 7 '* — joa^b — Chfb"^ — 


4 -1 Oi^b 4- — b‘^' 


4. ni?r - IL 5. o. 


in 7 , 1 fl Q 

> T ■ G I ,t. O. 


9. 


REVISION PAPERS III. 


Paper I. 


O /O 

— Ir 


2 .c*- 3 r+i. 3. 4. (v+')'. 5. 

\ x] x^-7 

[\) .X = 2 , v^- 2 , 3^‘S- (ii) 

7.v--Si4r4-iS ,, 

Lr-M)(.r- 2 )fr- 6 )‘ 

Paper II. 

.r2 4 - 2 r + 3 . 2. o. 3. (a+ 7 )' 4 - 2 ;r(.i-+ j/) 4 4 ^ 2 . 4. . 

\ T 2a--^c 


e 3 ' “ ^ 
5. 


.r-*- 7 


8 1T 

. .1 T. 
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*5. - . 6. (i) -I = 1 '^ 15 . (ii) . 1 '= r, jj/s= i 

a+ 2 o 

(fifp-t-i* n )<TO « - fp) 

7 . (i) -r 


Oi) 


2 ’^ r 




8 . 5) miles. 


Paper III. 


+ 19.t + T 4 


1 ^ r - .V 4 -1 o y2 _ > „ 1 ^ 

1- z-v/ *> , \ ^ • O- —j T -r V 

f.v^ + 5 .r - 6 )(.v- + 3 .r - 10 ) v- - 3 f + 2 .r - 4 

5 . ^7. 6 - I. 7. (t) r=2,4'-=3, ;.':=4. (2) t = 3,/=.-4, 5. 


Paper IV. 


1 . (i) 


-i- - .3 


fii) . 2. (r/- + + r’ f. 4. ^r + ^. 

(I 


.V + 3V 

5. (i) r = 3 , r= 2 . fii) r = 4 ':, r-= 3 “^, c' = 3 ";. 


« r ^ I 

6 - /-.+ ->4- 

V-' N, - 


8 . 4.1 ^• 


7. -i'— 5 r+i. 

Paper V, 

1. .r® + .v-“ + 3(.r'*+-v‘‘*)- 2. + - '^ubc'^. 

3 . r — 2fZ ; (2.r"'i-4r + T)(2 r-—-v - 6). 5. 


X- 


(x-~n)(.r — /']f x' — r) 


6 . {d + r)(r + a)((i + ff). r + fi 'cr^/j 

(1 i ) .V = -J rt, y = r - ^£’. 8- 324 

Paper VI. 

4 


1. o. 2 . x^ + jv+i. 3 . (i) Oi) 2.r. 4. 3) hours. 

5. (i) .r'-^ + S.v+S. (ii) 6 . (i) .r==v=i. (ii) r = v^r 

7. a—iJyd~-4- - 8 57- 

Paper VII 

B 

1. (i) I. (ii) + 2 . o. 


ab 

0) 

7 r' 5 -*^^- 7 -'iT + 5 J'^- 


2 . 


.^'(/r + .i). 5 - 5 >' = .i'-f 5. 


«V/ ah'- 

( 11 ) .v=r . ]/ = 

a —o - ax 0 

8 4I1 4 ^ y\ niile.s per hour. 

Paper VIII. 

— 2jt: -f 1 x'x — I) 

256 ’ iV) ■ 


3. X — I. 


1 . x + y + s + xyy. 

4. 1. 5. x'^ + 3X + 2 ; (.V® - 4 .r -f- 3){x^ - 4 )(.r + 4 )- 6 . to. 
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7. 

1 . 

5 . 

6 . 

1 . 

3. 

5 . 

7. 

1 . 

5 . 

7. 

1 . 

5 . 

10 . 

1 . 

7. 

26. 

40. 


[\) x^a{a-b),y = b{a-b\ uO \ = -■ 


(ill) II '^, J^ 2 i. 


8 . A'.v. 191 ^ 6 , I si yenr ; 7 \i. 2 ooo, 2 nd year. 


Paper IX. 

.r-+.rH-i. 2 . ‘},x - a — b — c. 3 . ( 1 ) —. (ii) 1 . 4 . ^(a-\-b)^. 


2.1 -7 


— /r <r — /r 

( 11 ) .r=-- , >' = 

tic' —bn aa~oc 

8. 1271- 


ri iiicls. 7 . 36 fi 


Paper X. 

r+„fe. 2. „ ; k>o.w875'--... 

+ t -d){a — b — c-¥(i)^b-{ Vd—nyb — t -d-Vii) 
(a — b (b - (■;(<’ - d}{d- ti) 

180. 6. (0-1'^ . zM, r= - Ou ’■ ■ 

fi-' + zi- a-^ + fr a 


2 Ill's. 


31 + 4 /= 13 . 


-» — *9 . iM 1 f - «» . /*» 

fi-' + zi- a-^ + b^ 

8. 2.V. 2\d. ; 31 articles. 

Paper XL 

2 . V= 5 , 


n + b' a — b 


3 . .r — i. 


4 . 


(1) .r-40, _v = 6o. (11 j r---:2, r \3- 6. - 

34 ; - 7. 8 . 26 7 miles. 

Paper XII. 

226 . 2 . ( 6 , 8 ). 3 . (i) i '49 in. (ii) 57 cins. 4 . 81 ft. 

AV. 530 . 6 . 162 . 7 . iiJ. 8 . 4 I lirs. 9 . ( 2 ), }-). 

(, 1 ) I P. M., 28 miles fiom P. fii) 20 miles. (liij 11-30 a. m. 


Bx. CXXX. fpp. 351-353). 

No. 2 »'-d^byab--b'^. 3. No. 4. Yes ; 

yddi^-ab’^ybK h. a^y,v'bya^l)^yab'’-VbK 6. No. 

No. 8. No. 9. No. 10. Yes ; d7■\-c^h-\-a7b''-\-a^I^-^t:'^b'^ 
^■d-b^yab'^yh\ 11. No. 12. No. 13. Yes ; 

- a^'b'^— b^^. 14 No. 15. No. 19. in = 2 pn., where p is 

any positive integer. 25. +x^y+x‘^y^+xy^+y‘^. 

a’’-l-2.v‘-^-1-3.1+4. 31. \+n+d^ -\-d^ + a^-^a'-^-a^ + d^. 

I -1- rt -+- a* -h a ’ -I- a"* -1- . + «•’*’ + 
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Ex. CXXXI. (p. 355). 

2- -2,;S. 3. iiiV- 4 . 15. 5. {ir + ad + />-) {a + d). 

0 . 1 .' V o. 8 . ,9. u + />. 10. 0 . 11. + 12- 4*.- 

Ex. CXXXII. (pp. 360-363). 


l.< 

U. 

2. > 3 . 

4- 

4. 

9- 

5. 

5 r’<^ • 

6. .li. 


7. t). 

8. 

1 

T a 

9 . 2 . 10. 

0- 

11. 

O’ 

12. 

j- 

13. 3 . 

14 (). 

15. 

% 

H 

16. I. 

17. 

P'.- 

18. 

A 

19. 

I. 

20. 

-1 

21. 

1- 

22. 20. • 

23 . 

8. 

24. 

14 . 

25 . 

- 107. 

26 

*7 

/ - 

.27. 

3 . 

28. i 

29. 

^ < 

30. 

4- 

31. 

Oh- 

32. 

0 . 

33. 

r 

* 1 .. 

34. -i. 

35 . 

1 i'.. 

36. 

- 1 

37. 

41. , 

38. 

8. • 

39. 

45 

mi 

• 

4- 

(Jt^. 

40. 3J- 
46. 2 . 

41. 

47. 

!>■ 

8. 

42. 

48. 

4- 

0. 

43 

49. 

^ i 

1 

2 ■ 

44 . 

50. 

'1 * 

- *2 • 

2. 

51. 

m— * 

8-.‘. 

58. - 5 ? 

53. 

19 

59. 

64. 

.11 

1 . 

55. 

60. 

— 2 i. 
-5^ 

56. 

61. 

) 

■ 3 . 

V * - - 

62.'"^ A. 

63. -8. 


64 

4- 


65. 

6i. 

66. 

- >5- 

67. 


68. 1 . 


69. 

'T 

/ • 


70. 

41- 

71. 

4 v'S 



Ex. 

CXXXIII. (pp. 

366 363 ) 




1 . 

5. 

10 

U. 

19. 

23. 

26. 

31). 

33. 


nicic -h 
+ bi 

ft ' 

I 
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